Chapter 7: Concept Check

1. {a) A differential equation is an egquation that containg an unknown function and one or more of its derivatives.
{b) The order of a differential equation 1s the order of the highest derivative that occurs in the equation,

(¢) An initial condition is a condition of the form y(fn) = wo.

2y =x" 44" = 0forall z andy. 3" = 0 only at the origin, so there is a horizontal tangent at (0, 0), but nowhere else. The

graph of the solution is increasing on every interval.
3. See the paragraph preceding Example 1 in Section 7.2.
4. See the paragraph after Figure 14 in Section 7.2,

5. A separable equation is a first-order differential equation in which the expression for dy /dir can be factored as a function of =

times a function of i, that is, dy/dz = g{=) f{y). We can solve the equation by integrating both sides of the equation
dy/ f(y) = g(x)dz and solving fory.

i 1 d
B (a) ?i; = Ky ; the relative growth rate, ; 4??’ I8 constant.

{b) The equation in part (a) 15 an appropriate model for population growth, assuming that there is enough room and nutrition to
support the growth.
{¢) If y{0) = yo, then the solution is y(t) = yee™.

L o{a) dP/dl = &Pl — P/R), where K is the carrying capacity.
{b) The equation in part (a) is an appropriate medel for population growth, assuming that the population grows at a rate
proportional to the size of the population in the beginning, but eventually levels off and approaches its carrying capacity

because of limited resources.

B. (a) dF/dt = kI — al'S and dS/df = —rS + bF'S.
(b} In the absence of sharks, an ample food supply would support exponential growth of the fish population, that is,
il fdl = kF, where Eis a positive constant. [n the absence of fish, we assume that the shark population would decline at a

rate proportional to itself, that is, d5/dt = —rS, where r is a positive constant,
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Chapter 7: Review Exercises

F
1. (a) 4 PRI T T T T R I (b) lim g(t) appears to be finite for 0 < ¢ < 4, In fact lim y{t) =4
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43, ——=---=-=-==-== fore =4, lim yi#) =2 forl < ¢ < 4, and lim y{t) =0
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~Sacfteclite e inreglusiicaliingliig . e . y
gloorrac=p oo == for ¢ = 0. The equilibrium solutions are y{t) = 0, y(t) = 2,
R
1¥-z2z22222222 and y(t) = 4.
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2. (a) ¥ We sketch the direction field and four solution curves, as shown.
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Note that the slope y’ = =/ is not defined on the line y = 0.

P g a Ll LR N
Yy

by " = iy = ydy=zdr & ”2 =+ For(C = 0, this 15 the pair of lines y = £z, For {7 0, it is the

]

hyperbola - ;,r-'r = —{/

3 (a) ? i i E E i E E :’: : f byh =01 10 =0,y = Lland F{x,y) = 2 — o

L S T T | T 1 " i . .
i el R A S0 4n = -1+ EJ.II:.r',z,_l - -_a;i_ljl. Thus,
| F fF — % A T v — ) |
RIS | I B B P
LorE = AR s A i = 1+0.1(0° —12) = 0.9,
| F & FfF & — — & F T |
| F b F o, e - & F5 1 I | E r
T e y2 = 0.9+ 0.1(0.1° — 0.9°) = 0.82,

3 14390 -3: 7] 3° s
R R ys = 0.82 + 0.1(0.2° — 0.82%) = 0.75676. This
| Fod A S L T A N
| FooF =% & b I T S
P 2 A is close to our graphical estimate of y(0.3) == 0.8.
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We estimate that when @ = 0.3, y = 0.8, s0 y(0.3) = 0.8,
{¢) The centers of the horizontal line segments of the direction field are located on the lines y = rand y = —

When a solution curve crosses one of these lines, it has a local maximum or minimum.
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Chapter 7: Review Exercises

4 (1) h =02 20 =0,y0 = Land F{x.y) = 2zy”. We need y2.
m=1+402(2.0-1") =1,p2 =1+0.2(2-02-1%) = LO8 = y(0.4).
(b)h=0Lnow,soy; =1+01(2-0-1%) = Lya = 1 +0.1(2-0.1-1%) = 102,
ys = 102+ 0.1{2 - 0.2 - 1.02%) = L.O6162, y, = L.O6162 4 0.1(2- 0.3 - LO61627) = 1.1292 = y(0.4).

d 1
() The equation is separable, so we write i‘: =2rdr = f—i“i = f?.::d;r & —==a" 4+ buty(0) = 1, so
u Y Y

1
0.4) — ———
= & v =75

improved by increasing the number of steps, but the approximations were still far off.

