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7Mathematics 1b  Second Examination

1. (15 points) You need not show your work on this question.

(i) Which one of the following are solutions to the differential equation % = (v - 2)2(w + 1)? On the

blank line below, indicate the letter corresponding to the correct graph
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7(ii)' Which one of the following differential equations has a stable equilibrium at P = 5?

dP ; dP . dP .
(a) = =5 (b)%=P—5 | (C)d—td:(P—S) |
(d)fld_tp=2s-P'-’ (e)-a?=2—25 () 5 = (P-1)(P-4)

(iii) Below is a graph of several particular solutions to a differential equation.

,4“3

~Which one of the following differential equations could have the solutions pictured above?

@Zo-nE+d) O L=0-nu+) @ L=w-12w+2)

s ‘.
@F =0V @G =GP O F =@y

2. (13 points)
(a) Graph f(z) = & and then determine whether or not the integral

2 dr
-2 1‘2
7 converges. If the integral does converge, evaluate it.

‘(b) Suppose that an arbitrary function f(z) has the following characteristics:
e f(z) is continuous and positive on (—oc, 00)
e lim;o f(z) =0
Which of the following statements is true?
i. f° f(zx)dz definitely converges.

ii. f, 1°° f(z) dz definitely diverges.
iii. We don'’t have enough information to determine whether or not | 1°° f(z)dz converges.

Explain:



. (12 points) In this problem we ask you to write an integral giving the volume for each of the solids described.
You need not evaluate the integrals, just write them.

Let R be the area under the curve y = sin(z) between r = 0 and r = 7/2
(a) WrTite an integral that gives the volume of the solid of revolution obtained by rotating R around the

vertical line r = —2.

7 (b) Write an integral that gives the volume of the solid of revolution obtained by rotating R around the
horizontal line y = 3. '

4. (10 points) Let P = P(t) be the number of rabbits in a rabbit colony at time ¢. In isolation the rabbit

population would grow at a rate proportional to itself with proportionality constant 0.1 per vear. But in
fact the rabbits do not live in isolation and are being eaten by predators at a rate of 10~7P3 per vear.

7 (a) Write a differential equation modeling the situation and satisfied by P(t).

(b) What are the equilibrium solutions of the differential equation in part (a)?

(c) When there are 100 rabbits, at what rate is the rabbit population changing? (Please simplify your
answer.) '

‘5. (11 points) The world’s largest helicopter is the Soviet Mi-26 Halo. Suppose that an Mi-26 takes off vertically

from the ground and rises to a height of 2000 meters by traveling at a constant speed of 1 meter per second.
At take-off the helicopter and its gas tank have an initial combined mass of 56.000 kg. During its rise
the helicopter consumes 1 kg of fuel per second. (It is getting lighter as it rises.) What is the total work
done lifting the helicopter from the ground to 2000 meters? You can leave your answer as a product and
difference of numbers without ezplicitly doing the multiplication and subtraction.

Note: Force = m -g where m is mass and g = 9.8 m/sec?.

6. (10 points) Solve the differential equation below given the initial condition y(0) =0.

d .3
_31=1.2€y r

dr

Please solve for y explicitly in terms of z.



7. (10 points) A cylindrical sewage pipe full of muddy water is lving horizontally on the ground. The densiry
of the mud in the pipe is given by p(z) grams/cm® where z is the distance from the ground. The pipe is
3000 cm long and 100 cm in diameter. Which of the following gives the mass of the mud in the pipe?

Explain your reasoning by drawing a picture of how you are slicing and describing a generic
slice in words and a picture. Explain where the components of the integrand come from.

50
(a) / 27wz - p(z)3000dz
0

50
(b) / 2mz? . p(2)30004d:
0

100
(c) / 24/502 — (50 — 2)? - p(2)3000dz
0

100 loocm
(d) /o 2wz - p(z)3000dz (Y ) I

3000 & 3000m ——
(e) /0 27250 - p(2)3000d:= (f\l’d‘n’ +o 5(0\3.\

(f) /0100(50 —z)- p(2)3000d:z

“Explanation:

8. (10 points) Consider thg function f(z) = P%'I on the domain (—oc.oc), where C is a constant. If C is
chosen correctly, then f is a probability density function.

a) Find the value of C such that f is a probability density function. b) What is the probability that X > 0?

c) The probability that 0 < X < /3 is 1. What is the probability that X > /3?



9. (9 points) Let f(z) be a continous function that is positive. decreasing, and concave up on the interval ja.b.

Let I = [° f(z)dz.
Your job is to order I and the numerical approximations given by Lys. Rys. Mjs. and Ty where L5, Rys.
M;s. and Ty5 (left-hand, right-hand, midpoint, and trapezoidal sums) are defined as follows:

Partition [a, b] into 15 equal subintervals, each of length Az. Let Tk =a+ Arfor k=0.1.2.....15.

15
o Lz = Zf(xk-l)A-T

k=1

) 15
e Rj; = Zf(l‘k)AI
k=1

7 Lz 4z )
k=1
=L15+R15

o T1s )

Put I, Lis, Rys, M5, and Ty5 in ascending order (with ‘<’ signs between them). Explain vour reasoning
briefly but precisely. :



