The Definite Integral

1. The definite integral is defined to be

(a) a limit of Riemann sums.
(b) the difference in the evaluation of an antiderivative at the endpoints of the interval.

(¢) a signed area.
(d) all of the above.

Solution. . We often interpret the definite integral as signed area, and we compute the definite

integral using (b). However, neither of those is the definition of the definite integral.

2. Write an integral or a sum and/or difference of integrals that gives the area enclosed by the graphs of
y=2>—1andy=x+1.
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Solution. The simplest answer is / [(x+1) = (2® = 1)] dz |
-1

3. Find the area of the following region.
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Solution. According to our general theme, we should try to slice, approximate, sum, and take a limit.
Let’s try slicing vertically:



Notice that there are two “types” of slices in this picture. When z is in the interval [—3, —1], the slices
have height (4—x2)—(2z+1). When z is in the interval [—1, 3], the slices have height (4—22)—(—z—2).
We should really think about these two cases separately:

We'll find the area of the red piece and the blue piece separately and then just add those together.
As we've already said, in the red piece, the slices have height (4 — 2?) — (22 + 1), so the area of

-1
the red piece is / [(4 — 2%) — (22 + 1)] dz. In the blue piece, the slices have height (4 — 2?) —
-3

3

(—x — 2), so the area of the blue piece is / [(4 — 2%) — (2 — 2)] do. Thus, the total area is
-1

—1 3
/ (4 —2?) — (224 1)] da +/ [(4 —2%) — (—x — 2)] dz| We can use the Fundamental Theorem
-3 -1

of Calculus to evaluate these integrals, and we get .



Area and Volume

1. Find the area of the region shown. (You may leave your answer as an integral or sum/difference of
integrals.)

Solution. Remember that the basic idea in every integration problem is: slice, approximate, sum,
and take a limit. What this boils down to is finding an expression for what’s going on with the k-th
slice. In this case, we’re looking for area, so we want to slice the region and then approximate the area
of the k-th slice.

There is a slight hitch though. Let’s imagine that we slice the region vertically:

y=-X y=Xx

The problem is that we can’t write a good description for the k-th slice. If the slice is on the left side
of the y-axis, then its height would be about (2 —2%) — (—xy,). If the slice is on the right side, then its
height is about (2 — x2) — 2. The solution to this problem is to break the region into two pieces and
find their areas separately.




Actually, since the picture is symmetric, we can see right away that the red area is equal to the blue
area. So, we can get by just finding the blue area and multiplying that by 2 to get the final answer.

So, let’s focus on the right side. As usual, we slice into n pieces of equal width Ax.
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We can pretend that the k-th slice is a rectangle of width Az and height (2 — 23) — x, so we end up
with

area of the k-th slice ~ [(2 — z%) — x3]Ax ‘

n

Then we know that the limit of Riemann sums is lim Z[(2 — 7)) — 21]Az, which is equal to the
k=1

1
integral / (2 — 2?) — 2] da.
0
Finally, remember that this expression only represents half of the original area, so our final answer is

' 2
2/0 [(2—2%) —a] dx|.

2. Here is one loop of the sine curve.

Ny

(a) If you rotate this region about the x-axis, what shape do you get? What is its volume? (You do
not need to evaluate your integral.)

Solution. The solid looks like a football.



To find its volume, we slice and figure out what’s happening with the k-th slice.

Ny

The k-th slice is very close to being a disk with radius sin z; and thickness Az, so

volume of k-th slice ~ 7(sin 23 )>Ax

n

Adding these up and taking the limit gives lim Z 7 (sin xk)QAx, which is equal to the integral
n—oo

/ n(sinz)? dr|.
0

k=1

(b) If you rotate the region about the line y = —1, what shape do you get? What is its volume? (You
do not need to evaluate your integral.)

Solution. This looks like a bead.

Again, to find its volume, we slice and figure out what’s happening with the k-th slice. Now, the
k-th slice isn’t a disk any more; it’s close to being a washer (disk with a round hole cut out). The
outer radius of the washer is sinxy, 4 1, the inner radius is 1, and the thickness is Ax. Therefore,

volume of k-th slice ~ 7[(sinzy, + 1)? — 1?]Az

n

Adding these up and taking the limit gives us lim Z m[(sinzy, + 1)? — 1?]Az, which is equal to

k=1

the integral / m[(sine +1)% — 1] da |
0




More on Volumes

1. This is the curve y = xsina®. If we rotate this region about the y-azis, what is the volume of the

resulting solid? (Once you get an integral, try to evaluate it.)

I

Solution. We may either slice the region horizontally or vertically. Slicing horizontally will give us
washers, but to find the inner radius, we would need to solve y = xsinz? for z. We don’t really know
how to do that, so we had better use vertical slices instead.

A

When we rotate the k-th slice about the y-axis, we get a hollow tube (like a paper towel tube). The
radius of this tube is zy, the height is 2 sinz3, and the thickness is Az. Therefore, the volume of the
tube is approximately 2mzy (zy sinz})Ax = 27a? sin x} Ax.

To approximate the volume of the whole solid, we have to sum up the volumes of all of the slices (slice
n

1 through slice n), which gives Z 27rxi sin x%Am. To make the approximation accurate, we need to

k=1
n

use more and more slices, so we take the limit as n — co. So, our answer is lim E 2mas sinxy Az,
n—oo
k=1

=
which is the integral / 2 sinz® dx. We can evaluate this integral using substitution. Let u = .
0



Then, du = 322 dx. Since x goes from 0 to ¢/7, u goes from 0 to 7. So,

I m d
/ 2’ sing® de = / 27 sin u—u
0 0 3

2 ™
= —W/ sinu du
3 Jo
2 s
= g(—cosu)

0

2
= ?ﬂ(— cosm + cos0)

47

3

2. How can you describe a bagel as a solid of revolution? (That is, what sort of region would you rotate,
and what line would you rotate it about?)

Solution. We can get a bagel by rotating a disk around a line, something like this (rotate the disk
around the dotted line):

3. The disk of radius 3 centered at the origin is rotated about the line x = 4. Find the volume using
vertical slices. (It is also possible to do it using horizontal slices, and you might want to try that for
extra practice.)

Solution. Here are the slices.




The equation of the circle is 2 +y? = 9, or y = £V9 — 22. y = v/9 — 22 is the equation of the top
half of the circle, and y = —/9 — 22 is the equation of the bottom half of the circle.

Rotating the k-th slice gives (approximately) a paper towel tube with thickness Az, radius 4 — zy,
and height 2,/9 — 27. So, the volume of the k-th piece is approximately 27(4 — z3)(24/9 — 27 ) Az =

47(4 — 21)\/9 — 22 A

3 3
Adding these up and taking the limit, we get the integral / dr(4 — 2)\/9 — 2?2 dx = 47r/ (4 -
-3 -3

2)V9 — 22 dx. To evaluate this integral, let’s first multiply it out a little:

477/3(4_@@@ _ 4w[/334mdx_/z_xmdx]

_3 _ _
3 3

= 167r/ \/9—x2dx+47r/ /9 — 22 dx
_3 -3

Now, we have two integrals to evaluate. We don’t know an antiderivative of v/9 — 22, but y = V9 — 22
3

is just the graph of the top half of the circle in our picture. So, / V9 — 22 is the area of the top half
-3

3
9
of the circle, and we know that a circle of radius 3 has area 97. So, / V9 —22 dr = g
-3

3
The second integral / £v/9 — 22 dx can be done using substitution: let u = 9 — 22, Then du =
-3

—2z dz. So, we can rewrite the integrand as [ —\/ﬂ% Since x goes from —3 to 3, u goes from 0 to

0
0, and/ —@ du = 0.
0 2

So, our final answer is 167 - 97” = .

4. Let R be the region enclosed by the z-axis, the y-axis, y = 1, and y = £ — 1.

(a) Find the volume generated when R is rotated about the line x = —2.

Solution. Here is the region R.

As always, we should first decide whether we want to use vertical or horizontal slices. In this case,
if we use vertical slices, we will have to split the region up into where x < % and > % because
the slices will have different descriptions. Instead, let’s use horizontal slices.



Yk

Since we’re using horizontal slices, we should describe things in terms of ¥, so let’s solve y = £+ — 1

for x in terms of y.

. . 1
So, the blue point is (m,yk).

y+1

y+1

K= 8 |+

8

x

After we rotate our horizontal slice, we will end up with something that is approximately a washer
(or CD) with inner radius 2, outer radius ﬁ + 2, and thickness Ay. So, the volume of the k-th

2
slice is approximately [w (ﬁ + 2) —m- 22] Ay. Adding these up and taking the limit gives

1 2
1
the integral / [W (— + 2) -7 221 dy. To compute this, we’ll first simplify:
0

y+1

1 1 2
—— 42| —7-22| d
/0 [ﬂ<y+1 > ! 1 !

To evaluate, we’ll use the substitution v =y + 1.

went from 0 to 1). So, we have

volume
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Then,
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du = dy and u goes from 1 to 2 (since y

(b) Find the volume generated when R is rotated about the line y = 2.

Solution. For the same reason as in part (a), we’ll use horizontal slices.



Yk
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N

As we figured out in part (a), the blue point has coordinates (ﬁ, yk).

After we rotate our horizontal slice, we will end up with a paper towel tube with radius — Yk,

height and thickness Ay. So, the volume of this slice is approximately 2m(2 —yp) —=Ay =

Yk +1’ yk+1

27r2k . Adding these up and taking the limit gives lim Z 27r

Yy n—oo Yy

1
2 —
/ 22" gy,
0 y+1

Now, we have to actually evaluate the integral. Let’s try using v = y + 1. Then, du = dy. Also,
y=u—1,802—-—y=2—(u—1)=3—u. Since y goes from 0 to 1, u goes from 1 to 2. So,

1
9 _ _
/27r ydy = 27r/ —ydy
0 y+1
= 27r/ udu
1 u
2
= 271'/ <§—1) du
1 u

= 27 3In|u| —u)[}
= 27[(3In2—-2)— (3In1 —1)]
27(3In2 — 1)

1’, which is just the integral




Integration by Parts

Evaluate the following integrals.

1. /xe‘” dx.

2. /xlnaz dx.

3. / Inz dz.
1

1
4. / arctanz dz.
0

5. /x2 cos 2x dx.



6. /ew cosx dx.

7. /cos\/E dx.

8. You are given the following information about an unknown function g(x):

u

/jM du=3,/129(u) du:4,/14g(u) du=5,9(1) = 2,9(2) = —2.

2
(a) Evaluate/1 (Inz)g'(x) dz.

2
(b) Evaluate/ xg(x?) da.
1

9. /sin5xsin3x dzx.



Partial Fractions

1. Which of the following is easiest to integrate?

(a)/%dw.

® [ oo &

() /x2—5§—2dx_/x2—4x—2dx
(d) xi“ x+/rdx

How do the four choices relate to each other?

2. Evaluate the following integrals.

@ [ o

Sr — 7
b — dx.
()/x2—3x—|—2 v



3. Write down the form of the partial fraction expansion for the following integrals. (You don’t need to
actually solve for the coefficients.)

322 +x+5
(2) /(x+1)(x+3)(x—5)'

z+1
(b) /(a:2—|—4)(a:2+9)'
% 4 22
() /(a:+4)(x—|—3)(a:+2)2'
22 +1
(d) /(a:+1)2(a:2+5)'

R
(e) /7;32 Tor il dx.

2 4+ 4 + Tx
f — dx.
()/ 22 +4x+3 dr

4. Evaluate the following integrals.

(a) /xz—x+4
a - .
3 4+ 4x

(b) /xsix dz.

(©) / sin 6 df
¢ cos?2 0 + cosfh —2°



Integration Techniques

In each problem, decide which method of integration you would use. If you would use substitution, what
would u be? If you would use integration by parts, what would v and dv be? If you would use partial
fractions, what would the partial fraction expansion look like? (Don’t solve for the coefficients.)

1 cosx dx
’ V1+sinz

Solution. Use the substitution w = 1 4 sinx since du = cosx dz also appears in the integrand.

2. /(lnx)2 dzx.

Solution. Partial fractions is definitely not right, since this is not a rational function. Substitution
doesn’t look so promising, so we're left with integration by parts. Since we don’t know how to integrate
anything involving In, use v = (Inz)? and dv = dz.

3. /em sinx dz.

Solution. This is a classic integration by parts integral, where you do integration by parts twice to
get back the original integral and then solve for it. You can use u = e* and dv = sinx dx or u = sinx
and dv = e* dz; they work equally well.

x

Solution. Since the integrand is a rational function, you could use partial fractions. But it’s easier to
just use substitution with u = 2% — 1.

2
5. /xem dx.

Solution. Substitution with v = 22

since du = 2z dx also appears.

2
x
6. | ——— dx.
/ 22 +4x+3
Solution. The integrand is a rational function, and we can factor the denominator pretty easily, so
partial fractions is a good choice. Since the integrand is an improper fraction, we start by rewriting
2

. x _ z®44r43-42-3 _ ¢ _ _ 4x+3 : :

W oo = Tty Pie s The denominator factors as (z + 1)(x + 3), so the partial
. . B

fraction expansion has the form 1 + — Tt a3

ot
7. | —— dt.
/ 1+ et

Solution. Use substitution with u = 1 + e’ since du = e’ dt also appears.

8. /arcsina: dr.



Solution. Partial fractions is definitely out, and there’s not much to substitute, so use integration by
parts with v = arcsinx and dv = dx.



Density and Slicing

1. A seaside village, Playa del Carmen, is in the shape of a rectangle 4 miles wide and 6 miles long. The
sea lies along a 6-mile long side. People prefer to live near the water, so the density of people is given
by p(x) = 10000 — 800x people per square mile, where x is the distance from the seaside. We would
like to find the population of the village.

(a) Show in a sketch how to slice up the region.

Solution. We'll slice the region parallel to the sea, like this:

The reason we do it this way is in part (c).
(b) What is the area of the k-th slice?

Solution. We'll call the width of each slice Axz. Then, the area of the k-th slice is 6Ax.
(¢) What is the approzimate population in the k-th slice?

Solution. This is really the key to the problem. Because of the way we sliced, the population
density within each slice is close to being constant. Therefore, we can approximate the population
as (population density) times (area), or p(xy) - 6Ax = 6p(ay)Ax.

(d) Write a general Riemann sum to estimate the total population of the city.
Solution. To approximate the total population, we just add up the approximate population in

n
all slices, which gives Z 6p(xr)Ax.
k=1
(e) Find a definite integral expressing the population of the village.
Solution. The assumption we made in our approximation was that the population density in

each slice was constant. This assumption becomes more accurate as we use more slices, since each
slice will be thinner. Therefore, to get the actual population, we should take the limit as n — oc.

n 4
We know that lim Z 6p(x)Az is the same as the integral / 6p(x) dx.
0

n—oo

k=1

2. A rectangular plot of farm land is 300 meters by 200 meters. A straight irrigation pipe 300 meters long
runs down the center of the plot, dividing it in half lengthwise. The farmer’s yield decreases as the
distance from the irrigation pipe increases. Suppose that the yield is given by p(x) grams per square
meter, where x is the distance in meters from the irrigation pipe. Write an integral giving the total
yield from the plot.

