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1 Goals

e To be able to solve equations of the form ax” + bz’ + cx = 0, when the
roots of the characteristic equations and repeated and real or complex.

2 The Complex Case

Now let us solve the initial value problem

2"+ 42 + 5 =
z(0) =
Z'(0) = -2

Again, we will assume that our solution has the form z(t) = €. Substituting
this function into our differential equation, we find that

0=a" +42’ + 5z =re™ +dre™ +5e" = (r* 4+ 4r +5)e".
As with the real case, 72 +4r +5 =0 or

e vay
- =Y

r —2=£i.

Thus, we can find a solution

z(t) = T2 = 726 — =2 (cost + isint).



The real and imaginary parts of this solution are also solutions to our dif-
ferential equation. Therefore, the general solution to our equation is

2 2

x(t) = cre”* cost + coe * sint.

Applying our initial conditions, we can quickly calculate ¢; = 3 and ¢y = 4.
Hence, the solution to our initial value problem is

z(t) = 3¢ * cost + 4e ! sint.
If b — 4ac < 0, the differential equation
ar” + bz’ +cx =0
has a general solution
z(t) = c1e® cos Bt + cze™ sin B,

where o +if3 are the roots of ar? 4+ br + ¢ = 0.

3 Repeated Roots

Finally, we will consider the equation

' +22 +x=0.

t

If we choose €™ as our guess, we find

2" + 22 1 = 7,267‘25 + e’ + et
= e"(r+1)?
= 0.
Thus, 7 = —1 and we have a solution z;(t) = et

In order to find a general solution to z” + 22’ + x = 0, we must find
a second solution that is not a multiple of z1(t) = e~!. Since we already
know that czj(t) is a solution to our differential equation, we will try to
generalize this observation by replacing ¢ with a function v(t) and then try
to determine v(t) so that v(¢)z1(t) is a solution to 2’ + 22’ +x = 0. Indeed,
if
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v(t)ai(t) = v(t)e™,
then



and
2'(t) = v"(t)z1(t) + 20/ ()21 (1) + v(t)2Y (¢)
= V"(t)e =20 (t)e t +u(t)e
Consequently,
2" +2 +rx = [Pet —20'em + e + 2[—ve Tt +v'e 7] + [ve ]

-t !
t’U

e
- 0,
and v” = 0. Therefore, v = cit + ¢c3. Letting ¢; = 1 and ¢ = 0, we can

assume that v(t) = ¢, and the second solution to our equation is z = te™".
Hence, the general solution to z” + 22" + 2 = 0 is

z(t) = cret + cote™,

which agrees with the solution that we would obtain from solving the system
equivalent to this second-order differential equation.

4 Worksheet Problems

1. Find the general solution of the equation 3" + 4y =0
Find the general solution of the equation y” + 2y’ + 17y =0
Find the general solution of the equation y” — 6y’ + 9y =0
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Solve the initial value problem
v'+2y +3y = 0
y(0)
y(0) = 0
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5. Solve the initial value problem
y' =4y +13y = 0
y(0)
y'(0) = 0

6. Solve the initial value problem
Y+ 10y + 25y =
y(0) = 2
y(0) = -1
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