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ON THE PERIODIC MOTIONS OF DYNAMICAL SYSTEMS.
By
GEORGE D. BIRKHOFF

of CAMBRIDGE, U. S. A.

1. Introduction.

In his work on dynamics Poincaré was led to focus attention primarily
upon the periodic motions. He conjectured that any motion of a dynamical
system might be approximated by means of those of periodic type, i.e. that the
periodic motions would be found to be densely distributed among all possible
motions; and it became a task of the first order of importance for him to determine
what the actual distribution of the periodic motions was, so as to prove or
disprove his conjecture.

Poincaré employed the method of analytic continuation in his great Prize
Memoir in the Acta Mathematica, which dealt with the problem of n bodies. In
the integrable limiting case when the masses of all but one of the bodies vanish,
there are infinitely many periodic motions. By varying certain parameters he
passed from this trivial limiting case to the case when none of the masses are zero, and
showed that these periodic motions persist as members of analytic families, unless
two of them combine and disappear from the real domain like the roots of
algebraic equations with real coefficients. He did not comsider the possibility
of disappearance of such a motion by its period becoming infinite, although this
possibility requires consideration also.

Unfortunately this method of analytic continuation gave very meagre re-
sults, for the following reason. Although there are infinitely many periodic
families, it is conceivable that the range of the parameters becomes less and
less as the type of the periodic motion becomes more and more complicated.
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This would mean that only a finite number of the periodic motions might exist
for any particular set of the values of the parameters other than that of the
trivial integrable case.

Thus Poincaré found the method of analytic continuation to be insufficient,
and was forced to seek other instruments of attack. To begin with, he fastened
attention mainly upon the simplest possible case with two degrees of freedom,
namely the so-called restricted problem of three bodies. Almost all of the quali-
fative reasoning in his Méthodes nouvelles de la Mécanique céleste deals only
with this case. :

Notwithstanding this severe limitation, and despite many years of effort,
Poincaré was not able fully to attain his goal. Near the end of his life he
gave out his last geometric theorem without complete proof." By its means he
showed that in the restricted problem of three bodies and analogous problems,
an infinite number of periodic motions would exist. In a recent paper® I have
generalized this theorem and my earlier proof of it, although without giving
the dynamical application. At the kind invitation of Professor Mittag-Leffler, 1
endeavour to set forth here, with as little technicality as possible, the essential
facts known to me concerning the distribution of the periodic motions, particularly
as based on an application of the geometric theorem of Poincaré and its gene-

ralization.

2. The billiard ball on a econvex table.

In order to see how the theorem of Poincaré and its generalization can be
applied o dynamical systems with two degrees of freedom, I propose to draw
attention to a special but highly typical system of this sort, namely that afforded
by the motion of a billiard ball upon a convex billiard table (Fig. 1). This example
is very illuminating for the following reason: Any dynamical system with two
degrees of freedom is isomorphic with the motion of a particle on a smooth
surface rotating uniformly about a fixed axis and carrying a conservative field
of force with it.> In particular if the surface is not rotating and if the field
of force is lacking, the paths of the particles will be geodesics. If the surface

U Sur un théoréme de Géométrie, Rendiconti del Circolo Matematico di Palermo, vol. 33, 1912.

* An Extension of Poincaré's Last Geomelric Theorem, Acta Mathematica, vol. 47, 1926.

8 See my paper, » Dynamical Systems With Two Degrees of Freedom», Transactions of the
American Mathematical Society, vol. 18, 1917. It is assumed that the Lagrangian principal func-
tion I is quadratic in the velocities.
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