Solution. Here’s a sketch.



pipe

First, because of symmetry, the yield in the left half of the plot is the same as the yield in the right
half. Therefore, we only need to figure out the yield in one half; let’s do the right half.

Since the yield depends on the distance from the irrigation pipe, we want to slices in which the distance
to the irrigation pipe is approximately constant. Therefore, we’ll slice parallel to the pipe:

pipe

Since x represents the distance to the pipe, the leftmost slice starts where x = 0, and the rightmost
slice ends where x = 100.

The area of each slice is 300Az. In the k-th slice, the yield rate is approximately p(xj) grams per
square meter, so the yield is approximately p(xy) - 300Az = 300p(xk)Az. Summing over all n slices

100
and taking the limit as n — oo gives us / 300p(z) dx as the yield for half of the plot. Therefore,
0

100
the total yield is 2/ 300p(x) dx |
0

. People in the Boston area like to live near the city center, so the population density around Boston is

p(r) = Tgo’_?_’gf_(il people per square mile, where v is the distance in miles to the center of Boston. Find

the number of people who live within 5 miles of the center of Boston.

Solution. The region we are talking about (within 5 miles of the center of Boston) is a disk, with the
highest population density at the center. Here is a plot showing the population density in the city (red
represents the highest density, and purple represents the lowest):



©

Just like in the other problems, we want to slice the region so that the population density in each slice
is almost constant. In this case, we can accomplish that by slicing into concentric rings.

The population density in the k-th slice is approximately equal to p(ry). The area of slice k is
approximately 2zwryAr. So, the number of people living in the k-th slice is approximately p(r) -
2rrAr = 2mrgp(r)A. Summing over all n slices and taking the limit as n — oo gives the integral

5
/ 2mrp(r) dr|.
0




More Applications of Integration

1. A cone with height 8 inches and radius 6 inches is filled with flavored slush. When the cup is held
upright with the pointed end resting on a table, the density of flavoring syrup in the cup varies with
height above the table. Suppose p(x) gives the number of ounces of syrup per cubic inch, where x is the
distance from the table top. Write an integral giving the total amount of syrup in the cup.

Solution. Since the density varies with height, we will slice the cone like this:

The k-th slice looks approximately like a disk of thickness Az. To approximate the volume of the slice,
we need to find its radius. Moreover, we should do this in terms of xj since we’re going to want to end
up with an integral in terms of x.

To find the radius 7 of the k-th slice in terms of xj, we use similar triangles:

This shows us that g =TI g0, = gxk = %xk Therefore, the volume of the k-th slice is approxi-

xR
mately m ( ) Ar = 16 Tx2 Az cubic inches. The amount of syrup in the k-th slice is approximately
[p(x);)ounces per cubic inch] - [9%2? Azcubic 1nches] = 2227 p(x)) Az ounces. Summing the amount in

9T
each slice gives the Riemann sum approximation Z 1_ze p(xg)Az. Taking the limit as n — oo gives
k=1

9
the integral / —ﬂ-pr

40000

1+ 0.000173
kilometer, where 1 is the distance in kilometers from the center of the planet. Find the total mass of

the planet if its radius is 8000 km. (You do not need to evaluate your integral.)

2. Suppose the density of a planet is given by the function p(r) = kilograms per cubic



Solution. Since the density varies with the distance to the center, we should slice into concentric
spherical shells. Each shell will have a small thickness Ar, and a good approximation for the volume
of such a spherical shell is its surface area multiplied by the thickness Ar.

The k-th slice has outer radius r; and inner radius r5_1, so its volume is approximately 47r7"zAr km?.
The mass of this slice is approximately [p(rx)kg / km®] - [47r2Ar km®] = 47r2p(ry)Ar kg, Adding

these up gives the Riemann sum approximation Z 47rrzp(rk)Ar. Taking the limit gives the integral
k=1

8000
/ 4rr?p(r) dr | If we wanted a numeric answer, we could integrate using the substitution u =
0

1+ 0.000173.

. A cylindrical candle of height 50 mm and radius 12 mm is formed by repeatedly dipping a wick of radius
1 mm into hot wazx and then allowing the new layer of wax to dry. The density of each new layer is
slightly different, so the density of the candle varies with the distance to the wick. If p(x) gives the
density in grams per cubic mm of the wazx, where x measures the distance to the wick, write an integral
giving the mass of the candle.

Solution. Here is a (crude) sketch of our candle.

\ B

~_

We should slice using cylindrical shells (also known as paper towel tubes, just like what we used in
some of the volumes of revolution problems).

Each cylindrical shell has height 50 mm and thickness Az. The k-th shell is distance zj from the wick,
so its radius is xy + 1 (because we must take into account the radius of the wick). So, the volume of
the k-th shell is approximately 27 (zy + 1) - 50 - Az = 1007 (2 + 1)Az cubic inches. Then, its mass
is approximately [p(zy) grams per cubic mm] - [1007(z; + 1)Ax cubic mm] = 1007 (x + 1)p(z) Az

grams. Adding these up gives the Riemann sum approximation Z 1007 (2 + 1)p(xg)Az. Taking the
k=1

11
limit as n — oo gives the definite integral / 1007 (z 4 1)p(x) dx |
0

. We can model a muffin as a solid of revolution, obtained by rotating the following region about the
y-axis. Due to a poor recipe, the chocolate chips in our muffin tend to sink to the bottom. The amount
of chocolate in the muffin is given by p(y) = 5—y grams per cubic inch, where y represents the distance
to the bottom of the muffin. Find the total amount of chocolate in the muffin.



y=3-x%/4

1 2 3 2

Solution. Since the chocolate density varies with the distance to the bottom of the muffin, we must
slice parallel to the bottom of the muffin. Each slice is approximately a disk. Here are two representative
slices:

y=3-x%/4

y=2x-2

Notice that these two slices have different descriptions: the top one should be described using the curve
2

y = 3 — %, while the bottom one should be described using the curve y = 2z — 2. So, we should really

consider the top and bottom parts of the muffin separately.

Let’s first focus on the bottom part of the muffin, which we get by rotating this region:

4

Here, the slices are disks, with the radius being the horizontal distance between the y-axis and y = 2x —
2. To find this horizontal distance, we need to solve y = 2x — 2 for x, which gives x = yT-i-2 Therefore,



2
the radius of the k-th slice is y’“; 2 This means that its volume is approximately m (y’“; 2) Ay, so the

amount of chocolate in this slice is approximately p(yx) - 7 (%)2 Ay =m (%)2 p(yr)Ay. Adding
3

2
2
these up and taking the limit gives us the integral / T (%) p(y) dy for the amount of chocolate
0

in the bottom part of the muffin.

To deal with the top part of the muffin, we use exactly the same reasoning. We get the top part of the
muffin by rotating this region:

1 2 3 4
We need to solveyzS—%for x:
2
x
= 3——
Y 4
2
x
T - 3_
4 Y
a? = 43 -y)
r = 2¢/3—-y

So, the k-th slice is approximately a disk of radius 21/3 — y, and thickness Ay, which means its
volume is approximately 7(21/3 — yx)?Ay = 47(3 — yx)Ay. Therefore, the amount of chocolate in this
slice is approximately 47(3 — yi)p(yx)Ay. Adding these up and taking the limit gives us the integral

3
/ 47 (3 — y)p(y) dy for the amount of chocolate in the top part of the muffin.
2

2 2 3
2
So, the total amount of chocolate in the muffin is / 7r (%) ply) dy + / 47 (3 — y)p(y) dy.
0 2

. You ride your bike with velocity v(t) = 3t> + 4t — 5 in the time interval [0,3]. What is your average
velocity?

3

—[10]

0

1 3

Solution. It is | ——
olution is 570,

13 1
o(t) dt :5/ (3% + 4t —5) dt = g(t3+2t2—5t)
0

. The temperature outside is given by the function f(t), where t represents the time since 10:00 am. How
would you find the average temperature between noon and 5:00 pm?



1 7
Solution. We want the average temperature for the interval [2,7], and that’s 3 / f@) dt|
—=2.J)2

7. The graph of a function f is shown. The graph is made up of lines and semicircles. Find the average
value of f on the interval [1,5].

5

1 2 3 4 5

I 5
Solution. The average value of f is 1 / f(t) dt. We know that fl f(t) dt is the signed area of f from
1

t =1tot=>5, and from the graph, we can see that this signed area is 2t%. Therefore, the average

2
9471
== |

value of the function is




Arc Length and Improper Integrals

1. Write an integral that gives the length of one arch of the sine curve (so from x =0 to x = ).

Solution. Our formula tells us that it is / /14 cos?x dx.
0

o0
2. (a) Does / — dx converge or diverge? If it converges, evaluate it.
1T

> 1 b1 b1
Solution. We know that / — dx really means lim — dz. We can evaluate / — dx
1 x b—oo J1 X 1 X

<1 1
pretty easily: it is —Hi = —% +1=1- % So, / — dr = blim 1- 7 :.
- 1 x — 00

o0
(b) Does / — dx converge or diverge? If it converges, evaluate it.
1 X

Solution. We know that / — dz really means lim — dz, so
1T

b—oo J1 X

<1
/ — dx lim (1n|x||l{)
1T T b—oo

blim (In|b] —In1)

blim In|b| since In1 =0

o0
But we know that blim In |b] = oo, which is a form of diverging, so the improper integral / —dx
— 00 1 €T

diverges.

3. Using #2, can you conclude anything about whether the following integrals converge or diverge? (Try
to figure this out without evaluating the integrals!)

1
(a)/1 de?

Solution. Let’s graph 2 (the solid curve) and - (the dashed curve):



o0
1
By 2(a), we know that / — dx = 1. Graphically, we interpret this as the area under the curve
1 X
y = % to the right of x = 1. It is apparent from our picture that the area under y = % to the

o0
1
right of = 1 should be less than that, so we expect the integral / — dz to converge. In fact,
1T

it does:

o0 1
%
(b) /1 i dx

Solution. Let’s graph = (the solid curve) and — (the dashed curve):



5 10 15 20
Since the graph of w1—1/2 is higher than the graph of % when x > 1, the area under :ﬂ% to the right
of = 1 should be at least as big as the area under % to the right of x = 1. The area under % to

o0
1
the right of z = 1 was already infinite, so we expect / 75 dx to diverge.
1 X

o0 1
_ 2
(c)/1 —3 dx
12

Solution. The graph of wg—l/Q lies between the graphs of % and —3:

2

1 2 3 4 5

Here, the thin solid graph is y = %, the thick solid graph is y = w%, and the dashed graph is

1 o <1 <1 *1
Yy = —575. Thinking in terms of areas, we can guess that — dx < —75 dz < — dx.
’ 1 T o ad/ T



<1
Using our result from #2,; this tells us that 1 < / 37 dx < co. Unfortunately, that doesn’t
1 X

o0
give us enough information to determine whether / =7 dz converges.
1 x

In this case, comparing to % and w% doesn’t help, so we’ll evaluate:

00—1 de = i bid
. x3/? TN | x3/2 v

b
— lim (-23;—1/2} )
b—o00 1

= blim —2p~ Y2 49

2
= lim2—-—
b—oo \/[_)

= 2

So, the improper integral converges to 2.



Improper Integrals

Determine whether the following integrals converge or diverge. Explain your reasoning.

2
x

L[ = e

/_2x2—1 v

Solution. The integrand is discontinuous at x = +1, so we know we need to split the integral. The
improprieties are at —1 and 1, and each of our pieces should have at most one impropriety. So, let’s
split like this:

2 —1 0 1 2
x x x x x
—— dx = d —d —d ——— du.
/_2x2—1 * /_2 x2 -1 JU_|_/_1x2—1 x+/0 x2 -1 x+/1 221"

(You could choose a number other than 0 between —1 and 1.)

Now, we have to evaluate each of the integrals on the right (and they are all improper). Let’s first find
an antiderivative of —"= by substituting u = z?2 -1

z 1 (1 1 1.,

Now, we start evaluating our four improper integrals using limits.

—1 b
x x

——dr = 1l —d
/_2 221" b1 ox2—1 *
b

1
= lim —=Inf2® —1]
——1- 2 _92

I
5

1 1
m (Inp?— 1] -1
bt~ (2 nfp” =1l =3 n3>

Asb— —17,b%2—1—0,s0In[b? — 1| — —oo. Thus, this integral diverges.

Since one of our four pieces diverges, we don’t need to bother calculating the other pieces; we already

know that the whole integral .

< 1
2. — dx.
/1 A2

o0
Solution. The integrand here is very similar to T—14, and we know / —; dx converges. This suggests
P "

that we use the Comparison Theorem.

442 —

<1
that /1 g d also [converges)

& 1
3. / dz.
o e+

o0
Notice that 0 < —= < %4 for all z. Since / —; dx converges, the Comparison Theorem tells us
1 X




Solution. Since we don’t know how to find an antiderivative of ﬁ, we should use the Comparison

et+x

o0
. 1
the Comparison Theorem tells us that /0 P dx also | converges |.

o
. / sinx dx.
— 00

Solution. We need to split up this integral because it has two improprieties: the —oo and the co. It

o0
Theorem. Since 0 < - < e% for all x and you saw on your homework that / — dx converges,
3 o v

e} 0 0
doesn’t really matter where we split it, so let’s split it at O: / sinz dr = / sinx dx—!—/ sinzx dx.
0

—00 — 00
o) b
Let’s do / sinz dz first. By definition, this is lim sinz dr = lim —cosz|} = lim (—cosb + 1),
0 b—oo J b—o0 b—oo

which does not exist. Since this piece diverges, we know that the whole integral .

oo 1 —xT
. / 1re dz.
1 €T

Solution. We can use the Comparison Theorem: lte™® >

o 1 o 1 —T
/1 - dx diverges, /1 +T€ dr must as well.
P
. / cos2 x d.
1 x

o0
Solution. We can use the Comparison Theorem: w% > CO;# > 0. Since we know that / — dz
1 X

[=

> 0 when z > 1. Since we know that

8

2

°° cos® x
converges, 5— dx | converges| as well.
1 x




Probability

Waiting times, shelf-lifes, and equipment failure times are often modeled by exponentially decreasing prob-
ability density functions.

1. Suppose f(t) = 0 for t < 0 and f(t) = 0.5e= for ¢t > 0 is the probability density function for the
lifetime of a particular toy (¢ in years).

(a)

()

For what value of ¢ is this a probability density function?

o0
Solution. In order for f to be a probability density function, it must satisfy / ft)ydt =1, or
—0o0

0 [eS)
/ f@t) dt —|—/ f(t) dt = 1. The first integral is 0 since f(t) = 0 for ¢ < 0.
—00 0

(o]
If ¢ = 0, then f(t) = 0.5 for ¢t > 0, and the improper integral / f(t) dt certainly won’t converge.
0

If ¢ < 0, then f(t) is a positive increasing function, and again / f(t) dt won’t converge. So, we
0

must need to have ¢ > 0.

