Mathematics 1b - Solution Set 3

Do: §8.3 # 1, 2, 3, 4, 10, 19, 20

1) Graph of the picture shows a,, as the area of shaded boxes each under the curve, with width of 1 and height of

an (thus the area is the value a,,). Therefore, Y ", —1= (i.e., the sum of the areas of all these boxes) < [ -z dz.

The integral converges with p = 1.3 > 1, so the series converges.
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2) The figures for the two series are as follows: 2?21 a; is the area of the shaded boxes with width 1 and height
ai,as,...,as. This spans the interval on the graph from z =1 to z = 6. 2?22 a; is the set of shaded boxes with
width 1 and height as, as, ...,as - they all lie under the graph of f(z). By looking at these graphs, we can see
that the sum of areas of the first set of shaded boxes (and therefore the sum of the first 5 terms of a;) is greater
than the area under the curve (the integral of f(z)), while the areas of the second set of shaded boxes summates
to a value less than the integral. Therefore, Ef 1Gi > fl z)dr >, _,6

3) a) We cannot say anything about ) a,. If a, > b, for all n and an is convergent, then > a, could be
convergent or divergent.
b) If a,, < by, for all n, then > a,, is convergent.

4) a) If a,, > b, for all n, then Y a, is divergent.
b) We cannot say anything about ) a, for similar reasons as in question 3a.

10) 3 = 5% Lforallm > 1,s0 Y02, 2 - diverges by comparison with Y07 | o 5m = 3 Ly 1 7> which
dlverges because 1t is a nonzero contant multiple of the divergent harmonic series.

19) "n—tl o= % for all ngeql, so Y o7, ";1 diverges by comparison with the harmonic series Y o

202)045331' >3 = (3)"for all n > 1, s0 300, 3" diverges by comparison with the divergent geometric series
YL Gm

Plus:

Problem on p—series

In this problem you will learn about a family of series known as p—series. This is an important problem, and
we will use the result of your work repeatedly both in class and on exams.

A p—series is a series of the form

1Lp+2ip+3ip+...+#+...

1. If p < 0 then the series diverges by the nth term test. Explain.

The series would be the same as ) -, n~? (with —p being a positive value), which diverges because of the
nth term, or divergence, test (lim,, _,o, nPositivevalue £ ()

2. Show that if p > 1 then [[* L dz = limy_ flb — duz is finite.

. b . _ . _ _ oo . .
limy o0 [, =& = limy o0 WH = limp_ oo (pfl)}ﬂ,_l - (pfﬁ(l). If p > 1, the definite integral is finite
because b remains in the denominator and causes the first term to approach zero as b approaches infinity.
Thus, if p > 1, the definite integral is finite.

Show that if p = 1 then limy e J, 25 dz = oo.
If p = 1, then the integral would be limy__,, Inz|}, which is infinite because limj_, o, Inb = o0

Show that if 0 < p < 1 then limy_,o0 [ & dz = co.

If0<p<1,then p—1<0andlimy o z=r = co. Therefore, limp o0 flb - =limp 00 WH’ =

limp_,o0 (pfl_)})p_l - (pjﬁ(l) = oo—(a finite number)= cc.

Conclude that [ L dz diverges for 0 < p < 1 and converges for p > 1.

Based on the Integral Test, -, nl—,, converges when p > 1 because floo w%, converges for those values of p.
Similarly, the series diverges when 0 < p < 1 becuase the integral diverges for those values of p.



3. Conclude from your work in parts (a) and (b) that = + 55 + 35 + -+ + -5 + - -+ converges if p > 1 and
diverges if p < 1.
We showed above that Y > # diverges if 0 < p < 1. Using the same argument, the series also diverges
if p < 0, and if p = 0 the series becomes )" 1, which diverges. Therefore, > - | nl—p diverges if p < 1 and
converges if p > 1. We showed that diverges if p < 1.



