Taylor Series

Last time, we learned how to approximate functions like cosx by polynomials. We called these polynomials
Taylor polynomial approximations.

1. Find the degree 6 Taylor polynomial approximation for f(x) = sinx centered at 0.

2. (a) If you want to find a Taylor polynomial approximation ag + a1z + asx® + -+ apx™ (centered at
0) to f(x), write a formula for the coefficient ay.

(b) If you want to find a Taylor polynomial approximation ag+ay(z —3)+as(x—3)%+- - -+a,(z—3)"
(centered at 3) to f(x), write a formula for the coefficient ay.

We saw last time that we could make our approximations better by using higher and higher degree polynomi-
als. As you guessed, our goal is to take the limit as the degree goes to infinity and write down “polynomials

of infinite degree.” Such things are called power series. They can be written as ag + a1 (x — b) + az(z — b)% +

az(x —b)® + -+, or more compactly in summation notation as Z ar(x — b)*. (ar and b are constants: ay
k=0
are the coefficients, and b is where you center.)

3. How do you think you would represent sinx as an infinite polynomial centered at 07 This is called the
Taylor series (rather than Taylor polynomial) generated by sinx about 0.



4. What is the Taylor series generated by cosx about 07

5. What is the Taylor series generated by e” about 07

)

6. We hope that, by using “polynomials of infinite degree,” we end up with something that is not just
an approximation for our function but is actually equal to the function. We don’t really know if this
is true yet. Taking on faith that e” is actually equal to its Taylor expansion about 0, can you write a
power series expansion (or “infinite polynomial representation”) of:

(a) e *°7

7. (a) Write a general formula for the Taylor series of f(x) centered at 0.

(b) What if you wanted to center at 57