In this case,

o) b
0.5/ e~ dt = 0.5 lim et dt
0

b—o00 0
b
1
= 0.5 lim —=e ¢
b—o0 C 0
1 1
= 0.5 lim (——ed’—i— —)
b—oo C &

0.5
Cc

(Notice that, in the last step, we needed to use the fact that ¢ > 0.) We want this to equal 1, so
¢ should equal .

What is the probability that the toy lasts over one year? (Is there any way to compute this without
computing an improper integral?)
o0

Solution. The probability that the toy lasts over one year is given by the integral / f(t) dt.

If we want to avoid using an improper mtegral we could instead calculate the probability that

the toy lasts less than one year, which is / f(t) dt. Then, the probability that the toy lasts over

one year is 1 — / f(t) dt. Whichever method you use, the answer is ﬁ .
0

What is the median life of this type of toy?



T
1
Solution. The median is the value T" such that / f@t) dt = 5 So, we want

1 T
- = /0.56*0“ dt
2 0
_ T
- e 0.5t|0
—e 05T 11

1
Solving, T'={ —21In 3 (this is approximately 1.37 years).

2. A large number of students take an exam. 30% of the students receive a score of 70, 50% receive a
score of 80, and 20% receive a score of 90. What is the average score on the exam?

Solution. If the number of students is N, then .3/N people scored 70, .5/N scored 80, and .2/N scored
90. So, the sum of all scores is .3N(70) + .5N(80) + .2N(90) = TIN. The average score is this sum
divided by the number of people, or .

3. The density function for the duration of telephone calls within a certain city is p(z) = 0.4e~%4* where
2 denotes the duration in minutes of a randomly selected call.

(a) What percentage of calls last one minute or less?

Solution. We are interested in the fraction of calls that last between 0 and 1 minute, which is

1
/ 0.4e™ 047 dp = —670'4m|(1) =1—e %% (As a percent, it is 100(1 — e *4) ~ 33%.)
0

(b) What percentage of calls last between one and two minutes?

2
Solution. This is / 0.4e 04 dg = —6_0'4m|f =e 94— 798 which is approximately 22%.
1

(c) What percentage of calls last 3 minutes or more?

Solution. This is

e’} b
/ 0.4¢7%% gz = lim 0.4 9% dg
3

b—oo J3

= lim —e

b—oo

70.430"7
3

= lim e7 12 — 704
b—oo

_ 6_1'2

This works out to approximately 30%.
(d) What is the average length of a call?

oo
Solution. The average length of a call is x(0.4e*0'4x) dz. Using integration by parts, an

0
antiderivative of x(0.4e~94%) is —xe=0-4% — 257047 o,

/0 $(0.4€_0'4m) de = bli{go (—$6_0'4m _ 2.56—0.4.@) |g
= bhm _be*0.4b _ 2.5670.417 +25 (1)



The middle term, —2.5¢7%4 tends to 0 as b — co. For the first term, —be~*, we need to use
L’Hospital’s Rule (since the limit is of the form oo - 0):

: —0.4b :
L T o
lm —
T bt 0.4e0-1b
=0

Plugging this into (?7?), the average length of a call is .

4. The lifetime, in hundreds of hours, of a certain type of light bulb has been found empirically to have a

probability density function approzimated by f(x) = % for 0 < x < 8. Find the mean lifetime

of such a bulb.

. I & NG T . _
Solution. The mean lifetime is xf(x)dx = dz. To evaluate this, we substitute
0 8 Jo (1+a2)32

u=1+z2

8 65
2V V4 1
65/ a: der = ﬁ/ —u=3? qu
8 Jo (1+a2)3/2 8 Ji 2

65
_ V6 g
8
1
_ @(1_L>
8 V65
| V651
B 8




1.

(a)

More Probability

The following function represents the temperature outside as a function of time. Estimate the
average temperature between time 0 and time 5.

60
50
40
30
20

10

1 2 3 4 5

Solution. We are looking for the average value of the temperature function, or the average height
of its graph. In this graph, it looks like this is around 40. (The exact answer is around 41.5.)

A meteorologist takes several temperature readings which are described by the following probability
density function. Estimate the average temperature.

10 20 30 40 50 60

Solution. The probability density function has a peak at 30, but the area under the curve to the
left is smaller than the area under the curve to the right. This tells us that more of the readings
were above 30 than below 30, so we can guess that the average temperature was a bit above
30. It does not look like the average temperature will be as high as 40 because the fraction of
temperature readings above 40 (the area under the graph to the right of 40) is pretty small. So,
we guess that the average temperature is above 30 but below 40. (The actual value is about 32.)

2. Let p(z) = ——e~*"/2, a probability density function.

(a)

(b)

V2r
Sketch the graph of this probability density function. What do you think its mean is?
Solution. It looks like 0 since the graph is symmetric about « = 0.

Verify your guess mathematically.



o 1
Solution. To find the mean, we need to evaluate / x - \/—2_6_‘”2/2 dx. Since the bounds —oo
o ™

and oo are both improprieties, we need to split the integral into two pieces and evaluate:

0 1 5 1 0 5 0 R
. —z°/2 dr — / —x°/2 d +/ —x%/2 d ) 1
xXr - ——€ X — xre X xre X
/—oo V 2m \% 2m ( —00 0 ( )

Let’s first find an antiderivative of ze=*"/2. We use the substitution u = —22/2 to get
/ace*gﬂ/2 T = /—e“ du=—e"+C=—e"/21C.

Now, we’ll go back to (?7). Let’s do the integral from 0 to infinity first. Since it’s an improper
integral, we really need to take a limit:

o0 b
/ ze™™ /2 dz = lim ze ™ /2 d
0 b—o0 0
b
= lim —e_mz/Q}
b—o00 0
= lim 1—¢?/2
b—o0
=1
0 2
Similarly, we find that / ze™® /2 dx = —1, so (77) tells us that the mean is —1 +1 = @

3. The bell curve with mean 0 and standard deviation s is given by the probability density function p(x) =

" 1%6*9”2/(252), What fraction of the population is within one standard deviation s of the mean 07

Solution. We are looking for the fraction of the population that is between —s and s, which is given

1 S
by the integral / e~ 2% gy |
svV2m )




Taylor Series

1. Find the degree 6 Taylor polynomial approzimation for f(x) = sinax centered at 0.

Solution. We are looking for a polynomial Ps(z) = ag + a1z + asx? + asz® + agx* + asx® + aga® such
that the k-th derivative Pék) (0) is equal to the k-th derivative f(*)(0). The k-th derivative Pék) (0) is

(*)
just equal to klak, so we want ay = fk—,(o) The derivatives of f(x) = sinz are:

f(z) = sinz = f(0) = 0
f(x) = cosz = f(0) =1
() = —sinz = f’0) = 0
f"(z) = —cosz = f"(0) = -1
fW(z) = sinx = fWo) = o0
fONz) = cosz = f®0) = 1
fO(z) = —sinz = fO(0) 0
Therefore, ag = 0, a1 = 1, ax = 0, a3 = —%, as = 0, a5 = é, and ag = 0. So, Ps(z) =
. 1
3 5
T — 5;5 + ax

2. (a) If you want to find a Taylor polynomial approzimation ag + a1x + azx® + - -+ a,x™ (centered at
0) to f(x), write a formula for the coefficient ay.

£*(0)
k!

Solution. |a; = . (You might wonder what happens when k£ = 0: 0! is defined to be 1, so

the formula still works.)

(b) If you want to find a Taylor polynomial approximation ag+a1(z—3)+az(x—3)%+- - +a,(z—3)"
(centered at 3) to f(x), write a formula for the coefficient ay.

(%)
Solution. |a; = fk—,(g)

3. How do you think you would represent sinx as an infinite polynomial centered at 09 This is called the
Taylor series (rather than Taylor polynomial) generated by sinx about 0.

Solution. Based on the pattern we started to see in #1, it seems like we should get

4. What is the Taylor series generated by cosx about 07

Solution. Using f(z) = cosz, we have

flz) = cosx = f(0) =1

f'(x) = —sinz = f(0) = 0
f"(x) = —cosx = [f"(0) = -1
f"(xz) = sinz = f"0) = 0



After this, the derivatives repeat, and we continue to get 1,0,—1,0,1,0,—1,0,.... So, our coefficients

areag=1,a1 =0, ay = —%!, a3 =0, ag = %, as = 0, and so on. Thus, the Taylor series should be
L, a1 g 1 g

. What is the Taylor series generated by e* about 0%

Solution. If f(x) = e, then the k-th derivative f(*)(x) is always e”, so f(*)(0) = 1. Therefore, the

2 3 4
T T T
k-th coefficient a; in the Taylor series is % Thus, the Taylor series is |1 + = + o7 + 37 + a0 4+
- ! ! !
If we wanted to write this in summation notation, we would write E e

k=0

. We hope that, by using “polynomials of infinite degree,” we end up with something that is not just
an approximation for our function but is actually equal to the function. We don’t really know if this
is true yet. Taking on faith that e” is actually equal to its Taylor expansion about 0, can you write a
power series expansion (or “infinite polynomial representation”) of:

(a) e7* ¢
Solution. Since e* =1+ z + 2—? + g—? + ﬁ + .-+, we can get e just by replacing all of the
. . . 2 , at 2t 2 . .
2’s in the series for e® with —22: e™® =|1 —z° + o T ar + TR In summation notation,

o (L 2\k
e = Z ( Z') . We often simplify (—22)¥ as [(—1)(22)]* = (—=1)¥2%*, so you might also see
k=0 ’
’ oo a2k
this as Z(—l) o
k=0

(b) / = dg?

Solution. If we believe that e =1 — 22 + “”2—? - g—? + % — -+, then it seems plausible that we

1 1 ad
can integrate this using the reverse of the Power Rule to get /e“”z dr =CHux— gﬂ?g + 5 % -
1 7 1 2° . .
- §+§I — -+-, where C is any constant.

(a) Write a general formula for the Taylor series of f(x) centered at 0.

Solution. We know it should look like ag + a1z + asz? + aga® + - - - where aj, = % So, it is

7 " ) X r(k)
F(0) + f(0)z + ) z? + 17(0) 2% + .-+ | In summation notation, it is E /0) 2k,
2! 3! =k

(b) What if you wanted to center at 57

Solution. Then, we would get ag + a1 (z — 5) + as(x — 5)% + ag(x — 5)% + - - - where ay, = )

k!
L0 52 Z0 gy

In other words, we would get | f(5) + f/(5)(x — 5) +




Geometric Sums and Geometric Series

1. In your quest to become a millionaire by age 50, you start an aggressive savings plan. You open a new
investment account on January 1, 2008 and deposit $9000 into it every year on January 1. Each year,
you earn 7% interest on December 31.

(a) How much money will you have in your account on January 2, 20099 20109 2014% (Don’t try to
add or multiply things out; just write an arithmetic expression.)

Solution. On December 31, 2008, you will have $9000(1.07) because of the interest you’ve earned.
After you deposit $9000 on January 1, 2009, you will have $9000 + $9000(1.07).

On December 31, 2009, you will receive your interest, giving you $9000(1.07)+$9000(1.07)2. After
you make your yearly deposit on January 1, 2010, you will have $9000+$9000(1.07)+$9000(1.07)2.

Continuing this reasoning, you will have $9000 + $9000(1.07) + $9000(1.07)2 + - - - + $9000(1.07)°
on January 2, 2014.

(b) Will you be a millionaire by age 507

Solution. The answer will depend on when you were born. Let’s say that you were born in 1988.
Then, we want to know what has happened by the year 2038. Using the argument of part (a), on
January 2, 2038, you will have $9000 + $9000(1.07) + $9000(1.07)% + - - - + $9000(1.07)3°. To see
whether this is bigger than a million, we want some way to calculate this sum quickly.

Let’s call this amount S:
S = 9000 + 9000(1.07) + 9000(1.07)% 4 9000(1.07)3 + - - - + 9000(1.07)%% 4 9000(1.07)3° (1)
Notice that if we multiply both sides by 1.07, we get something similar looking on the right side:
1.07S = 9000(1.07) + 9000(1.07)% + 9000(1.07)3 + - - - 4+ 9000(1.07)3° 4 9000(1.07)3*  (2)

Subtracting (??) from (?7?), most of the terms on the right side cancel, and we are left with

0.07S = 9000(1.07)3! — 9000, so § = 20ALNT_9000 _ g918 657.37. So, you are not quite a
millionaire, but you are close!

2. If you suffer from allergies, your doctor may suggest that you take Claritin once a day. Each Claritin
tablet contains 10 mg of loratadine (the active ingredient). Every 24 hours, about 7/8 of the loratadine
in the body is eliminated (so 1/8 remains). !

(a) If you take one Claritin tablet every morning for a week, how much loratadine is in your body
right after you take the 3rd tablet? 7Tth tablet? (Don’t try to simplify your computations; just write
out an arithmetic expression.)

Solution. Immediately after taking the first tablet, you have 10 mg of loratadine in your body.
The following morning, only 1/8 of that is left, so you have 10 (1/8) mg in your body. You then
take another pill containing 10 mg, so you have a total of 10 + 10(1/8) mg of loratadine in your
body.

The following morning, 1/8 of that remains, or [10 + 10(1/8)](1/8) = 10(1/8) + 10(1/8)2. You
then take another pill containing 10 mg, so you have a total of 10 + 10(1/8) 4+ 10(1/8)* mg of
loratadine in your body after taking the 3rd pill.

IThis estimate comes from the fact that the average half-life of loratadine is known to be 8 hours.



Continuing this reasoning, you will have 10+10(1/8)+10(1/8)?+10(1/8)3+10(1/8)*+10(1/8)°+
10(1/8)% mg in your body after the 7th pill.

If you take Claritin for years and years, will the amount of loratadine in your body level off ? Or
will your bloodstream be pure loratadine?

Solution. Right after you take the n-th pill, you will have 10 + 10(1/8) + 10(1/8)% + 10(1/8) +
-4 10(1/8)"~! mg of loratadine in your body. Let’s call this amount S,,. We are wondering
what happens to S, as n gets very large.

We use the same trick we used in #1(b) to get a closed form expression for S,,. We said that
S, =10+10(1/8) + 10(1/8)* + --- + 10(1/8)" "% + 10(1/8)"* (3)
Multiplying both sides by 1/8, we get that
(1/8)S,, = 10(1/8) +10(1/8)* + 10(1/8)3 + - -- +10(1/8)" ' + 10(1/8)" (4)

If we subtract (??) from (?7), most of the terms on the right side cancel, and we are left with
(7/8)S, = 10 — 10(1/8)™. Dividing both sides by 7/8, S,, = %

Using this expression for S, it is easy to see what happens as n gete bigger and bigger: (1/8)"

gets closer and closer to 0, so % gets closer and closer to 7—/8 = %. Thus, over time, the

amount of loratadine in your body gets closer and closer to & 7 mg.