(' = —landy(z) = 22 1.1905. From this we see that the approximation was greatly

5. (3" + )y =zeosz = (3" +2y)dy = (reosz)dr = [(3y° +2y)dy = [(reosr)dr =
y? +y? = cosx + zsinx + (. For the last step, use integration by parts or Formula 83 in the Table of Integrals.

dx dr
6. =l-tte—tr=11-)+2(1-0)=1+2)(1-1) = —=0-Hd =

d . W

= f-t)dt = Ilta|=t-3+C = |[l4z|=e"C o

14 ]
&I

2 s " 2 .
I4ae==4e""2.eC = w=_—1+Ke' "2 where K is any nonzero constant.

i i dr .
I.ET‘FELT—T = d—:—r—i‘![r—r{l—ﬂ] = f——f[l—?ﬁ}:ﬂ = hjr|l=t-*+0C =
: r

| = et~ — ket Since r(0) = 5,5 = ke® = k. Thus, #(t) = 5=,

. dy sin @ dr dy sin @ da
8 (1 = (14 e ¥)si = = = =
(L+cosa)y’ = (1+e¥)sinz 1+e ¥ 1+4cosx \/-l-l-l,-'rl."!" _[J.+nusz
frpdy f"in”‘" In|l 4 & In|l+cosz| +C = In(l+e?) = —In(l +cosz)+ O
= | — n e’| = —In cos T ) n )= —In cos T ?
1+ ew L+ cosx - ' -

L4 e = g miibeans) o€ o e Imlleenm) o g In[ke” 0T ] Sinee »(0) = 0,
D=1Inke™™* —1] = e"=k(2)-1 = k=4 Thus,y(z) = In[4e™ Moo=k _ 110 An equavalent form is

3 —cosx
vie) = I Treess
8. % (W) = % (Be®) = o' = ke™ =y, so the orthogonal trajectories must have y" = —% = % = —%

ydy = —dr = [ydy=—[dr = 2y°=-2+C = = — 3y° whichare parabolas with a horizontal axis.
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Chapter 7: Review Exercises

d . . 1 z
10. e {v) = = (") = o =ke"™ =ky= % -, 0 the orthogonal trajectories must have ' = 3 Il:'ly
&y ___= = ylydy=—zdr = [yhydy=— [zdr = Tyt lny — 2y*  [parts withu = Iny,
dr wlny 2 1
dv=ydy] =—-2r'+C1 = fly—y =0 - 2"

M. (a) y(t) = »(0)e™ = 200e™ = y(0.5) = 200" =360 = " =18 = 05k=mIl8 =
E=2In18 =In(1.8)* = In3.24 = y(t) = 200173240 — 200(3.24)"
(b) »(4) = 200(3.24)" = 22,040 bacteria
(e) ' (1) = 200(3.24)" - In 3.24, so ' (4) = 200(3.24)" - In 3.24 = 25,910 bacteria per hour

(d) 200(3.24)" = 10,000 = (3.24)' =50 = (In3.24=1In50 = {=In50/In3.24 =~ 3.33 hours

12. (a) If y(t) is the mass remaining after ¢ years, then y(t) = »(0)e™ = 100", y(5.24) = 100" = 3100 =

52k _ % = B%Mk=_—In? = k= —ﬁln? = p(t) = 100e— (N 2k/5.24 _ qop . o—t/6.24 Thus,

p(20) = 100 - 273953 = 7.1 mg.

- 1 ¢ 1 In 100
by 100 - 27452 g-t/s2 - In? =Iln— t=5.24 == 34.8 ve
©) - w0 so4 T Mo T In2 years

13. (a) C'(t) = —kC() = Ct) = C{0)e ¥ by Theorem 10.4.2. But (C(0) = (g, so /(1) = Cpe™ ™.

(b} ({30} = 17, since the concentration is reduced by half. Thus, 2y = (e ™™ = Inl = —30k =
z y 2 z

k= - ﬁ In % = % In2. Since 10% of the original concentration remains if 90% is eliminated, we want the value of ¢
1

such that ('(t) = ==Cb. Therefore, 7= Co = Coe ™29 = 01l = —#(In2)/30 = ¢= 72 In0.1 7= 100h,
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Chapter 7: Review Exercises

14, (a) Let & = 0 correspond to 1990 so that (1) = 5.28¢% is a starting point for the model. When { = 10, I* = 6.07.

, = g, 10K oy B.0T _ 807 ., . . =1
S0 6.07 = 5.28¢ = 10k = In i I 5 L n S 0.01394. For the year 2020, ¢ = 30, and

P30) = 5.28¢™ = 8.02 billion.

