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Mathematics 1b  Final Examination
1. (10 points)

(a) In honor of graduating seniors, a brightly colored celebratory pole will be erected
in the atrium in the Science Center. The pole is = meters high and has circular
cross sections of varying radii; the radius at a height of A meters is given by
r(h) = ,/%h + 1 meters. The pole’s density is greatest at ground level and is

given by p(h) = cos h+2 kilograms per cubic meter. Write an integral that gives
the mass of the pole. You need not evaluate the integral.

Mass of the pole:

(b) A giant spherical fishtank at an aquarium has a radius of 10 feet. It is filled
with water to a height of 17 feet. The water is populated by small fish, with a
population density of p(y) = 14 0.5y fish per cubic foot, where y is the elevation
from the bottom of the tank. What integral gives the total number of fish in the
tank? You need not evaluate the integral.

number of fish in the tank:




2. (6 points)

(a) The area under the curve y = e~ from = 0 to = = b is rotated about the
y-axis. Write an integral that gives the volume generated.

(b) Now show that the volume o£ the figure obtained by rotating about the y-axis
the whole area under y = e=*" for = > 0 is finite. Compute this volume.



3. (10 points)
Determine the interval of convergence of the following power series. If the interval has
endpoints, determine whether or not those endpoints are included in the interval of
convergence. Explain your reasoning clearly and completely.

(a) Z(_xlfl_)j_

Inn
n=2

> (z+ 1)
(b) Z 2”((n-:- 2)714



6.

(10 points)

d
(a) Consider the following differential equation: Zl% = 09—¢y?.
i. Sketch the graph of the solution with initial data y(0) = 0.
1Y
» X

ii. For the above solution, evaluate the following limits:

lim y(z) = lim y(z) =
d
ili. Does the differential equation E‘% = 9 — y? have any stable equilibrium

solutions? If so, list them.



(b) Consider the differential equation

dy

where f(y) is a given function with the following characteristics.
e fly)=Oonlyaty=0y=1,andy=2 £
e f(y) is negative for y < 0 and f(y) > 0 for y > 0.

On the set of axes below, sketch the solutions passing through the following

points:
i y(0) =2 i, y(l) =13
i y(-3)=2 iv. y(4) =3

For each solution, indicate clearly the asymptotic behavior of y as ¢ grows or
becomes negative.

AY
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7.

(5 points)

oC 2n-4-1 10
Consider the series Z a, where a,, = / —_dz.
’ 2n

x3/2 4+ 1
n=1
Does the series converge or diverge? Explain your reasoning clearly.
For your convenience we have included a sketch of f(z) = —%—i You may find a
z
graphical approach useful, but are under no legal obligation to refer to it .at all!
f\ \ . 1o
foxy= P




8. (9 points) In this problem we consider the motion of an object of mass m = lkg
attached to a spring. Let z(¢) be the position of the mass at time ¢, where z is
measured in meters and ¢ in seconds. We know that z(t) is a solution to a differential
equation of the form

" + bz’ +cx=0.

(a) Suppose the mass attached to spring A satisfies the equation
" 4+ 22 + 22 =0.
Find the position z(t) of the mass knowing that the initial displacement from

equilibrium is 5 and the initial velocity is equal to —5. Find the first time ¢ at
which the mass returns to its equilibrium position (i.e. for which z(¢) =0) ?

z(t) =

The first ¢ for which z(t) =0 :

(b) Suppose the mass attached to spring B operates in a frictionless system; its
motion is periodic with a period of 3 second (meaning z(t + 3) = z(t) for all
t > 0). This information completely determines the equation of motion. Find b
and c in the differential equation above.
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9.

(6 points)

Let M (t) be the amount of money (in hundreds of dollars) John has in his bank account
in a given year t. Suppose his money earns interest, with an annual interest rate of
10% compounded continuously. John’s original bank balance, at ¢t = 0, was $10,000,
(M = 100) and every year he deposits (continuously) $500 in savings. Moreover,
John withdraws money from his bank account (continuously) at a rate which increases
linearly in time: $100 the first year, $200 the second year, and so on.

(a) Model the situation using a differential equation involving %‘t—l-.

(b) On the next page you will find slope fields. Which one of them is the slope field
for the differential equation in part (2)? You need not explain your answer.

For the next two questions it is not necessary to solve the differential equation
in order to answer the question.

(c) In time, will John become rich or poor?

(d) If John started with a balance of $3000, (M = 30), would he become rich or
poor?

11
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10. (12 points) Let z = z(¢) be the number of animals of species A (given in hundreds).

Let y = y(t) be the number of animals of species B (given in hundreds).

The two species of animals interact as follows:

(a)

(b)

71

dz
— =0.1z(4 - z - y).
I 0.1z(4 -z —y)
dy

Describe the relationship between the two species (symbiotic (the presence of each
contributing to the welfare of the other), competitive, or predator and prey.)

Describe what happens to each species in the long run in the absence of the other
species. :

In the first quadrant of the zy—plane, sketch the null clines and label all the
equilibrium points. Each null cline should have hash marks with arrows on them
indicating the direction that the solution trajectories will take when they cross
or travel on the null cline. The null clines will partition the first quadrant into

regions; in each region draw an arrow indicating the direction of trajectories in
the region.

equilibrium points:

2 .
. $ } 1 [\ 3 >

i 2 3 4 5 € 7 X
This problem is continued on the next page.
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(d) Suppose z(0) = 2.9 and y(0) = 0.5. (There are 290 animals of species A and 50
of species B.) What will happen in the short run? Will z increase, or decrease?
Will y increase, or decrease? What will happen to both z and y in the long run?

(e) Suppose z(0) = 2.9 and y(0) = 2.9. (There are 290 animals of species A and 290
of species B.) What will happen in the short run? Will z increase, or decrease?
Will y increase, or decrease? What will happen to both z and y in the long run?

(f) Look back at your answers to the previous parts of this problem and make sure
that your answers and your phase plane diagram agree. If they do not agree but
you are unable to find the error, please note that below.

13




11. (6 points) Match each system of differential equations, system I, II, and III, with
the phase plane diagram to which it best corresponds. Each system corresponds to
exactly one of the phase plane portraits below. (Dots in the phase plane respresent
equilibrium points.) You need not explain your work.

dr _ de_ dr__
System I: g’fl System II: gzt/ R System III: g; Y
-a—t::]_—x E‘E 2z 'a-t"“—l‘
Answers:
System I System II System III
| | b} b/
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12. (10 points)

Solve the following differential equations for y:

d 1

(a) Zi}aj—: = :cyr;m where y(1) = 1.
dy 3y
29 _ =0

(b) dr z+1 *

Find the general solution and express y as a function of z.
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