3. For what values of x does the geometric series 1+ x + 2% + -+ converge? 2 If it converges, what does
it converge to?

Solution. This is a geometric series a + ar + ar? + ar® + --- with @ = 1 and » = 2. Therefore, we

know that it diverges when |z| > 1. When |z| < 1, it converges to .

x

4. Which of the following series are geometric?

(b)

i k2k+1

k=1

Solution. A geometric series is a series of the form a + ar + ar? + ---. To decide whether the
given series is geometric, we want to see if it matches this form. It’s helpful to write out the first
few terms. When k = 1 we have = ) 2 _ 4 . When k = 2, we have % = g. When k = 3,
we have & ?3 2t _ When k= 4 we have 1321 2 _ % So far, it looks like it could be the
geometric series a + ar +ar? 4+ ar® + - witha = —3 and r = —%.

To see if this is correct, let’s compare the k-th terms. The k-th term of the given series is
_1\kok+1 . . . . +1
(1)37;@2, while the k-th term of the geometric series is ar*~1. So, we are hoping that % =

(—%) (—%)k_l. If you multiply out the right side, you will see that this is indeed the case, so the

given series is geometric with a = —% and r = —%.

=1
>

2We could also write this series in summation notation as E z".

k=0



Solution. If we write this series out, it is 1 + é + 2% + 6%1 +---. We can already see that it’s not
geometric because the terms don’t have a common ratio. (To elaborate: if it was geometric, the
first term would be a and the second term would be ar; this means that a would have to be 1,
and r would have to be %. But then the third term isn’t right.)

=2
Z 3n/2°

n=1

Solution. We could also write this series as 31% + % + 33% + 3% + - -+, which looks like it might

2 _ 1
iz and 7= o5

be geometric with a =

ey . . -1 o
To check if this is correct, we want to see if the n-th term is ar®~! = 311/2 (311/2)" , and it is.

So, the series is geometric with a = 312/2 and r = 31%




Series

1. Suppose you know that the infinite series a; + as +asz+ -+ 4+ a, + - -+ converges to s and that ax > 0
for k any positive integer. Let s, = a1 + as + a3 + --- + a,. For each of the following statements,
determine whether the statement must be true, could possibly be true, or must be false.

(a) lim a, =0.

n—oo

(b) lim s, =0.

n—oo

(¢) There exists a number M such that s, < M for all n. (This is equivalent to saying that the
partial sums are bounded. Why?)

(d) Zak converges.
k=5
Solution. (a) must be true, (b) must be false, (¢) must be true, and (d) must be true. (See the

solutions to Homework 15 for more details.)

2. Suppose you know that lim b, = 0. Can you be sure that the infinite series by +ba+bs+- -+ converges?

n—oo

Solution. Noj; the harmonic series in #5 is an example of a series that diverges even though its terms
tend to 0.

3. (a) Give an example of a sequence (ordered list) of numbers such that the numbers are increasing but
are bounded.

Solution. 0.9,0.99,0.999,0.9999, 0.99999, ... is one such example.

(b) Give an example of a sequence (ordered list) of numbers such that the numbers are increasing and
are not bounded.

Solution. 1,2,3,4,5,....

(¢) Give an example of a sequence (ordered list) of numbers such that the numbers are bounded but
have no limit as n — oo.

Solution. 0,1,0,1,0,1,0,1,....

4. (a) A sequence which is both monotonic and bounded
must converge could either converge or diverge must diverge

Solution. Must converge. This is the Monotonic Sequence Theorem.

(b) A sequence which is monotonic but not bounded
must converge could either converge or diverge must diverge
Solution. Must diverge.

1 1 1
=14+ -+ -+ -+ (called the harmonic series).

=1
5. Consider the series »  —
onsiaer € series ; /f 2 3 4



(a)

(b)

Does the sequence of terms converge? If so, to what does it converge?

Solution. Yes, the terms 1, %, %, i, ... are getting closer to 0.

Does the sequence of partial sums converge? If so, to what does it converge?
Solution. The sequence of partial sums does not converge. The sequence of partial sums is

definitely increasing (every partial sum is bigger than the previous partial sum). So, if we knew
the sequence of partial sums was not bounded, we could conclude that it didn’t converge (by

#4(b)).

One way to see that the sequence of partial sums is not bounded is to look at them graphically.
The partial sums can be represented as areas. For instance, the 5th partial sum is 1+ % + % + % + %,
which we can represent as the area in these 5 boxes:

2

=1/x

1 2 3 4 5 6 7 8

6
1
As we can see, the 5th partial sum is therefore bigger than / — dx. In general, the n-th partial
1 T

n+1 n+1 1
sum is bigger than / — dz. Taking the limit as n — oo of / — dx gives us the improper
1 €T 1 x

(o]
integral / — dz, which we know diverges. So, the sequence of partial sums also diverges.
1

The other way to understand these partial sums is using a clever trick. Let’s look at the partial
Sums S1, S2, 54, S8, S16, - - --

s1 = 1
1
So = 1—|—§
s, = 1+1+(1+1>
2 3 4
> 1+ (3+5)
2 4 4
B 11
= 1+§+§
N e .
2 3 4 5 6 7 8
2 4 4 § 8 8 8
= 1+1+1+1
2 2 2



si,e = 1+

|
:
.
!
:

Since this pattern continues, there is no way that the sequence of partial sums can be bounded.

o0
Does the series E converge?
k=1

!
z

Solution. This is really the same question as (b); the sequence of partial sums diverges, so the
series diverges.

oo

1
Does th ) E —_ g
oes the series 100000000k Comverge
k=1010
— 1 = 1
Solution. No. We know that g % diverges. Therefore, the series g 100000000k diverges (the

k=1 k=1
whole thing has just been multiplied by a constant). We know that the beginning terms of a series
do not affect its convergence, so if we start with the 10'°-th term, the series still diverges.

6. See if you can determine whether each of the following series converges or diverges by using the Nth
Term Test for Divergence, results about geometric series, or some sort of comparison to series you
know about.

(a)

1
2 5

k=100

Solution. This is basically the harmonic series multiplied by %, except that the first 99 terms
are missing. Neither of things affects convergence, so this series , just like the harmonic

series.

e —1)k9k
>

k=3

o0 k
2
Solution. We can rewrite this as E <—§> , which is a geometric series with common ratio

k=3
—%. We know that such a series .
= (~1)3"
—
k=4 2

) k
3
Solution. We can rewrite this as E <— > , which is a geometric series with common ratio

2
k=4
—%. We know that such a series . Alternatively, you could use the Nth Term Test for
-1 k3k
Divergence: klim % does not exist, so the Nth Term Test for Divergence tells us that the
c— OO

series cannot converge either.

w



(d)

o0
Inn

n
n=1

Solution. Intuitively, we know that a series converges if its terms go to 0 “quickly enough.” The
terms of this series do go to 0, but IHT" > % when n > e, so the terms of the given series go to
0 more slowly than the terms of the harmonic series. Since we know that the harmonic series
diverges, we should guess that this series diverges also.

To make it more precise mathematically, we could say that the partial sums of this series grow
more quickly than the partial sums of the harmonic series. Since the partial sums of the harmonic
series already grow without bound, the partial sums of this series also grow without bound, so

this series | diverges |
o0
>
Inn’
n=2

1
Solution. We can use the Nth Term Test for Divergence: lim I lim = lim =00
n—oo h’ln n— 00 ]_/TL n— 00

(using L’Hospital’s Rule in the first step). Since the terms of this series do not tend to 0, the
series .

o0
Z sinn.
n=0
Solution. Again, we can use the Nth Term Test for Divergence: lim sinn does not exist, so the

n—oo
series | diverges |.



Comparison

1. Use the Comparison Test (also known as “direct comparison”) to decide whether the following series
converge or diverge.

Solution. When n is really big, 3" is much much bigger than y/n, so it seems like the terms
of this series are affected more by 3™ than /n. Therefore, let’s compare to the geometric series

o0 o0
1 1 . . 1 .
nE 1 3 . Whenn >1,0< \/_3" < 3w. The geometric series ;,1 3 converges (the common ratio

— 1
is 1/3), so the Comparison Test tells us that Z \/_—3 also converges.
n n

=1
2

Solution. If we “unpack” the summation notation, we get 1 + % + % + 2—14 + ﬁ + +--. These
terms seem to go to 0 pretty quickly — certainly more quickly, say, than the geometric series
1
1+ % + i + % + -+, which we know converges. So, let’s compare to the geometric series Z o T
n=1

(Why is it 277! instead of 2", you might be wondering? Because we're starting with n = 1, but
we want the first term in the geometric series to be 1.)

We’d like to say that 0 < % < 2,%1 The first inequality is ObViOUbly true. Now, i, means
1.1 .1 ...11 :—-—-—--%,whilez%lmeans%-%-%--~ Both products have n — 1

terms, and all of the terms in the product for 2,%1 are at least as big as the corresponding term
o0

2,}_1. Since Z 5
n=1

1
series with common ratio 1/2), the Comparison Test tells us that Z - also converges.
n!

n=1

n % So, it is indeed the case that 0 < % < T converges (it’s a geometric

oo

> 2

Z n
1n3—n+1000.

n—=

Solution. You might have the intuition that the terms #JZAOOO ‘grow like” ”—3 = %, so the
o0 o0
1 1
series should act like Z — and diverge. To verify this, we should compare to Z —
n=1 n n=1 n
Let’s try: we want to say that 0 < % < #42-1000' The first inequality is always true, but the

second inequality is only true when n® > n® —n + 1000, or n > 1000. This isn’t a big problem
though; as we know, the beginning terms of a series don’t affect convergence.

o0
1
So, here’s the appropriate reasoning: 0 < % < m when n > 1000. We know that Z -
n=1000

diverges (this is the harmonic series without the first 999 terms, and we know the harmonic



e 2

n
series diverges). Therefore, the Comparison Test tells us that Z

- also diverges.
oo ™ — n+ 1000

n2

Adding in finitely many terms at the beginning doesn’t affect convergence, so Z 1000
n3—n

also diverges.
> i
“—In(l+mn)

Solution. The only series we understand so far are geometric series and the harmonic series. We
know that In z grows more slowly than x, so it seems like we should compare this to the harmonic
series.

By graphing In(1 + z) and z, we can see that In(1 + a:) <z when z > 0, so

> = >0 for

3=

1(+)

n > 1. Therefore, the Comparison Test tells us that Z I diverges.

o
— In(1+n)

(To prove that In(1 + z) < x, you could do something like this: using what you learned in Math
la, you can show that the global minimum of z —In(1+ ) is 0. This means that x —In(1+x) > 0
for all z, so x > In(1 + z).)

2. True or false: If {a,} is a sequence with positive terms and lim a, = 0, then there is a number k
n—oo

such that a,, < 1 whenever n > k.

Solution. Roughly, the statement is saying that, if {a,} is a sequence of positive numbers whose limit
is 0, then after a while, all of the numbers in the sequence must be less than 1. This is true; after all,
if the limit is 0, that means all of the terms in the sequence must stay really close to 0 after a while.

3. Decide whether the following series converge or diverge using any method you like.

00
E cosn.

n=100

Solution. We know that a series converges if its terms go to 0 “quickly enough”. In this case,
the terms aren’t going to 0 at all!

To make this precise, lim cosn does not exist, so the Nth Term Test for Divergence says that

n—oo

the series will diverge.

> s

k=1

k2k+1

oS k
—1)k.9.9k -2
Solution. We can rewrite the k-th term as (1);7,‘22]6 =2 (‘TQ)k, so the series is E 2 <?) .

This is a geometric series whose first term is —g and whose common ratio is —% Therefore we
know that this series converges.

14+0+ (=) +14+0+ (1) +14+0+ (=1) +---

Solution. One way to approach this is simply to write down the sequence of partial sums:
1,1,0,1,1,0,1,1,0,.... Since the sequence of partial sums diverges, the series diverges. (This is
using the definition of convergence/divergence of a series, not any particular test.)



Alternatively, we could use the Nth Term Test for Divergence: the sequence of terms is a; =
l,a0 =0,a3 = —1,a4 = 1,a5 = 0,a6 = —1,.... Since lim a, does not exist, the Nth Term Test
n—oo

for Divergence says that the series must diverge.

o0
Inn

n
n=1

Solution. We can compare this to the harmonic series: L2 >

- > 0 as long as n > 3. The series

1

<1 . ) “Inn . . .

E — diverges, so the Comparison Test tells us that E —— diverges as well. Adding on finitely
n n

n=3 n=3

o0
N , . . Inn
many terms at the beginning doesn’t change whether a series converges or diverges, so —

n=1
diverges.



More Comparison

o0
1
1. For what values of p is the p-series g — convergent?
I n

n=1

Solution. If we let f(z) = -L, then the terms of our series are just f(1), f(2), f(3),.... Also, f() is

positive, continuous, and decreasing on [1,00), so we can use the Integral Test. The Integral Test says
o0

1 <1
Z - and / - dx either both converge or both diverge.
n 1

T
n=1

> 1 = 1
We know that / —, converges when p > 1 and diverges when p < 1. So, the p-series Z — converges
1 xX n

n=1

when p > 1 and diverges when p < 1.

o0
2. Does the series Z 3 converge or diverge?
n2 —
n=2

o0
Solution. This looks quite similar to Z —, but direct comparison doesn’t work too well because
n

n=2

1
—-

o0
n2171 > # Instead, we’ll use the Limit Comparison Test and compare to Z N
n=2

. 1/(n*—1) : n? i =1 o .
We have lim ————= = lim = 1. Since Z — converges (by #1), the Limit Comparison
n—oo  1/n? n—oon? —1 = n?
o n=
Test says that .
v Z ] converges
n=2
— 3
, ) 0
3. Does the series Z T converge or diverge
k=1
o0
Solution. When £ is large, 8,63—4 ~ %. The series Z 3k is geometric with common ratio %, so it
k=1
converges. Therefore, we expect our series to converge as well. However, we can’t compare directly
because 8’“3TQ > sik Instead, we’ll use the Limit Comparison Test to compare these two series.
3/(8F —2) 8k =3
We have lim ———= = lim ——— = 1. Since — converges, the Limit Comparison Test says
v k—o0 3/8 k—oo 88 — 2 ;8k Vers P v
o0 3 n
that Z 3 converges as well.
k=1
4. Otto is given the following problem for homework.
o0
Decide whether the series Z sin?(7n) converges or diverges. Explain your reasoning.
n=1

Otto writes



o0 o0
The improper z'ntegml/ sin?(rx) dz diverges, so Z sin?(wn) also diverges by the Integral
1 n=1

Test.

Otto is correct that the improper integral diverges (although he should have shown more work!). But
the rest of his reasoning is incorrect — why? And what is the correct answer to the problem?

Solution. The Integral Test doesn’t apply to Otto’s problem because the function sin®(mz) is not
a decreasing function. In fact, using the Integral Test gives Otto the wrong answer: sin’(7n) = 0
whenever n is an integer, so the series in Otto’s problem is just 0 + 0+ 0+ -- -, which converges.

. Let Y a, and Y b, be series with positive terms. The Limit Comparison Test only applies when

. (2 ..
lim — is a positive real number.

n—oo

(a)

n

. Gnp .
If lim — =0, can you draw any conclusions?
n—oo Op

a
Solution. Intuitively, the fact that lim — = 0 means that a, goes to 0 a lot more quickly than

n—oo n

by. So, if > b, converges, then »_ a, converges.

