Harvard University o
Math 1b. Second Semester Calculus . Name

Final Exam January 25, 1999

Final Exam
e Do not open this exam booklet until you are directed to do so.

* You have 3 hours to earn 100 potnts.

» Write your solutions in the space provided. If you need more space, write on the back
of the sheet containing the problem. Do not put part of the answer to one problem on
the back of the sheet for another problem.

e Do not spend too much time on any one problem. Read them all through first and
work on them in the order that allows you to make the most progress.

® Show your work, as partial credit will be given. You will be graded not only on the
correctness of your answer, but also on the clarity with which you express it. Be neat.
By the same token, be sure to justifv vour sclutions (unless you are explicitly told
otherwise}, so we can follow vour reasoning.

e Good luck!
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1. (10 pts)

i. (2 pts each) For each of the following, circle the correct answer. No justification is required.
o0 (10(101"))“

a. 2 m converges diverges
b N ! i
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g vn2+10 & 8

ko1 N 2 N 3 . 4 .
+1 1341 241 FB41 4341

o o]
ii. (4 pts) Does . converge? If so, why?
3 MVErg
k=1

If not, why not?




2. {10 pts) Due to the bizarre mating rituals of the three-legged, two-tongued, yellow-eyed
toads of the South Bernoulli Islands, their population at time ¢, P(t), satisfies the following

differential equation:

%"; = —~7P(P — 1000)(P — 100000).

a. (4 pts) Find the equilibrium solutions and determine for each whether it is stable
or unstable.

b. (3 pts) Is there some positive number so that if the population is ever below this
number, then the species is doomed to extinction? Explain why or why not.

¢. (3 pts) Is there some number so that if the population is higher than this number,
then the population will grow without bound? Explain why or why not.




3. (10 pts) Suppose r is a positive constant. Consider the semicircle given by z2 + y? = 72
with y > 0 and —r < z < 7. If we rotate this semicircle about the z-axis, we obtain a sphere
with radius r.

a. (6 pts) Using integration, computé the surface area of this sphere. Your answer -
should depend on 7.

b. (4 pts) Using integration. compute the volume of this sphere. Your answer should
depend on 7.




4. (12 pts) Evaluate the following integrals.

a. (2 pts) fln:r:dz

dz

-z

b. (4 pts)




.

2
c. (2 pts) [ coszsin’ zdzx
0

d. (4 pts) f3$5v1 + r3dr




5. (10 pts)

a. (3 pts) Finds the terms of degree < 4 in the Taylor series about z = 0 (i.e., in the
Maclaurin series) of the function

f{z) =sinz + cosz.

b. (1 pt) Use vour answer from part a to obtain an estimate for
sin({g) + cos(5)-

(You need not simplify vour answer.}




c. (2 pts) Compute the 5th derivative f® of f and explain why
IO (z)] < 2

for all z.

d. {4 pts) Using the fact that | /% (2)] < 2 for all z (even if vou were unable to verify
this in ¢}, show that vour estimate in b differs from the true value by at most

2-1077.




6. (7 pts)
a. (5 pts) Find the general solution of the differential equation
Sy+ay =1°

with £ > 0.

b. (2 pts) Check that your answer is in fact a solution of this differential equation.




7. (10 pts) Brian raises a bucket of calculus books from the bottom of a well, by pulling up
on a chain attached to the bucket (see picture). The chain measures 30 feet from the top
of the well to the bucket. The chain weighs 2 pounds per foot. The bucket and the books
together weigh 100 pounds. If Brian pulls both the bucket (with the books) and the whole
length of chain all the way up to the top of the well, then calculate the amount of work that

he has done. {You may ignore the size, but not the weight, of the bucket and the books.)

)

)

30 ft




8. (13 pts) A 1000 gallon pool initially contains 500 gallons of water with 1500 milligrams
of a chemical mixed in. A solution containing 4 milligrams of chemical per gallon of water
enters at a rate of 2 gallons per minute, while the well-mixed liquid flows out of the pool at
a rate of 2 gallons per minute. Let C(¢) denote the amount (in milligrams) of the chemical

in the pool after ¢ minutes of time have passed. '

a. (4 pts) Write a differential equation whose solution is C(t), and give the value of
C(0).

b. (4 pts) Solve for C'(t). Your solution should have no undetermined constants.

10



c. (2 pts) What happens to C(t) as t = c?

d. (3 pts) Suppose that the situation is exactly as described above, except that the
inflow rate is 3 galions per minute (and the outflow rate remains at 2 gallons per

minute). Write a differential equation whose solution is C(t} in this situation. You
do NOT need to solve this differential equation.

11




9. (10 pts)

a. (3 pts) Find the terms of degree < 6 in the Taylor series about = 0 for the
function €** — sin(z?) — 1.




b. (7 pts) Let f(z) = -1

144z~

i. (2 pts) Which of the following infinite series is equal to the Taylor expansion of
f about z = 0?7 You do not need to justify your choice.

(1)) (o) ()43 2" (1) (=)t (V) L3 (—a)
n={ n=>0 n=g n=0

ii. (5 pts) For your choice above in i, compute the radius and interval of convergence.
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10. {8 pts) A power series

o5

y=2an$“=ao+a1:ﬁ+a2:ﬁ?+...

n=i

satisfies the differential equation y"” + zy = z, y(0) = 6, ¢/{(0) = 12. Whrite out the terms of
degree < 6. .

Your answer should be in the form
2 3 q 5 3]
Qg + 1T + ax” + az®” + ayT” + azx’ + agx”,

where the coefficients ay, .. ., ags, are numbers which you must compute. (You do not need
to write terms with a coefficient of 0.)
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