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1 Goals

• To understand and be able to apply the integral test to find the con-
vergence of a series.

• To understand and be able to tell if a p-series converges.

2 An Example

The series
∞∑

n=1

1
n2

converges to π2/6. While it requires some additional mathematics to de-
termine this fact, we can, however, determine that the series converges to
something,

∞∑
n=1

1
n2

= 1 +
∞∑

n=2

1
n2

≤ 1 +
∫ ∞

1

1
x2

dx.

3 The Integral Test

Suppose that f is continuous, positive, and decreasing on [1,∞) and an =
f(n).

1. If
∫∞
1 f(x) dx is convergent, then

∑∞
n=1 an is convergent.
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2. If
∫∞
1 f(x) dx is divergent, then

∑∞
n=1 an is divergent.

To show this, note that

a2 + a3 + · · ·+ an ≤
∫ n

1
f(x) dx ≤ a1 + a2 + · · ·+ an−1.

If
∫∞
1 f(x) dx is convergent, then

n∑
k=2

ak ≤
∫ n

1
f(x) dx ≤

∫ ∞

1
f(x) dx

and

Sn = a1 +
n∑

k=2

ak ≤ a1

∫ ∞

1
f(x) dx = M.

Since Sn+1 = Sn + an+1 ≥ Sn and Sn ≤ M for all n, the sequence of partial
sums is bounded and increasing and must converge.

4 p-Series

The p-series
∞∑

n=1

1
xp

converges for p > 1 and diverges for p ≤ 1.

5 Worksheet Problems

1. Use the integral test to determine the convergence or divergence of
∞∑

n=1

1
4
√

n
.

2. Use the integral test to determine the convergence or divergence of
∞∑

n=1

1
n4

.

3. Use the integral test to determine the convergence or divergence of
∞∑

n=1

1
n2 + 1

.
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4. If f(k) = ak, rank the values
∫ n
1 f(x) dx,

∑n−1
k=1 ak, and

∑n
k=2 ak in

increasing order.

5. If f(k) = ak, rank the values
∫∞
n f(x) dx,

∑∞
k=n+1 ak, and

∫∞
n+1 f(x) dx

in increasing order.

6. For what values of p is the series

∞∑
n=2

1
n(lnn)p

convergent?
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