In fact, you showed this in Problem Set 17 (#38a from Stewart §8.3).

If > b, diverges, Y a, could still converge; an example is a,, = % and b, = 1.

. Gnp .
If lim — = oo, can you draw any conclusions?

n—oo n

a
Solution. Intuitively, the fact that lim — = oo means that a,, goes to 0 a lot more slowly than

n—oo n

by,. So, if > b, diverges, then Y a,, diverges as well.

a

To make this mathematically correct, we can use the Comparison Test. The fact that lim — =
n—oo n

oo means that, eventually (when n is big enough), ZT’Z will always be greater than 1. So, eventually,

an > by, and the Comparison Test says that Y a, will have to diverge since >_ b, does. (Just

like in #1(c) from the “Comparison” handout, it’s not true that a,, > b, for all n, just when n is

big enough. But that’s fine because we know the beginning terms of a series don’t affect whether

it converges.)

If > b, converges, we can’t draw any conclusion about _ a,.



Absolute and Conditional Convergence

S 1 11
1. Does the series Z(—l)k‘HE =1- 3 + 3
k=1

called the alternating harmonic series.)

+ — — -+ converge or diverge? (This series is often

1
5

R

Solution. To see if the series converges, let’s see if we can apply the Alternating Series Test. The terms

1
are decreasing in magnitude: l%i—l < % In addition, the terms approach 0: klim — = 0. Therefore, the
—00
o0
1
Alternating Series Test applies, and we can conclude that Z(_l)kHE converges.
k=1
11 1 1 ) ) . . .
2. In fact, 1 — 3 + 371 + TS In2. Write a finite sum which estimates In2 with error of less than

0.001. Is your approzimation too big or too small?

Solution. The Alternating Series Estimate tells us that the magnitude of the error in using the
n

n-th partial sum s, = Z(—l)k'“% is at most the magnitude of the next term, or n+r1 That is,
|s — sn| < %-H We Wan]ﬁ; — sp| < 0.001, so let’s find an n satisfying n+_1 < 0.001. (Then we’ll have
|s — sp| < %-H < 0.001.)

To get W%H < 0.001, we need n + 1 > 1000. The smallest n which makes this work is n = 1000, so we
can use the 1000th partial sum |1 — % + % — % + % ————— ﬁ + ﬁ .

To determine whether our approximation is too big or too small, let’s go back and look at our diagram
of partial sums. Here it is, with the actual sum s in red:

1/5

L
1/4
| 1/3 i
: 1/2
: 1
0 S % S %S s

From the diagram, we can see that the even partial sums ss, s4, Sg, . . . are all .

- 1 1 1 1 1
3. Is the alternating harmonic series Z(—l)kH— =1- 3 + 371 + 5 absolutely convergent?

k
k=1



Solution. Asking whether the series is absolutely convergent is the same as asking whether the series

1 1 1
Z — =14 =4 =+ --- converges. This is the harmonic series, which diverges. Thus, the series

- 1
Z(_l)kHE is not absolutely convergent.

. Determine whether each series converges or diverges. If it converges, does it converge absolutely or
conditionally?

DL

k=1

Solution. We can apply the Alternating Series Test: \/klﬁ < ﬁ and lim — = 0, so the

Jin 72

converges.

Alternating Series Test says that
g y ]; 7

o0
To decide whether it converges absolutely, we look at the series of absolute values, Z \/_ This

o0
—1)k
is a p-series with p = %, and we know that diverges. So, Z (=1

o vk

‘ converges conditionally ‘

= sink
®) 2.5
k=1 ’

Solution. This series is not an alternating series, so we should not even try the Alternating Series
Test. All of our other tests involve serieb with positive terms, so let’s look at the series of absolute

values first. That is, we’ll first look at Z |smk|.

1
We can use the Comparison Test here: 0 < |q’]§,k‘ < % We know that Z o converges (see
k=1
o .
sin k
#1(b) from the “Comparison” handout), so Z | o | converges.
k=1 ’

sin k
This means that Z R ‘converges absolutely ‘ We know that a series which converges abso-

lutely also converggs.

() D (-2)".

k=1

Solution. This is an alternating series, but the Alternating Series Test does not apply because
the terms are not decreasing in magnitude. That does tell us whether the series converges though.

Instead, notice that the terms aren’t going to 0O: klim (—2)F does not exist. So, the Nth Term Test
—00

for Divergence says that the series . (Alternatively, you could justify by saying that the
series is geometric with common ratio —2.)



5.

(a)

o oo 22k
The Taylor series for cosx about 0 is 1 — o + T +oe= ];)(—1)k+1m. Show that, if

you plug in any value of x with —0.5 < x < 0.5, the series converges.

Solution. We will show that we can apply the Alternating Series Test. If —0.5 < x < 0.5, then
2(k+41) 2k
BEIOT S G
smaller numerator than the expression on the right (in the numerator, x is raised to a higher

exponent, and |z| < 1). So, the first condition in the Alternating Series Test is satisfied.

This is true because the expression on the left has a bigger denominator and

2k
Next, we need to show that klim m = 0. In fact, klim 2% = 0 (since = is between —0.5 and
2k '
0.5), so kllrrolo 2n =0 as well.

Therefore, the Alternating Series Test applies, and we can conclude that the series converges.

In fact, the series converges for all ©, and cosx is actually equal to the series; that is,

2?2zt S

cosle—g—i-z—a-l-'”

Suppose you use the approrimation cosx ~ 1— IQ—T + % to approximate cosx when —0.5 < x < 0.5.

Find an upper bound for the error. (This means: find a number U that you can show is bigger
than the error.)

Solution. The Alternating Series Estimation Theorem tells us that the magnitude of the error

is at most that of the first unused term, which is %? Since |z| < 0.5, the error is at most

05% ~ 0.0000217014.



Ratio Test

1. What does the Ratio Test tell you about the following series?

= 1000*
k+1
(a) Z(—l) T
k=0
k+1
T (G Rt i I 11 ) | L B ¥ 1000 ,
Solution. Since kllnio o wlglok = lim &+ DT-1000F = kli{go e 0, the Ratio

Test says that the series ‘ converges absolutely ‘

=
NE
Lol

~
Il
—

1
k41
1

k
know the series diverges.)

Solution. lim

k—o0

k—oo |k +1

k
= lim ’—‘ = 1, so the Ratio Test is . (Of course, we

— 1
(c) Z w2
k=1
1 . 2
Solution. lim (ktl) = lim ‘72 = 1, so the Ratio Test is . (Of course,

we know the series converges.)

2. When we studied Taylor series, we found that the Taylor series for sinx about 0 was x—g—?—l—g—?—ﬁ—:—i—- S
o 2k+1

x
which can be written in summation notation as Z(—l)k

2 m For what values of x does this series

converge?

Solution. We'll use the Ratio Test:

22(k+1)+1
(_1)k+1 : x2k+3 . (Zk‘ 4 1)!

lim B gy (2 TR
k00 (_1)1@% k—oo | (2k 4 3)! - x2k+1
= lim ‘x—Ql
koo | (2k + 3)(2k + 2)
= 0.

(Since we're taking the limit as k tends to infinity, we treat = as a constant when taking the limit.)
Therefore, the Ratio Test says that, no matter what x is, the series converges absolutely. That is, the

series ‘ converges absolutely for all x ‘

3. When we studied Taylor series, we found that the Taylor series for In(1+x) about 0 was x — %2 + é —
oo

k
. k12

-+ -+, which can be written in summation notation as Z(—l)
k=1

. For what values of x does

this series converge?



Solution. We use the Ratio Test:

(_1)(k+1)+1% 2L

k—oo (lf+ 1) 'Z‘k

k—oo

xk
(—1)k+12t

= lim

k—o0

T

=
= |zl

By the Ratio Test, the series converges absolutely when |z| < 1 and diverges when || > 1. However,
the Ratio Test is inconclusive when |z| = 1, so we’ll have to test x = +1 separately.

1 1 1
When z = 1, the series is 1 — 3 + - - 1 + ---. This is the alternating harmonic series, and we’ve

seen that this converges conditionally. (See #1 from the “Absolute and Conditional Convergence”
handout.)

1 1
When x = —1, the series is —1 — 573 1" which is just —1 times the harmonic series, and we

know that this diverges.

So, our final answer is:

o0 e converges absolutely when |z] <1
Z(—l)k"’l? diverges when |z| > 1orz=—1
k=1 converges conditionally when x =1

. Decide whether the following series converge absolutely, converge conditionally, or diverge. You may
use any method you like, but explain your reasoning. There is one that you will not be able to do (this
is not due to a personal failing; it’s just that all of the tests that we know are inconclusive).

(@) Y=

n=1

Solution. When sin or cos appears in a series, it’s often helpful to use the comparison test and
the fact that |cosz|, |sinz| < 1. Remember that we need a series with positive terms to use the

o0
cosn
comparison test. So, let’s look at the series of absolute values, Z | 5 |

n
n=1

o0
1
Since 0 < |CZ—Z”' < n—12 and g —; converges (it’s a p-series with p = 2), the Comparison Test says
n
n=1

=\ | cosn|
that » —
n=1

converges.

o
cosn
This tells us that

‘ converges absolutely |.

= nln!
b > )l
n=100



()

(d)

Solution. This has lots of factorials, so the Ratio Test is a good test to try.
(n+1)!(n+1)!
@t | (n+1)!(n+1)!(2n)!

(’;!T’L’)!! n—o0 nin!(2n + 2)!

lim

n—oo

—  lim (n+1)(n+1)
n—oo (2n +1)(2n + 2)
— lim n2+2n+1

n—oo 4n2 4+ 6n + 2
1

4

Therefore, the Ratio Test says that the series | converges absolutely |.

o0 .
Zslnn
o .

n=0

Solution. None of the tests we know work here.

oo
Inn

o
1
Solution. We will use the Comparison Test: 0 < % < i when n > e. We know that E —
n

n
n=3

o0
Inn
diverges (it’s the harmonic series), so the Comparison Test says that E — diverges, too. Adding
n
n=3

(o]
Inn
on a term at the beginning doesn’t affect convergence, so E — also .
n

n=2

; n+1n3+1

Solution. When n is really big, (—1)"*! 5 ~ (=1)""' 2% = (-1)"*'-5. We know that the
series Z o converges (it’s a p-series with p = 2), so we can guess that the given series is probably
absoluréaly convergent.

oo
To verify this, we’ll compare the series of absolute values Z B Z using the Limit

=1
Comparison Test (we are allowed to use the Limit COIIlpaI"lbOIl Test becaube both of these series

have positive terms; however, we may not use the Limit Comparison Test with the original series
since it has both positive and negative terms).

n 3 (o) oo
. . 311 . n n ..
Since lim =~ 1+ = lim —— =1 and E converges, E ——— converges by the Limit
n—oo  — n—oo n3 1 TL3 +1
n n=1 n=

Comparison Test. This means that 2:(—1)’”r1

n=1

converges absolutely |.

ml



M) > (D

n=>5000

Solution. When n is really big, (—1)"*' 25 ~ (=1)"*1Z = (=1)". These aren’t going to 0,

so we should use the Nth Term Test for Divergence: lim (—1)"% does not exist (half of the
n—oo n

terms are getting closer to 1 while the other half are getting closer to —1), so the given series

diverges |



Power Series

oo

A power series centered at the number a is a series of the form E ¢n(x —a)"™ where x is a variable and

n=0

the ¢,, are constants.

o0

1. For what values of x does the power series Z nlz" converge? (This series is centered at 0.)

n=1

o0

Theorem. For a given power series E en(xz — a)" centered at a, there are 3 possibilities:
n=0

1. The series converges only when x = a.
2. The series converges for all x.

3. There is a positive number R such that the series converges when |z — a| < R and diverges when
| —al] > R. R is called the radius of convergence. (Note that this doesn’t say anything about
what happens when |z — a| = R.)

The interval of convergence of a power series is the set of z for which the power series converges.

X 9n
2. Find the radius of convergence and interval of convergence of the power series Z —(x —3)".
n=1 n
[e.e]
3. We know that the power series Z x™ converges to ﬁ when |z| < 1. Find a power series representation

n=0
of the function 77—. What is the radius of convergence of this power series?



o0
Theorem. If the power series Z ¢n(z —a)™ has radius of convergence R where R > 0 or R = oo, then

n=0

the function f(z) = Z cn(x — a)" is differentiable on the interval (¢ — R,a + R) and

n=0

1. fl(x) = chn(x —a)" L.

oo

2. /f(x) dmzC—l—nz_:Onc_zl(x—a)”“.

The power series in (1) and (2) both have radius of convergence R. (Note: Although the radius of
convergence remains unchanged, the interval of convergence may change.)

4. (a) Find a power series representation for In(1 4 x) centered at 0. What is the radius of convergence
for the power series you have found? (Hint: What is the derivative of In(1 + x)?)

(b) Find the degree 5 Taylor polynomial approximation of In(1 + x).

5. Find a power series representation of arctan(5x) centered at 0. What is the radius of convergence of
the power series you have found?



More on Power Series

o0
1. Suppose we have a power series Z en(z+7)".

(a)

n=1
If you know that the power series converges when x = 0, what conclusions can you draw?

Solution. The power series is centered at —7, so the fact that it converges at = 0 means that
the interval of convergence is at least (—14, 0].

Suppose you also know that the power series diverges when x = 1. Now what conclusions can you
draw?

Solution. The interval of convergence is at most [—15,1).

o0
Does E ¢n converge (assuming that the power series converges when x = 0 and diverges when

n=1
x=1)%
Solution. This is the power series when x + 7 = 1, or z = —6. In part (a), we found that —6

must be in the interval of convergence, so the series [ converges].
o0

Does E cn(—8.1)" converge?
n=1

Solution. This is the power series when x +7 = —8.1, or x = —15.1. In part (b), we found that

—15.1 cannot be in the interval of convergence, so the series .
o0

Does Z cn(—8)" converge?
n=1

Solution. This is the power series when x+7 = —8, or # = —15. Neither (a) nor (b) tells us what

must happen, so there is ‘ not enough information‘ to determine whether the series converges.

oo x2n+1
Taking for granted that sinx = Z(—l)”
n=0

m for all z, find the Taylor series of xsin(x®) at
n !

0.
Solution. The theorem tells us that, if we can find a power series representation of x sin(z?),

then that is the Taylor series. So, rather than trying to find the Taylor series directly (by taking
derivatives), let’s look for a power series representation of z sin(z?).

We are told that

) e x2n+1
sinz = Z(—l)"m for all x.
n=0
Replacing = by % everywhere gives:
o0 6n-+3
: 3 _ n xz
sSmr- = Z(—l) m,
n=0



still true for all = since the first equation was true for all x. Now, we multiply both sides by z to
get

) 5 s x6n+4
rsmx- — Z (— ].) m N
n=0

still for all x.
What is the radius of convergence of the power series you found in part (a)?

Solution. We said in part (a) that the power series representation was valid for all x, so the
radius of convergence of the series must be .

