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1 Goals

• To understand and be able to represent functions as power series.

• To be able to differentiate and integrate power series to obtain new
ways to represent functions as power series.

2 Representations of Functions by Power Series
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= 1 + x + x2 + x3 + · · · , |x| < 1
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3 Differentiating and Integrating Power Series

If the power series
∑

cn(x − a)n has radius of convergence R > 0, then the
function f defined by

f(x) = c0 + c1(x − a) + c2(x − a)2 + c3(x − a)3 + · · · =
∞∑

n=0

cn(x − a)n

is term-by-term differentiable and integrable on the interval (a − R, a + R)
and

• f ′(x) = c1 + 2c2(x − a) + 3c3(x − a)2 + · · · =
∞∑

n=1

ncn(x − a)n−1

•
∫

f(x) dx = C + c0x + c1
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2
+ c2

(x − a)3

3
+ c3

(x − a)4

4
+ · · ·

= C +
∞∑

n=0

cn
(x − a)n+1

n + 1

4 Examples

• arctanx =
∫

1
1 + x2

dx = x − x3

3
+

x5

5
− x7

7
+ · · ·

• ln(x + 1) =
∫

1
1+x dx = x − x2

2 + x3

3 − x4

4 + · · ·
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5 Worksheet Problems

Function Series Interval of Convergence

ex 1 + x +
x2

2!
+

x3

3!
+ · · · (−∞,∞)

sinx x − x3

3!
+

x5

5!
− · · · (−∞,∞)

cos x 1 − x2

2!
+

x4

4!
− · · · (−∞,∞)

1
1 − x

1 + x + x2 + x3 + · · · (−1, 1)
1

1 + x
1 − x + x2 − x3 + · · · (−1, 1)

1
1 + x2

1 − x2 + x4 − x6 + · · · (−1, 1)

arctanx x − x3

3
+

x5

5
− x7

7
+ · · · [−1, 1]

ln(x + 1) x − x2

2
+

x3

3
− x4

4
+ · · · (−1, 1)

1. Find a power series representation for f(x) =
x2

1 + x
.

2. Find a power series representation for f(x) =
1

(1 + x)2
.

3. Find a power series representation for f(x) =
1

2 + x
and determine

the interval of convergence.

4. Find a power series representation for f(x) = x2 cos x.

5. Find a power series representation for f(x) = cos(x2).

6. Show that 1 − 1
2

+
1
3
− 1

4
+ · · · = ln 2.
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