I 20
_ = g ki _ Ik _ Tas - . o
by P =10 = 528 =10 = =35 = € o= ki = In 2% —= 31-1 = mﬁ =2 45.8 years; that is, in
5.2%
1990 4 45 = 2035,
K oo 100 — 5.25 1 6.07 .
(c) P(t) = AT 1 +AE{_H_,whcn:: A= =8 22 17.94, Using & = Eln =8 from part (a), a model is

100

P(t) = T 17 04, 0o and P(30) = 7.81 billion, slightly lower than our estimate of 8.02 billion in part (a).
(MP=10 = 1+Ac ™ =22 = A" =90 = "=09/4 = —kt=In(9/4) =
it = —% I|1%L == 4947 years (that 15, in 2039), which is later than the prediction of 2035 in part (b).
il il el i
‘5. {E}E{I.Lm_.h = E_L{.Lm_ ¥ = fm_fkd!- = —Inl.Luu_.L _k£+{l. =
Inllee —Ll=—kt—C = |Leo-—L=e""% 3 Lo-—L=Ae™ = L=Lo—Ae™™ Att=0,
L= L) = -4 = A= —L{0) = L{t)= Lo — [Lo — L{0)] "

(b) Lo =53 em, L(0) = 10em,and k = 02 = L{t) =53 — (63 — 10)e ™* = 63 — 43 ™%

16. (a) Ify = u — 20, u(0) =80 = 4(0) =80 — 20 = 60, and the initial-value problem is dy /dt = ky with {0) = 60.

I

So the solution is y(t) = 60, Now y(0.5) = 60e"™* =60 —20 = "F =20 _2 . L_2Ini=Ind,

so y(t) = G0l 4/20t — 60(3)". Thus, y(1) = 60(3)" = 2 = 262 “Cand u(l) = 462 °C.

In
() u(t) =40 = y(t) =20 (1) =60(2)' =20 = () =% = (lns=In2 = t=—>=135h

or 1.3 min.
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Chapter 7: Review Exercises

17, Let & represent the population and { the number of infected people.

The rate of spread o/ /df is jointly proportional to £ and to P — [, so for some constant &, A6 /dt = I[P — 1) =
o

I = ot (P — Io)e 7 [fromm the discussion of logistic growth in Section 7.5].

Now, measuring ¢ in days, we substitute { = 7, 7 = 5000, Iy = 160 and {7} = 1200 to find k:
1200 = 1o [mljzn_- ﬁﬁ?ﬁ_mnm * 3=1m7 gi:ﬁ_mm 480+ 14,5200 F0F — 2000 <«
R Mi#iaﬂ & —35,000k = In :;';:33 & k= :ﬁ;ﬁm In % 22 000006448, Next, let
I = 5000 = 80% = 4000, and solve for £ 4000 = 601 (51]}]?30;5;2;%?{_&.5:”“.1 & 1= 7D +4§5§;—ﬁnmm =
160 + 48406709 = 200 4 TR < —zuiééﬁﬂ &  —5000kt = lnﬁ “
f= ﬁ In 1‘_;]. = %1:% In Fll =7T- % 7= 14 875, So it takes about 15 days for 80% of the population to be

infected.

18. Denote the amount of salt in the tank (in kg) by y. (1) = 0 since initially there is only water in the tank.
The rate at which o increases is equal to the rate at which salt flows into the tank minus the rate at which it flows out,

.y kg L y kg L y kg dy 1
That rate is 2 — 0.1-2 x 10— — L B 19— —1 ¥ & — =
e T LV min 100L ° min Wmn ~ | 10—¢ TT R

-yl =Ft+C = W-y=Ac"" y(0)=0 = 1W0=A = y=10{1-").

At t = 6 minutes, y = lﬂ(l . r-“flﬂ) ~ 4.512 kg,

i R{ h k+ h R i R
9. 0 - L dh = [ (—=)dt L+ =) dh = —<2 [ 1t
dt L"(.!.'+h) - f h /( v) - f( +h) v -

4+ klnh = — Tt + (. This equation gives a relationship between h and ¢, but it is not possible to isolate fr and express it in

terms of &,
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Chapter 7: Review Exercises

20. dx/dt = 0.4z — 0.002ay, dy/di = —0.2y + 0.000008zy
{a) The @y terms represent encounters between the birds and the insects. Since the y-population increases from these terms
and the e-population decreases, we expect g to represent the birds and o the insects.
(b} andy are constant = ¢ =0andy’ =0 =

{D = 0.4x — 0.002ry } {{} = 0.4x(1 — 0.005y)
—:.

i = Dand & =0 (zero populations)
0 = —0.2y + 0.000008xy 0 = —0.2y(1 — 0.00004x)

ary = n_n.'lmr. = 2 and = = n.m%nna = 25,000, The non-trivial solution represents the population sizes needed so that

there are no changes in either the number of birds or the number of insects.