Let f(x) = xsin(z®). What is f'(0)? f*1(0)?

o 6n+4
olution. In part (a), we foun a ) = — xi. Unpacking the summation
Solut I t found that n"
s (2n+1)!
notation, f(z) = z* — ﬁ + ﬁ — -+-. Using this fact, there are two ways to solve the problem.
3! 51
The slick way: The theorem says that, since f(z) = 2% — I; + I; — ot — % FEl s

! 51
)
the Taylor series of f(x) at 0. This means that the coefficient of the 2™ term is ! n!(o) (because

this is the formula we used to find the coefficients of the Taylor series).

111 (4)
So, L40 o

(because 1 is the coefficient of the z* term in % — 73—1,0 + T5—1,6 —-++). Solving, we get | f(0) =0
and | f(0) = 4!|.

=0 (because 0 is the coefficient of the z3 term in % — Tg—l,o + T5—1,6 —-+-) and

A slower, but equally valid method: Another way you can tackle this problem is to start

again with f(z) = 2* — T3—1,0 + T5—1,6 — -+ and just differentiate. We get:
fa) = oIt
flx) = 4a® - 1?;!”9 + 16;15 -
fa) = 4-302- 2 3'9“””8 + 16';?x14 L
) = 4320 10-9;!- 87 L 16 155-!14;313 -
f@@) = 4.3.2- 10'9~3'8-7x6 N 16-15-;'4-13:512 B

If we plug in z = 0 to the last two equations, we get f/(0) = 0 and f™*(0) =4-3-2.

Note: Either of these two methods should be a lot faster than just starting with f(z) = zsin(z?)
and differentiating that 4 times; this is one advantage of being able to write f(x) as a power series.
Of course, if you wanted to know £(199)(0), the first method is going to be a lot faster than the
second.

Find a power series representation of arctan(5x) centered at 0.

Solution. Let’s start by finding a power series representation of arctanx. Then we can replace
x by bz to get a power series representation of arctan(5x).



We know that the derivative of arctanx is 1-&-%

We start with:

1 o0
T = Zx , valid when |z| < 1.
-t n=0
Let’s replace & by —x2:
1 oo
2\n : 2
5 22(—x )", valid when | — 2| < 1.
1+z o
We'll simplify the right side a little:
1 (o]
n,.2n : 2
5 = Z(—l) ", valid when | — 2| < 1.
1+ vt
Note that | — 22| = |22| = |z|?, so saying | — 2%| < 1 is the same as saying |z|> < 1, or |z| < 1.

That is, the radius of convergence of the power series on the right is 1.

Now integrate both sides:
x2n+1

arctanx = C' + Z(—l)” .
! 2n+1

Integrating a power series doesn’t change the radius of convergence, so the radius of convergence
of this power series is still 1.

We need to solve for the constant of integration C'; we do this by plugging in = 0 on both sides
of the equation:
arctan0 = C + 0,

so C' = 0. Therefore,
o0 x2n+1

arctanz = Z(—l)"

n=

2n+1°

Since the radius of convergence of this power series is 1, the power series converges when |z| < 1
and diverges when |z| > 1.

Finally, we replace x by 5x:

0 (5x)2n+1
arctan bxr = Z(—l)”i.
o 2n+1

The power series converges when |5z| < 1 and diverges when |5z| > 1. It’s nice to simplify this a
little bit, so we end up with

0 2n+1
)

arctan bx = Z(—l) 2—Hx2"+1 .
n

n=

What is the radius of convergence of the power series you found in part (a)?

Solution. In part (a), we said that the power series converges when |5z < 1 and diverges when
52| > 1. In other words, the power series converges when |z| < 1 and diverges when |z > 1, so

the radius of convergence is E



4. In each part, find a power series that has the given interval of convergence. (Hint: If you get stuck,

try finding the interval of convergence of Z T )
n

(a)

n=1
(—6,0).
o0
Solution. We know the geometric series Z 2* converges when |z| < 1 and diverges when || > 1.
k=0

We're looking for something that converges when |x+3| < 3 and diverges when |x+3| > 3. Another
way of saying this is that we want something that converges when |””T+3| < 1 and diverges when

00 k

x4+ 3

|%| > 1. The geometric series E ( —; ) works. (Of course, there are infinitely many
k=0

other possible answers.)

(—1,3).

Solution. Now we want something that converges when |TT+1| < 1 and diverges when |”2'1‘ > 1.

One possibility is the geometric series Z < 5 )
k=0

Challenge: [—1,3).

Solution. This is more difficult because we can’t use a geometric series. (The interval of con-
vergence of a geometric series never includes its endpoints, but here we want to include the left
endpoint.) Rememeber that the times we’ve had series where one endpoint is included but the
other is not is when one endpoint gives us the alternating harmonic series (convergent) and the
other gives us the harmonic series (divergent). So, let’s try to make a power series where plugging
in x = —1 gives us the alternating harmonic series and plugging in = = 3 gives us the harmonic
series.

Using the hint, we’ll look at Z . This has an interval of convergence of [—1, 1), so it’s almost

what we want. Let’s try to stretch and translate the function so that its interval of converge will
be [—1,3). First, we want to stretch it so that the radius of convergence is 2 instead of 1. To do

o0
x/2)"
this, we replace x by 3: g u Next, we want to shift the center to 1: to do this, we replace
n

n=1

o0

xz by x—1: ZM,OI Z(zn_ilnn

n=1




Series Problems

1. Decide whether the following series converge or diverge. Explain your reasoning.

[ee]

2n° + 500n* 4+ n?
(a) Z 7 6
n’ + 200n

2. Use a second degree Taylor polynomial to approximate 33'/%.



(_1)nx2n

NR

3. We define a function f(x) by setting f(x) = Z for those z for which the series converges.

n=1

(a) Find the radius of convergence.

(b) Write a power series representation of f/(x), the first derivative of f. Use it to find a series for

f().

(¢) Write out the first three non-zero terms of your series for f’(1). At z = 1, is the function f
increasing or decreasing? Explain.



Differential Equations: An Introduction to Modeling

In #1 - #8, write a differential equation that reflects the situation. Include an initial condition if the
information is given.

1. The population of a certain country increases at a rate proportional to the population size. Let P = P(t)
be the population at time t.

Solution. The rate of change is %, and we also know that the rate of change is proportional to
P, so it’s kP for some k. (We know k must be positive because the population is increasing.) So,
P _

Cr=kP|

2. A snowball melts at a rate proportional to its surface area. At time 0, the snowball has a radius of 10
cm. Let r =r(t) be the radius of the snowball at time t.

Solution. The first sentence can be written as % = k(47r?) |, where k is a constant. (In this case,

k is going to be negative because the rate of change should be negative.) The second sentence can be

written as |7(0) = 10|

3. A yellow rubber duck is dropped out of the window of an apartment building at a height of 80 feet. Let
s = s(t) be the height of the duck above the ground at time t. (Gravity is the acceleration —32 ft/s°.)

Solution. The rubber duck accelerates due to gravity, so|s”(t) = —32| We know that it starts at 80
feet above the ground, so | s(0) = 80| We also know that the duck is not moving at the beginning, so
its initial velocity is 0. That is, | s'(0) = 0]

4. Ferdinand is trying to fill a bucket from a faucet. Unfortunately, he doesn’t realize that there is a small
hole in the bottom of the bucket. Water flows in to the bucket from the faucet at a constant rate of
75 quarts per minute, and it flows out of the hole at a rate proportional to the amount of water W (t)

already in the bucket (due to the increased water pressure).
Solution. The rate of change of water in the bucket is %, which is equal to (rate of water coming
in) minus (rate of water coming out). The rate of water coming in is 0.75. The rate of water going out

is kW (t) where k is a positive constant. So, | 4 = 0.75 — kW |

5. A drug is being administered to a patient at a constant rate of ¢ mg/hr. The patient metabolizes and
eliminates the drug at a rate proportional to the amount in his body. Let M = M (t) be the amount (in
mg) of medicine in the patient’s body at time t, where t is measured in hours.

Solution. The rate of change of medicine in the patient’s body is equal to (rate in) minus (rate out).
The rate in is ¢. The rate out is proportional to the amount in his body, so it’s kM for some positive

constant k. Therefore, the appropriate model is % =c— kM|

6. $6000 is deposited in a bank account. The account has a nominal annual interest rate of 2%, com-
pounded continuously. There are no deposits and no withdrawals. Let M = M(t) be the amount of
money in the account at time t, where t is measured in years.



Solution. If ¢ = 0 is the time the money is deposited, then the first sentence is saying that

_ . . d o
M (0) = 6000 | The second sentence is saying that | 2L = .02M |

$6000 is deposited in a bank account. The account has a mominal annual interest rate of 2%, com-
pounded continuously. Money is being withdrawn at a rate of $500 per year.! Let M = M(t) be the
amount of money in the account at time t, where t is measured in years.

Solution. The rate at which money is leaving the account is 500. Everything else is the same as in
the previous problem, so we have % =.02M — 500 | and | M (0) = 6000 |

A rumor spreads at a rate proportional to product of the number of people who have heard it and the
number who have not. In a town of N people, suppose 1 person originates the rumor at time t = 0.
Let y = y(t) be the number of people who have heard the rumor at time t.

What does this model imply about the number of people who eventually have heard the rumor?

Solution. The initial condition is y(0) = 1 since 1 person has heard the rumor at time 0. The rate of
change is proportional to the product of the number of people who have heard it (y) and the number

who have not (N — y), so % = ky(N — y) |, where k is a positive constant.

As long as not everybody has heard the rumor, the spreading rate is positive. Therefore, it seems like
eventually everybody will have heard the rumor.

The following problems are about solutions to differential equations.

9.

10.

11.

Which of the following is a solution to g—*;’ =y?

(a) y=% +C.
(b) y=e*+C.
(c) y=Ce®.

Solution. . If y = Ce®, then g—;’ =Ce* =y.

Ify= %2 + C, then g—*;’ = x, which is not equal to y.

If y = e” + C, then % = e, which is not equal to y (unless C' = 0).

Give two solutions to % = 5y. What is the general solution?
Solution. A general solution is . Two specific solutions are e®® and —e®.

Give two solutions to to % = 5x. What is the general solution?

Solution. We actually know how to solve this already: the equation says we are looking for a function
of x whose derivative is 5z. That is, we want antiderivatives of 5z, and we know that the general

antiderivative is ng + C'|. Two specific solutions are ga:Q and ng —1.

n reality, you cannot withdraw money continuously from the bank, but it’s convenient to use a continuous model.



Slope Fields

1. Draw the slope fields for the following differential equations:



2. Draw the slope field for the differential equation % =y — 1. Sketch two solutions to the equation.

3. Which of the following is a solution to % =y—17

(a) y = Cé’

(b) y=Cel —t
(c) y=Cet—1
(d) y=Cet —1
(e) y=Cet +1

4. Which of the following is a solution to y” —y" — 6y = 07

(a) y=Ce'.

(b) y=Csin2t

(c) y=5e3t +e 2
(d) y=e*—2



Separation of Variables / Mixing Problems

1. Find the general solution of the differential equation % = 24— 2M. (Such a differential equation

came up, for instance, when we modeled the amount of medicine in a patient’s body.)

Solution. We can use separation of variables: m dM = dt.' Simplifying,

1 1

03 W -12 dM = dt.

Integrating both sides,
1

In|M —12| = .
03 n| |=t+C

Multiplying both sides by —0.2 gives
In|M — 12| = —0.2t — 0.2C.
Since —0.2C' is just an arbitray constant, we can give it a new name; let’s call it A. So,
In|M — 12| = A —0.02¢.

Then,
M — 12 = +ede 002t

Again, +e? is just an arbitrary constant, so let’s call it B. So,

M —12 = Be™ %%,

and ‘ M(t) =12 4 Be 002t 2

2. Last time, we solved the differential equation % = —% by drawing the slope field, guessing the solution,

and checking it. Now, solve the differential equation using separation of variables.

d
Y —_1 a5

Solution. We can rewrite P m

y dy = —t dt.

Integrating both sides,
Lo Lo
—y*=—=t"+C.
2 =t
Multiplying both sides by 2,
y? = —t2+2C.

Since 2C' is still just an arbitrary constant, we can give it a new name; let’s call it A. So,

yQZA_tQa

and |y = =V A — 12|,

I Technically, we can only do this if 2.4 — 0.2M # 0; if 2.4 —0.2M = 0, which happens when M = 12, the original differential
equation is just % =0, so M(t) = 12 is a solution.
2Since B = 4e?, B should technically be non-zero. But we remarked earlier that M(t) = 12 is a solution, so B = 0 is also

okay.




3. Solve the differential equation % = e~ 7Y, and find the particular solution satisfying the initial condi-
tion y(0) = 1.

Solution. We can rewrite % —e 7Y a5
e¥ dy =e " dt.

Integrating both sides,

e =—e '+ C.
So, y(t) = In(C — e~ *). Plugging in the initial condition gives 1 = In(C' — 1), so e = C — 1, and
C =1+ e. So, our answer is ‘ y(t) =In(l +e—e7t) ‘

4. Solve the differential equation iy’ = 2y — 6.

Solution. First, y(t) = 3 is a solution.
If y # 3, we can rewrite the differential equation as % =2y —6,or Tlfﬁ dy = dt. To integrate both

sides, it’s helpful to rewrite the left side as % . y%ZS So, we have

1 1
-———d dt
/2y—3 Y /

%ln|y—3| = t+C
Inly—3] = 2t+ A where A =2C
ly—3| = edet
y—3 = =ete?
y—3 = Be* where B = +e?

Here, B can be 0 (because we started out saying that y(t) = 3 is a solution), or it can be +e4, which
accounts for any positive or negative constant. So, B can be any constant.

Y

5. Which of the following differential equations are separable? (You need not solve.)
(a) & =t+y.
(b) & =5t

(c) % =snt 4y

Solution. (a) is not separable.

(b) is separable, for we can rewrite it as é dy = = dt.

(c) is not separable.

6. A 20-quart juice dispenser in a cafeteria is filled with a juice mixture that is 10% mango and 90%
orange juice. A pineapple-mango blend (40% pineapple and 60% mango) is entering the dispenser at
a rate of 4 quarts an hour and the well-stirred mizture leaves at a rate of 4 quarts an hour. Model
the situation with a differential equation whose solution, M (t), is the amount of mango juice in the
container at time t. (t = 0 is the time when the pineapple-mango blend starts to enter the dispenser.)



Solution. Since M (t) is the amount of mango juice in the container at time ¢, ¢ 4 is the rate of change
of the amount of mango juice in the container. We know that this is equal to (rate at which mango
juice is entering the container) minus (rate at which mango juice is leaving the container).

Let’s first focus on the stuff entering the container. This is a pineapple-mango blend, entering at a rate
of 4 quarts per hour. Only 60% of this is mango juice though, so mango juice is entering the container
at a rate of .6 - 4 = 2.4 quarts per hour.

