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1 Goals

• To understand and be able to apply the definition of an alternating
series.

• To understand and be able to apply the concepts of conditional and
absolute convergence.

2 Alternating Series

An alternating series is a series of the form

∞∑
n=1

(−1)n+1an = a1 − a2 + a3 − a4 + · · · .

3 The Alternating Series Test

Let
∞∑

n=1

(−1)n+1an = a1 − a2 + a3 − a4 + · · ·

be an alternating series satisfying the following conditions.

1. a1 ≥ a2 ≥ a3 ≥ · · ·

2. lim
n→∞

an = 0
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Then the series converges.
For example, the alternating harmonic series

∞∑
n=1

(−1)n+1

n
= 1− 1

2
+

1
3
− 1

4
+ · · ·

converges.

4 Proof of the Alternating Series Test

Let
∞∑

n=1

(−1)n+1an = a1 − a2 + a3 − a4 + · · · .

The sequence of even partial sums,

S2 = a1 − a2 ≥ 0
S4 = a1 − a2 + a3 − a4 = S2 + a3 − a4 ≥ S2

S6 = S4 + a5 − a6 ≥ S4

...
S2n = S2n−2 + a2n−1 − a2n ≥ S2n−2,

is increasing. This sequence is also bounded since

S2n = a1 − (a2 − a3)− (a2 − a3)− · · · − (a2n−1 − a2n−2)− a2n ≤ a1.

Thus, the sequence {S2n} is increasing and bounded above and

lim
n→∞

S2n = S.

We claim that the limit of odd partial sums also converges to S,

lim
n→∞

S2n+1 = lim
n→∞

S2n + a2n+1

= lim
n→∞

S2n + lim
n→∞

a2n+1

= S + 0 = S.
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5 Estimating Sums

If
∞∑

n=1

(−1)n+1an = a1 − a2 + a3 − a4 + · · ·

is an alternating series satisfying

1. a1 ≥ a2 ≥ a3 ≥ · · · ,

2. lim
n→∞

an = 0,

then
|Rn| = |S − Sn| ≤ an+1.

This is true since

|S − Sn| ≤ |Sn+1 − Sn| = an+1.

6 Absolute and Conditional Convergence

A series
∑

an is absolutely convergent if
∑

|an|. If
∑

an converges, but∑
|an| diverges, then

∑
an is conditionally convergent. For example,

•
∞∑

n=1

(−1)n+1

n2
is absolutely convergent.

•
∞∑

n=1

(−1)n+1

n
is conditionally convergent.

An absolutely convergent series is convergent. Suppose that
∑

|an| con-
verges. Then

∑
2|an| is convergent. Since

0 ≤ an + |an| ≤ 2|an|,

the series
∑

(an + |an|) converges by the comparison test. Thus,∑
an =

∑
(an + |an|)−

∑
|an|

converges.
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7 Worksheet Problems

1. Determine the convergence of
∞∑

n=1

(−1)n+1

√
n

.

2. Determine the convergence of
∞∑

n=1

(−1)n+1

n2 + 2n
.

3. Suppose that an ≥ 0 for all n ≥ 1. Is is possible for
∑∞

n=1 an to
converge conditionally?

4. For what values of p does the series
∞∑

n=2

(−1)n+1 ln k

np
converge abso-

lutely?

5. For what values of p does the series
∞∑

n=2

(−1)n+1 ln k

np
converge condi-

tionally?

6. Determine the convergence of 1− 1
23

+
1
32
− 1

43
+

1
52
− 1

63
+

1
72
− 1

83
+· · · .
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