dy B ey /dt B —0. 2y 4+ 000000y

(c)

dr  d/dl 04r — 0.002zy
(d) L At (i, y) = (40,000, 100), dz /dt = B000 = 0, s0 as ¢ increases
HOT ! 7 —— e
A it ey wi are procecding in a counterclockwise direction. The
[T 4 R . . .
0T 1 7 = o DN populations increase to approximately (59,646, 2007, at which
N L h T SR, W Y
: : ': -3 } : : : ¥ point the insect population starts to decrease. The birds attain a
mat Vv — 2 r
L L e e i maximum population of about 380 when the insect population
1 My e —
10T :. :: =TTl is 25,000, The populations decrease to about (7370, 200), at
|, TR fm —m — — — — — — —
- which point the insect population starts to increase. The binds
¢ 000 40,000 S0.000 *
attain a minimum population of about 833 when the insect
population 1s 25,000, and then the eyele repeats.
(e

Both graphs have the same period and the bird
population peaks about a quarter-cycle after the

insect population,
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Chapter 7: Review Exercises

2. (a) dr/di = 0.4x{1 — 0.0000052) — 0.002xy, dy/di = —0.2y + 0.000008xy. If y = 0, then
dr fdf = 0dz(]l — 0.000005x), sode/df =0 <= == 0o0rx = 200,000, which shows that the insect population
increases logistically with a carrying capacity of 200,000, Since dz/di = 0 for 0 < = < 200,000 and dx /df < 0 for
o = 200,000, we expect the insect population to stabilize at 200,000,

(b} o and y are constant = ' =0andy' =0 =

0 = 0.4x(1 — 0.000005x) — 0.002xy 0 = 0.4z[(1 — 0.000005z) — 0.005y]
=
0 = —0.2y + 0.000008xy 0 = y(—0.2 4 0.000008:)

The second equation 15 true ify = Dor e = ﬁ = 25,000, If 5 = 0 in the first equation, then either @ = 0
ore = m = 200,000, If z = 25,000, then 0 = 0.4(25,000)[(1 — 0.000005 - 25 000) — 0.005y] =

0= 10,000[(1 — 0.125) — 0.005y] = 0=8750—-hly = wu =175

Case (i): w = 0, @ = 1 Zero populations

Case (if): 3 = 0, @ = 2000000: In the absence of birds, the insect population 1s always 200,000,

Case (iff); ® = 25000, y = 175: The predator/prey interaction balances and the populations are stable.

{¢) The populations of the birds and insects fluctuate (d) x4 (naects)
around 175 and 25,000, respectively, and

eventually stabilize at those values.

22. First note that, in this question, “weighs™ 15 used in the informal sense, so what we really require is Barbara's mass moin kg
as a function of {. Barbara’s net intake of calories per day at time £ (measured in days) 15

cft) = 1600 — 850 — 15m(t) = 780 — 15m(t), where m{f) is her mass at time £, We are given that m(0) = 60 kg and

dm eft) dm 750 —15m 150 —3m  —3(m —50) . . f drn —3dt
dm  _clf) odm _ _ ith m(0) = 60, F = | —.we
dt 100000 " Tt 10,000 2000 000 With m(0) Rl B—Ty 2000 "

. — 50 3 o
getln|m — 50| = —ﬁf + (. Since m(0) = 60, C' = ln 10. Now In e 10 - 2000° 5@ 1™~ 50| = 10e/29%%,

The quantity e — 50 15 continuous, initially positive, and the right-hand side 15 never zero. Thus, m — 50 1s positive forall £,

and m(f) = 50 + 10e #2000 ko Mgt — oo, m(i) — 50 kg. Thus, Barbara’s mass gradually settles down to 50 kg.
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Chapter 7: True/Fase

1. True. Sincey! =0,y = -1 — yd <. (Jand the solutions are decreasing functions,
Inx Il —Inz
2. True. =— =y = —
e Y & Y x?
; 2 r 5 l—Inx Inx , Inr ;
LHS = 2%y + oy = 2" - ———+2-——==(l —Ilnz} +Inz = 1 = RHS, so y = — is a solution
T T T
of %y’ + zy = L.
3. False. x + y cannot be written in the form g(=) f{y).
4, True. W =3y —2rt+6ry —1=6ay—22+3y—1=223y — 1)+ 1(3y — 1) = (2= + 1){(3y — 1), soy" can

be written in the form g{z) f{y), and hence, is separzble.

i
5 True. By comparing d_!: = Qy(l — g) with the logistic differential equation (7.5.1), we see that the carrying
: 3

capacity is 5; that is, !Iirﬂ Y =58
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