Now, let’s look at the stuff exiting the container. This is a blend of all of the juices, and it’s leaving at
a rate of 4 quarts per hour. What we need to know is what percent of this blend is mango juice. This is
simple if we think about what our variables mean: M (t) is the amount of mango juice in the container
at time t, while there is always 20 quarts of juice in all. So, the percentage of the 20 quarts which is

M(t) M t) M(t)
mango juice is . Therefore, mango juice is leaving the container at a rate of -4 = quarts
per hour.

So, our final differential equation is d(% =24 5

how much mango juice is in the dispenser at the beginning: 10% of the 20 quarts, or 2 quarts. So, our
initial condition is M (0) = 2.

. We also have an initial condition, since we know

. Suppose that, in the previous problem, the mizture was leaving at a rate of 5 quarts per hour rather
than 4 quarts per hour. Model the new situation.

Solution. We still need to use % = (rate at which mango juice is entering the container) minus
(rate at which mango juice is leaving the container), and the rate at which mango juice is entering the
container is just like in the previous problem, 2.4 quarts per hour.

Let’s look at the stuff exiting the container. Again, we need to use the formula (rate at which mango
juice is leaving) = (concentration of mango juice in the mixture) times (rate at which mixture is
leaving). The rate at which the mixture is leaving is 5 quarts per hour. The concentration of mango
juice in the mixture is equal to (amount of mango juice in mixture) divided by (total amount of
mixture). The amount of mango juice is exactly M (t). The total amount of mixture is a little more
complicated. At time ¢t = 0, there is 20 quarts of juice in the container. However, because the juice
is entering at a rate of 4 quarts per minute and leaving at 5 quarts per minute, there is a net loss
of 1 quart per minute. Thus, after ¢ minutes, the amount of juice in the container is 20 — ¢. So, the

concentration of mango juice in the mixture at time ¢ is %—g, and the rate at which mango juice is

leaving the container is 55— - 5.

So, our final differential equation is dé‘f =24— 250—& . Again, we have the initial condition M (0) = 2.




Second-Order Homogeneous Differential Equations with Constant Coefficients

1. Suppose f(t) and g(t) are both solutions to the differential equation ¢y’ +by’+cy = 0. Is C; f (t)+ Cag(t)
a solution as well?

2. Can you guess solutions of " = y? Try to guess two solutions that are not just multiples of each other.

3. Can you guess solutions of y” = 4y? Try to guess two solutions that are not just multiples of each
other.

4. Solve 3" — 1y = 6y.



5. Solve y” + 5y’ + 4y = 0 where y(0) = 1 and y'(0) = 2.

6. Solve y"" — 4y’ + 4y = 0.

7. Show that, if the characteristic equation y” + by’ + cy = 0 has one repeated root 7, then y = te™ is a
solution to y” + by’ + cy = 0.



1.

4.

Second-Order Homogeneous Differential Equations with Constant Coefficients

Solve y" — 6y’ + 9y = 0.

Solution. The characteristic equation is 72 — 6r +9 = 0, or (r — 3)2 = 0. Since r = 3 is a repeated

root of this equation, the general solution is | Cye3* + Cote3t |

. Solve y'" +y = 0.

Solution. The characteristic equation is r? 4+ 1 = 0, and the roots are r = 4i. Since e = cost +isint
and e~ = cos(—t) + isin(—t) = cost — isint, two different solutions are cost and sint. Thus, the

general solution is | y(t) = Cy cost + Cysint|.

Solve y" — 2y + 5y = 0.

Solution. The characteristic equation is 72 — 2r +5 = 0. The roots of this are

2+ /22— 4(1)(5) 2+ /—16
2 2
2+ 4

2
= 1+2

So, we know two solutions are e(' 29t and e(1=29* and the general solution is Cje(! T2t 4 Che(1—20t,
We're only interested in the real solutions, so let’s rewrite e(1+29% and e(1=29¢ to find the real solutions:

6(1+21)t et+2zt

— et . ez(Zt)

= e'(cos2t +isin2t)
= e'cos2t + el sin 2t

Similarly, e(1 =20 = e cos 2t — iet sin 2t.

Our general solution was Cpell+20t 4 C’ge(l_%)t, and we now know that we can rewrite this as
C1 (et cos 2t + iet sin 2t) + Cy (ef cos 2t — iet sin 2t). Re-grouping the terms, we see that we can write

this as ‘ Ajet cos 2t + Asel sin 2t ‘

(a) Solve y" + 2y' + 4y = 0 with initial conditions y(0) = 1 and y'(0) = 0.

Solution. The characteristic equation 72 4+ 2r + 4 = 0 has roots r = —2£y4-16 V24_16 = —1+ /3.
Therefore, two different solutions are e(Z1HVBE and e(-1-V3Dt We rewrite:
6(—1+\/§i)t _ 6—t+\/§ti
= eit . ei(\/gt)

= " Jeos (V) +isin (V3t)]

Following the same reasoning as in the previous problem, we see that the general solution is

y(t) = Cre~tcos (\/gt) + Chye~tsin (\/§t)

Let’s use the initial conditions to solve for C; and C5. The initial condition y(0) = 1 tells us
(' cos(0) + Cqsin(0) = 1. Since cos(0) = 1 and sin(0) = 0, we know that C; = 1.



To use the second initial condition, we first need to differentiate y(t):
y'(t) = Cy {—e‘t cos (\/gt) —V3etsin (\/gt)} + Cs [—e_t sin (\/gt) +v3e~t cos (\/gt)} .

Therefore, y'(0) = —C; + v/3C5. So, 0 = —1 4+ v/3Cy, and Cy = %

Thus, our final solution is | y(t) = e~ cos (v/3t) + \/Lge_t sin (v/3t

Interpret part (a) in terms of a vibrating spring. What is happening to the spring as time goes
on?

Solution. The differential equation y” + 2y’ + 4y = 0 describes a vibrating spring with fric-
tion. The initial condition y(0) = 1 says that the spring is initially stretched 1 unit beyond its
equilibrium position, and the initial condition y’(0) = 0 says that its initial velocity is 0.

Our solution was y(t) = et cos (\/gt) —I—%e’t sin (\/gt), ory(t)=e"t {cos (\/gt) + % sin (\/gt)} .
This function oscillates while decreasing in magnitude, and tlim y(t) = 0.

5. Which of the following differential equations has periodic solutions? What is the period?

(a) y' +2y —3y=0.
(b) y' +2y+ 3y =0.
(c) y' +4y =0.
(d) y" + 4y = 0.
(e) y' —4y = 0.

Does this agree with your interpretation of the differential equations in terms of vibrating springs?

Solution. Let’s look at each one.

(a)

The characteristic equation is % + 2r —3 = 0, or (r + 3)(r — 1) = 0. So, the general solution is
Cre™3t + Coe?, which is not periodic. This differential equation can’t be interpreted in terms of
vibrating springs (y” + by’ 4+ cy = 0 is only the differential equation for a vibrating spring if b > 0
and ¢ > 0).

The characteristic equation is 72 4+ 2r + 3 = 0, which has roots r = %‘/jg = —14 /2i. Since
(1Yt — o=t (i(V20) = ~t(cos /2t + isiny/2t), if we follow the reasoning we used in #3,
we find that the general solution is Cre~* cos(v/2t) 4+ Coe~tsin(v/2t). This is not periodic. This
differential equation describes a vibrating spring subject to friction (the fact that b > 0 means
there is friction), so it makes sense that the solution is not periodic. (Such a spring should vibrate
less and less over time rather than vibrating the same amount forever.)

The characteristic equation is 72 + 47 = 0, or r(r +4) = 0. This has roots r = 0 and r = —4,
so the general solution is Cy + Cye~*!, which is not periodic. This differential equation can’t be
interpreted in terms of vibrating springs.

The characteristic equation is 72 +4 = 0, or r = +2i. Since e*" = cos 2t + isin 2t, if we follow

the reasoning we used in #3, we find that the general solution is Cj cos(2t) + Cysin(2t). This
is periodic with period w. This differential equation describes a vibrating spring without friction
(since b = 0), and it makes sense that such a spring should oscillate back and forth periodically.



(e) The characteristic equation is 72 — 4 = 0, or (r — 2)(r +2) = 0. This has roots r = 2 and r = —2,
so the general solution is Cie™2! 4+ Coe™2!, which is not periodic. This differential equation can’t
be interpreted in terms of vibrating springs.



Second-Order Homogeneous Differential Equations with Constant Coefficients

1. Which of the following differential equations has periodic solutions? What is the period?
(a) y" 4+ 2y — 3y =0.
(b) v +2y +3y=0.

)
)
(c) ¥y +4y =0.
(d) y"+4y =0.
(¢) ¥ — dy = 0.

Does this agree with your interpretation of the differential equations in terms of vibrating springs?

2. A spring with a mass of 5 kg has a natural length of 6 cm. A 20 N force is required to compress it to
a length of 5 cm. If the spring is stretched to a length of 7 cm and released, find the position of the
mass at time ¢. Sketch a graph of the position vs. time.



3. Match each differential equation with the graph of its solution. In each case, the differential equation
has initial conditions y(0) = 1, ¥'(0) = 1.

1 : 200000
/ 100000 A
all
2 27 a7 B \/ n
\7 >— 6 B
-100000
” - 200000

(1) (2) (3)

(4) (5)
(a) ¥y + 3y +2y=0.
(b) y" + 9y = 0.

(
(d

)
)

c)y' =2y +y=0.
) ¥ —y +10y = 0.
)

(&) ¥+ 3y +3y=0

4. Solve the differential equation y” + y = 0 with initial conditions y(0) = 0 and y/(0) = 1.



Systems of Differential Equations

We've used systems of differential equations to model interaction between species. Systems can also be used
to model disease epidemics.

Suppose that there is a large population of people, and some of the people have a fatal disease. This disease
is infectious, so anybody who doesn’t have the disease is susceptible to getting it. Let I(¢) be the number of
people infected at time ¢, and let S(¢) be the number of people who are susceptible at time ¢.

1. How could you model this situation with a system of differential equations? You may ignore birth and
death, except for death due to the disease, which you should include. (There are many many different
answers; when in doubt, opt for simplicity.)

2. Using common sense, find the equilibrium points in this model. (You do not need to use the differential
equations you found in #1; just think about the situation.)

3. Using common sense, sketch some typical phase trajectories in the phase plane.




4. A reasonable system for the situation described is:

ds

A
dt
I 000175 — 011
di

Sketch the phase portrait for this system. (Be sure to draw the nullclines and equilibrium points.)

5. If the population starts with 50 infected people and 200 susceptible people, what will happen in the
long run?
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1. Find the diagram which matches the system.

(1) % =y and % = —2x.
(ii) 4 =y and % = 3y.

2. (i) Suppose that the system % = f(z,y) and % = g(z,y) has phase portrait (e). Sketch possible
graphs of z(t) and y(¢), assuming 2:(0) = 0 and y(0) = 3.

(ii) Do the same thing for (g).




3. Solve the system 92 = y and % = 3y with initial conditions x(0) = 0 and y(0) = 3.

4. Solve the system 22 = y and % = —2z with initial conditions 2(0) = 0 and y(0) = 3.

5. Find a system of differential equations whose phase portrait looks like (1), the last diagram.



Measles

We'll look at the system

ds

e = —I

7 S+ 50
dI

— = I5-101
7 S 0

1. Do a qualitative phase plane analysis of this system. (You should draw equilibrium points, nullclines,
and the direction of the trajectories in each region.)

2. Based on your phase plane analysis, what do you think the trajectories look like? Sketch a possible
trajectory on your diagram if S(0) = 5 and I(0) = 20.

3. Using your trajectory, sketch a possible graph of I(¢) if S(0) =5 and 1(0) = 20.



4. This graph shows the number of cases of measles in 2 week periods in London from 1944 to 1966. Does
our system give the same qualitative behavior?
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The Definite Integral

1. The definite integral is defined to be

(a) a limit of Riemann sums.
(b) the difference in the evaluation of an antiderivative at the endpoints of the interval.

(¢) a signed area.
(d) all of the above.

Solution. . We often interpret the definite integral as signed area, and we compute the definite

integral using (b). However, neither of those is the definition of the definite integral.

2. Write an integral or a sum and/or difference of integrals that gives the area enclosed by the graphs of
y=2>—1andy=x+1.

4

3

2

2
Solution. The simplest answer is / [(x+1) = (2® = 1)] dz |
-1

3. Find the area of the following region.

5

Solution. According to our general theme, we should try to slice, approximate, sum, and take a limit.
Let’s try slicing vertically:



Notice that there are two “types” of slices in this picture. When z is in the interval [—3, —1], the slices
have height (4—x2)—(2z+1). When z is in the interval [—1, 3], the slices have height (4—22)—(—z—2).
We should really think about these two cases separately:

We'll find the area of the red piece and the blue piece separately and then just add those together.
As we've already said, in the red piece, the slices have height (4 — x?) — (22 + 1), so the area of

-1
the red piece is / [(4 — 2%) — (22 + 1)] dz. In the blue piece, the slices have height (4 — 2?) —
-3

3

(—x — 2), so the area of the blue piece is / [(4 — 2%) — (—x — 2)] do. Thus, the total area is
-1

—1 3
/ (4 —2?) — (224 1)] da +/ [(4 —2%) — (—x — 2)] dz| We can use the Fundamental Theorem
-3 -1

of Calculus to evaluate these integrals, and we get .



Area and Volume

1. Find the area of the region shown. (You may leave your answer as an integral or sum/difference of
integrals.)

Solution. Remember that the basic idea in every integration problem is: slice, approximate, sum,
and take a limit. What this boils down to is finding an expression for what’s going on with the k-th
slice. In this case, we're looking for area, so we want to slice the region and then approximate the area
of the k-th slice.

There is a slight hitch though. Let’s imagine that we slice the region vertically:

y=-X y=Xx

The problem is that we can’t write a good description for the k-th slice. If the slice is on the left side
of the y-axis, then its height would be about (2 — 2%) — (—xy,). If the slice is on the right side, then its

height is about (2 — x2) — . The solution to this problem is to break the region into two pieces and

find their areas separately.




Actually, since the picture is symmetric, we can see right away that the red area is equal to the blue
area. So, we can get by just finding the blue area and multiplying that by 2 to get the final answer.

So, let’s focus on the right side. As usual, we slice into n pieces of equal width Ax.

2P
™N
2% N y=2-%
SN
Y
Xk y=X
2 1 X< 1 2

We can pretend that the k-th slice is a rectangle of width Az and height (2 — 23) — @, so we end up
with

area of the k-th slice ~ [(2 — 2%) — x3]Ax ‘

n

Then we know that the limit of Riemann sums is lim Z[(2 — 22) — 21]Az, which is equal to the
k=1

1
integral / (2 — 2?) — 2] da.
0
Finally, remember that this expression only represents half of the original area, so our final answer is

' 2
2/0 [(2—2%) — 2] dx|.

2. Here is one loop of the sine curve.

Ny

(a) If you rotate this region about the x-axis, what shape do you get? What is its volume? (You do
not need to evaluate your integral.)

Solution. The solid looks like a football.



To find its volume, we slice and figure out what’s happening with the k-th slice.

