T &

Harvard University

Math 1b. Second Semester Calculus

Exam One
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rch 17, 1999

Exam One

¢ Do not open this test booklet until you are directed to do so.

® You have 2 hours. The test is out of 100 points.

o Write your solutions in the space provided. If you need more space, write on the back of
the sheet containing the problem. Please don’t put part of the answer to one problem

on the back of the sheet for another problem.

¢ Don’t spend too much time on any one problem. Read them all through first and work
on them in the order that allows vou to make the most progress.

« Be sure to show all of your work, as partial credit will be given. You will be graded not
only on the correctness of your answer, but also on the clarity with which yvou express
it. Try to be neat. By the same token, be sure to justify your solutions (unless you
are explicitly told otherwise), so that the graders can follow your reasoning.

e Good luck!

l Problem | Points Grade
1 10
2 17
3 15
4 15
B 14
6 14
T 15
Total 100
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1. (10 pts) For each of the following infinite series, determine if it converges or diverges.
You need to justify your answer to receive full credit. You don’t need to specify whether
convergence is conditional or absolute, just whether the series converges or diverges.

1
ek

a. (2 pis)

1M

. Q%“"u © ~ \
ﬂ;m-e = @« e :{_ , &8 ?éL\E SQ‘UBO ajwe.racg 6?/

the J;‘verﬁemce tect.

x{=

(2 pts)
k=1

This ic an anernoﬁ‘{mg sentes (F?@’F e and 5"_‘;“’;0_{; =0

co The series CONVERGES

(3pts) 3 1R Si‘zgk )

THE SERIES CONVERGES BY CoMPARISON WITH THE

| A . [s{m H.\ \
P E _— Py <. ‘& & S L A

= 1
{3 pts) Z
P V241

o LM, _
THE SERIES DIVERGES BY COMPARISON wWiTH THE

N ,,~ |
HARMONIC SERIES ? R 2 VAN QMM\}J_

—
¢ o0
o) 200

::/_L 4"0
] £0

[ —_
+‘<1_




2. (17 pts)

a. (3 pts each) Evaluate each of the following infinite series.
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b. {4 pts each) For which values of the number ¢ do the following series converge
(note the answers are different for each series).
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3. (15 pts) Let f(z i (z - 5)k
k=1

a. (5 pts) Find the interval of convergence and radius of convergence for the above
Taylor series (be sure to check convergence at endpoints if there are any)
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assuming that g(5) = 0. Write vour answer using > notation. In addltlon explicitly

write out the terms of degree < - in this Taylor series (you don’t need to simplify the
coefficients when you write thein down)
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4. (15 pts) Let g(z) = — ! for z # 0, and suppose that g(0) = 1.

a. (4 pts) Using the Taylor expansion for e* about = = 0, show that
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b. (4 pts} Use the series from part a to show that
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and check that this expansion for ¢’ has infinite radius of convergence.

D EFERENTATE TeRM BY TERM .

la(‘ﬂ‘): \‘E‘.&-—*. “ 7&3 + - -

E3RaTT
vl
! A ‘37K Lf%. > _l's,ﬁ—
%[%)‘:‘i"r"‘gi Lf, + 'S'l+ Z‘l G‘“H)‘-
To CHECk R=0Q ,APPLY RATIOTEST:
() b
. wz)‘ ‘ K“‘ =~ 0 ’i_ FoR ALL X,
[\Lﬂ)‘-

S0 THE SERIES CONVERGES FOp AL X\ THAT s R= oo,




c. (5 pts) Explicitly compute ¢'(x) using the definition of g( ), and use this result to
show that ¢'(1) = 1.
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d. (2 pts} Explain how the results in parts a, b and ¢ imply that
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5. (14 pts) A power series Zakzk centered at 0 converges for £ = -5 and diverges for

k=0
r=1.

a. (2 pts each) Based on this information, determine what happens when x takes on
the following values (you should answer either “converges,” “diverges,” or “cannot
be determined from the information given” in each case). You don’t need to provide
any justification for your answers. CAND AT nosT F
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b. {4 pts) Based on the information given. what is the smallest possible value for the
radius of convergence for this power series? Be sure to justify your answer.
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6. (14 pts) Antoinette wants to compute v/9, but she doesn’t have a calculator with her.
She decides to use a degree 2 Taylor polynomial for f(z) = ¢z centered at z = 8.

a. (6 pts) Compute the Taylor polynomial of degree 2 for ¥z centered at = = 8.
Write your answer in the form ag+a,(z—8) +ag(x — 8] where ag, a1, a; are numbers
which you should write as reduced form fractions (e.g. write 535 or - rather than -
200)
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b. (3 pts) Use vour answer in part a to give an approximation to v9. You do not
need to simplify vour answer in this case.
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¢. (5 pts) Show that the absolute value of the difference between the true value of
v/9 and vour answer in part b is < 005 = 1.10-2,
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7. (15 pts) Determine the radius and interval of convergence for each of the following power
series. Be sure to check convergence at the endpoints of the interval (if there are any
endpoints).
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