Math 1B: Second Midterm

Harvard University
Wednesday, 1 December 1999, 7:30 — 9:30 pm
Solutions

Note: Inz = log .

1,

(10 points) Using integration, find the surface area of a circular cone of height 3 and
radius 4, ignoring the circular base.

Answer: The sides of the cone are obtained by rotating the line ¢y = (4/3)z about
the z-axis, from x = 0 to z = 3, giving arca:
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= 475 = 20m.

(15 points) Find the volume of the solid obtained by revolving, around the z-axis, the
shaded region above the z-axis and inside the ellipse 22/4 + 3% = 1.
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vV = / 7y’ du =f 7{l — z%/4) dz
-2 -2
= w{z—2>/12)2, = 2n(2 — 8/12) = 8=/3.

{10 points) Compute the following integrals.
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Answer: Using the substitution = /z, du = dz/(2,/7), we obtain:
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Answer: First, make the fraction proper:

z? _3:2+:c-—2—a:+2_1 —x+2
245-2 224z —2 - 24 2-—2

{You can also do this step by long division.) Next, factor the denominator as z? +
z—2={z+2)(2z—1) and use partial fractions: _
-2+ 2 A N B (A+ B)z+ (2B — A)

24z-2 2+2 z-1 (z+2)(z—1)

A+B=-1 2B-—-A=2
Adding these equations, we find 3B =1, so B =1/3 and 4 = —4/3. Thus:
z? —z +2
/m_—$2+$_2d$ = /1+—m2+m~2d$
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= 1-— . d
/ 3e+d) T3

4 1
= 3:*5111|;t:+2|+§1n|x—1|+0.

4. (10 points) Compute the following integral.
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Answer: Substitute « = 1 + z!/%; then 2 = (v — 1)%, and dz = 4(u — 1)3 du. Then

we get:
/ dz * j4(u—1)3du_/4(u_1)du
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(You can also compute dz directly from u = 1+ 2Y*: then du = (1/4)z~%*dz and so
dz = 43/ 4du = 4{u — 1)3.)

. (15 points) Determine if the improper integrals below converge or diverge. Compute
the values of the convergent integrals,
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Answer: The integral above is improper because Inz = Inz blows up at x = 0. By
integration by parts, [Inzdz = zlnz — z. So we get:

1 1
f Inzdz = lim Inzdr = lim zlnz —z[!
0 a—0+ f, a0+
= -1+ lim ¢lna~a
a3+
= —-1+0=-1

Here we have used L'Hopital’s rule to evaluation the Hmit:
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Answer: We have 2 < 7 < 4, so the integrand blows up at ¢ = #. Also le — x| =
+(z — 7), depending on the sign of 2 ~ 7. Taking this into account, we get:

4 dr . bodz . 1 dr
= lim + lim :
g |T=m bor—fo Tz awstf, z—m

Now the first limit is:

b
. r . . _ b _ T N _
bl_l}l;trl&[z T bl_l}]:;l_ In(w — z}|3 = In(x — 2) bl_l}ITIrl_ In{m — b) = oo,

since |n « diverges at x = 0.

Thus the integral diverges.

. (15 points) Determine if the improper integrals below converge or diverge. Compute
the values of the convergeut integrals.
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Answer: Since 2~1/3 blows up at & = 0, we must break the intepral into two parts:

3 dax ! b dx 4o 8 da
_— = —_— 1 e
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For the first part we have:

b
lim /1 % = lim(3/2)z*7%; = im(3/2)6*% — (3/2)(—1)%/% = 0 — (3/2)(1) = —3/2.

Similary, for the second part we have:

8 - ]
Jim f = (3287 = (3/2)(@) = 6,

and therefore:

]Sﬁ=6—3/2=9/2.
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Answer: Using integration by parts several times, we get:

/tze* dt = /th(e*) mitge‘—/zte*t dt
= %l - / 2td(e!) = t%et — et + / 2¢t dt

= el 2+2).

Therefore:
o 0
/ 2etdt = lim et di
—a s R ges] a
T Eg2 0
= a_lilzlme (t* =2t +2)[,
= 2~ lim e*(a®—2a+2)=2
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Here we have used L’Hépital’s rule to evaluate the limits; for example,
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7. (15 points) Compute the total fluid force on the dam described by the equation y = 22
when the water is 4 meters decp. Express your answer as a constant times &, where
4 is the density of water.

4m

Answer: At a given height y, the width of the dam is w(y) = 2z = 2,/7, and the
depth of the water is 4 — y, so the pressure is §(4 — ¥). Thus the total force is:

4
F = -/0‘5(4—3;)2\/5@

4
= 26/0 w2 — P2 dy = (166/3)y%/2 ~ (45/5)y52 3

= (165/3)8 ~ (45/5)32 = 1285(1/3 — 1/5)
= (256/15)4. '

8. (10 points) A leaky pail holding 20 Ibs. of water is raised from the bottom of an 18
foot well. By the time the pail reaches the top, it is only half full (it contains just 10
Ibs. of water). Assuming the water leaks out at a constant rate, how much work is
done? (Ignore the weight of the pail and rope.)

Answer: The weight of the pail decreases by 10 Ibs over 18 ft, so the rate of decrease
is 10/18 (Ibs/ft.) Thus the weight of the pail after is has been raised height « is
F(z) = 20 — 10x/18, and so the total work done is:

18 18
W o= / Flz)dz = [ (20 ~ 102/18) dz
] J0
= 20z — 522/18}* = 360 — 90 = 270 ft-Ibs.