Ny

The k-th slice is very close to being a disk with radius sin z; and thickness Az, so

volume of k-th slice ~ 7(sin 2y )>Ax

n

Adding these up and taking the limit gives lim Z 7 (sin xk)QAx, which is equal to the integral
n—oo

/ n(sinz)? dr|.
0

k=1

(b) If you rotate the region about the line y = —1, what shape do you get? What is its volume? (You
do not need to evaluate your integral.)

Solution. This looks like a bead.

Again, to find its volume, we slice and figure out what’s happening with the k-th slice. Now, the
k-th slice isn’t a disk any more; it’s close to being a washer (disk with a round hole cut out). The
outer radius of the washer is sinxy 4 1, the inner radius is 1, and the thickness is Ax. Therefore,

volume of k-th slice ~ 7[(sinzy, + 1)? — 1?]Az

n

Adding these up and taking the limit gives us lim Z m[(sinzy, + 1)? — 1?]Az, which is equal to

k=1

the integral / ml(sine +1)% — 1] dx |
0




More on Volumes

1. This is the curve y = xsina®. If we rotate this region about the y-axis, what is the volume of the

resulting solid? (Once you get an integral, try to evaluate it.)

I

Solution. We may either slice the region horizontally or vertically. Slicing horizontally will give us
washers, but to find the inner radius, we would need to solve y = xsinz? for . We don’t really know
how to do that, so we had better use vertical slices instead.

A

When we rotate the k-th slice about the y-axis, we get a hollow tube (like a paper towel tube). The
radius of this tube is z, the height is 2 sinz3, and the thickness is Az. Therefore, the volume of the
tube is approximately 2mzy (zy sinz})Ax = 27a? sin xj Ax.

To approximate the volume of the whole solid, we have to sum up the volumes of all of the slices (slice
n

1 through slice n), which gives Z 27rxi sin x%Am. To make the approximation accurate, we need to

k=1
n

use more and more slices, so we take the limit as n — co. So, our answer is lim E 2mas sinxy Az,
n—oo
k=1

=
which is the integral / 2ma? sinz® dx. We can evaluate this integral using substitution. Let u = .
0



Then, du = 322 dx. Since x goes from 0 to /7, u goes from 0 to 7. So,

I m d
/ 2’ sing® de = / 27 sin u—u
0 0 3

2 ™
= —W/ sinu du
3 Jo
2 s
= g(—cosu)

0

2
= ?ﬂ(— cosm + cos0)

47

3

2. How can you describe a bagel as a solid of revolution? (That is, what sort of region would you rotate,
and what line would you rotate it about?)

Solution. We can get a bagel by rotating a disk around a line, something like this (rotate the disk
around the dotted line):

3. The disk of radius 3 centered at the origin is rotated about the line x = 4. Find the volume using
vertical slices. (It is also possible to do it using horizontal slices, and you might want to try that for
extra practice.)

Solution. Here are the slices.




The equation of the circle is 2 +y? = 9, or y = £V9 — 22. y = v/9 — 22 is the equation of the top
half of the circle, and y = —v/9 — 22 is the equation of the bottom half of the circle.

Rotating the k-th slice gives (approximately) a paper towel tube with thickness Az, radius 4 — zy,
and height 2,/9 — 27. So, the volume of the k-th piece is approximately 27(4 — z3)(24/9 — 27 ) Az =

47(4 — 25)\/9 — 2 A

3 3
Adding these up and taking the limit, we get the integral / dr(4 — 2)\/9 — 2?2 dx = 47r/ (4 -

_3 -3
2)V9 — 22 dx. To evaluate this integral, let’s first multiply it out a little:

477/3(4_@@@ _ 4w[/334mdx_/z_xmdx]

_3 _ _
3 3

= 167r/ \/9—x2dm+47r/ /9 — 22 dx
_3 -3

Now, we have two integrals to evaluate. We don’t know an antiderivative of v/9 — 22, but y = V9 — 22
3

is just the graph of the top half of the circle in our picture. So, / V9 — 22 is the area of the top half
-3

3
9
of the circle, and we know that a circle of radius 3 has area 97. So, / V9 —22 dr = g
-3

3
The second integral / v/ 9 — 22 dx can be done using substitution: let u = 9 — 22, Then du =
-3

—2z dz. So, we can rewrite the integrand as [ —\/ﬂ% Since x goes from —3 to 3, u goes from 0 to

0
0, and/ —@ du = 0.
0 2

So, our final answer is 167 - 97” = .

4. Let R be the region enclosed by the z-axis, the y-axis, y = 1, and y = £ — 1.

(a) Find the volume generated when R is rotated about the line x = —2.

Solution. Here is the region R.

As always, we should first decide whether we want to use vertical or horizontal slices. In this case,
if we use vertical slices, we will have to split the region up into where x < % and > % because
the slices will have different descriptions. Instead, let’s use horizontal slices.



Yk

Since we’re using horizontal slices, we should describe things in terms of ¥, so let’s solve y = £+ — 1

for x in terms of y.

. ‘e 1
So, the blue point is (m,yk).

y+1

y+1

K= 8 |+

8

x

After we rotate our horizontal slice, we will end up with something that is approximately a washer
(or CD) with inner radius 2, outer radius ﬁ + 2, and thickness Ay. So, the volume of the k-th

2
slice is approximately [w (ﬁ + 2) - 22] Ay. Adding these up and taking the limit gives

1 2
1
the integral / [W (— + 2) -7 221 dy. To compute this, we’ll first simplify:
0

y+1

1 1 2
—— +2) —7-22| d
/0 [ﬁ<y+1 > ! 1 !

To evaluate, we’ll use the substitution v =y + 1.

went from 0 to 1). So, we have

volume

1
/
0

-
ﬂ-/
0

-
ﬂ-/
0

Then,

- i
(—y+1+2) —22 dy
1 4
- 4+ —— 4+ 44| d
A } Y
1 4
I S
_(y+1)2+y+1] Y

du = dy and u goes from 1 to 2 (since y

(b) Find the volume generated when R is rotated about the line y = 2.

Solution. For the same reason as in part (a), we’ll use horizontal slices.



Yk

-,
N

As we figured out in part (a), the blue point has coordinates (ﬁ, yk).

After we rotate our horizontal slice, we will end up with a paper towel tube with radius 2 — yi,

height and thickness Ay. So, the volume of this slice is approximately 2m(2 —yp) —=Ay =

Yk +1’ yk+1

27r2k . Adding these up and taking the limit gives lim Z 27r

Yy n—oo Yy

1
2 —
/ 22" gy,
0 y+1

Now, we have to actually evaluate the integral. Let’s try using v = y + 1. Then, du = dy. Also,
y=u—1,802—-—y=2—(u—1)=3—u. Since y goes from 0 to 1, u goes from 1 to 2. So,

1
9 _ _
/27r ydy = 27r/ —ydy
0 y+1
= 27r/ udu
1 u
2
= 271'/ <§—1) du
1 u

= 27 3In|u| —u)[}
= 27[(3In2—-2)— (3In1 —1)]
27(3In2 — 1)

1’, which is just the integral




Integration by Parts

Evaluate the following integrals.

1. /xe‘” dx.

2. /xlnaz dx.

3. / Inz dz.
1

1
4. / arctanz dz.
0

5. /x2 cos 2x dx.



6. /ew cosx dx.

7. /cos\/E dx.

8. You are given the following information about an unknown function g(x):

u

/jM du=3,/129(u) dUZ4,/14g(u) du=5,9(1) = 2,¢(2) = —2.

2
(a) Evaluaute/1 (Inz)g'(x) dz.

2
(b) Evaluate/ xg(x?) da.
1

9. /sin5xsin3x dzx.



Partial Fractions

1. Which of the following is easiest to integrate?

(a)/%dw.

® [ o &

() /x2—5§—2dx_/x2—4x—2dx
(d) xi“ x+/rdx

How do the four choices relate to each other?

2. Evaluate the following integrals.

@ [ o

Sr — 7
b — dux.
( )/x2—3a:—|—2 v



3. Write down the form of the partial fraction expansion for the following integrals. (You don’t need to
actually solve for the coefficients.)

322+ +5
(2) /(x+1)(x+3)(x—5)'

z+1
() /(a:2—|—4)(a:2+9)'
% 4 22
() /(a:+4)(x—|—3)(a:+2)2'
22 +1
(d) /(a:+1)2(a:2+5)'

R
(e) /7;32 R dx.

2 4+ 4 + Tx
f — dx.
()/ 2 + 42+ 3 de

4. Evaluate the following integrals.

(a) /xz—x+4
a - .
3 4+ 4x

(b) /xsix dz.

(©) / sin 6 df
¢ cos?2 0 + cosfh —2°



Integration Techniques

In each problem, decide which method of integration you would use. If you would use substitution, what
would u be? If you would use integration by parts, what would v and dv be? If you would use partial
fractions, what would the partial fraction expansion look like? (Don’t solve for the coefficients.)

1 cosx dx
’ V1+sine

Solution. Use the substitution w = 1 4 sinx since du = cosx dz also appears in the integrand.

2. /(lnx)2 dzx.

Solution. Partial fractions is definitely not right, since this is not a rational function. Substitution
doesn’t look so promising, so we're left with integration by parts. Since we don’t know how to integrate
anything involving In, use v = (Inz)? and dv = dz.

3. /em sinx dz.

Solution. This is a classic integration by parts integral, where you do integration by parts twice to
get back the original integral and then solve for it. You can use u = e* and dv = sinx dx or u = sinx
and dv = e* dz; they work equally well.

x

Solution. Since the integrand is a rational function, you could use partial fractions. But it’s easier to
just use substitution with u = 2% — 1.

2
5. /xem dx.

Solution. Substitution with v = 22

since du = 2z dx also appears.

2
x
6. | ——— dx.
/ 22 +4x+3
Solution. The integrand is a rational function, and we can factor the denominator pretty easily, so
partial fractions is a good choice. Since the integrand is an improper fraction, we start by rewriting
2

. x _ z®44r43-42-3 _ ¢ _ _ 443 : :

6 oo = Tty Pie s The denominator factors as (z + 1)(x + 3), so the partial
. . B

fraction expansion has the form 1 + 1t o

ot
7. | —— dt.
/ 1+ et

Solution. Use substitution with u = 1 + e’ since du = e’ dt also appears.

8. /arcsina: dr.



Solution. Partial fractions is definitely out, and there’s not much to substitute, so use integration by
parts with v = arcsinx and dv = dx.



Density and Slicing

1. A seaside village, Playa del Carmen, is in the shape of a rectangle 4 miles wide and 6 miles long. The
sea lies along a 6-mile long side. People prefer to live near the water, so the density of people is given
by p(x) = 10000 — 800x people per square mile, where x is the distance from the seaside. We would
like to find the population of the village.

(a) Show in a sketch how to slice up the region.

Solution. We'll slice the region parallel to the sea, like this:

The reason we do it this way is in part (c¢).
(b) What is the area of the k-th slice?

Solution. We’ll call the width of each slice Axz. Then, the area of the k-th slice is 6Ax.
(¢) What is the approzimate population in the k-th slice?

Solution. This is really the key to the problem. Because of the way we sliced, the population
density within each slice is close to being constant. Therefore, we can approximate the population
as (population density) times (area), or p(xy) - 6Ax = 6p(ay)Ax.

(d) Write a general Riemann sum to estimate the total population of the city.
Solution. To approximate the total population, we just add up the approximate population in

n
all slices, which gives Z 6p(xr)Ax.
k=1
(e) Find a definite integral expressing the population of the village.
Solution. The assumption we made in our approximation was that the population density in

each slice was constant. This assumption becomes more accurate as we use more slices, since each
slice will be thinner. Therefore, to get the actual population, we should take the limit as n — oc.

n 4
We know that lim Z 6p(x)Az is the same as the integral / 6p(x) dx.
0

n—oo

k=1

2. A rectangular plot of farm land is 300 meters by 200 meters. A straight irrigation pipe 300 meters long
runs down the center of the plot, dividing it in half lengthwise. The farmer’s yield decreases as the
distance from the irrigation pipe increases. Suppose that the yield is given by p(x) grams per square
meter, where x is the distance in meters from the irrigation pipe. Write an integral giving the total
yield from the plot.

Solution. Here’s a sketch.



pipe

First, because of symmetry, the yield in the left half of the plot is the same as the yield in the right
half. Therefore, we only need to figure out the yield in one half; let’s do the right half.

Since the yield depends on the distance from the irrigation pipe, we want to slices in which the distance
to the irrigation pipe is approximately constant. Therefore, we’ll slice parallel to the pipe:

pipe

Since x represents the distance to the pipe, the leftmost slice starts where x = 0, and the rightmost
slice ends where x = 100.

The area of each slice is 300Az. In the k-th slice, the yield rate is approximately p(xj) grams per
square meter, so the yield is approximately p(xy) - 300Az = 300p(x;)Az. Summing over all n slices

100
and taking the limit as n — oo gives us / 300p(z) dx as the yield for half of the plot. Therefore,
0

100
the total yield is 2/ 300p(x) dx |
0

. People in the Boston area like to live near the city center, so the population density around Boston is

p(r) = Tgo’_?_’gf_(il people per square mile, where v is the distance in miles to the center of Boston. Find

the number of people who live within 5 miles of the center of Boston.

Solution. The region we are talking about (within 5 miles of the center of Boston) is a disk, with the
highest population density at the center. Here is a plot showing the population density in the city (red
represents the highest density, and purple represents the lowest):



©

Just like in the other problems, we want to slice the region so that the population density in each slice
is almost constant. In this case, we can accomplish that by slicing into concentric rings.

The population density in the k-th slice is approximately equal to p(ry). The area of slice k is
approximately 2zwryAr. So, the number of people living in the k-th slice is approximately p(r) -
2rrAr = 2mrgp(r)A. Summing over all n slices and taking the limit as n — oo gives the integral

5
/ 2mrp(r) dr|.
0




More Applications of Integration

1. A cone with height 8 inches and radius 6 inches is filled with flavored slush. When the cup is held
upright with the pointed end resting on a table, the density of flavoring syrup in the cup varies with
height above the table. Suppose p(x) gives the number of ounces of syrup per cubic inch, where x is the
distance from the table top. Write an integral giving the total amount of syrup in the cup.

Solution. Since the density varies with height, we will slice the cone like this:

The k-th slice looks approximately like a disk of thickness Az. To approximate the volume of the slice,
we need to find its radius. Moreover, we should do this in terms of x since we’re going to want to end
up with an integral in terms of x.

To find the radius 7 of the k-th slice in terms of xj, we use similar triangles:

This shows us that g =TI g0, = gxk = %xk Therefore, the volume of the k-th slice is approxi-

xR
mately m ( ) Ar = 16 Tx2 Az cubic inches. The amount of syrup in the k-th slice is approximately
[p();)ounces per cubic inch] - [9%2? Azcubic 1nches] = 2222 p(x)) Az ounces. Summing the amount in

9T
each slice gives the Riemann sum approximation Z 1_ze p(xg)Az. Taking the limit as n — oo gives
k=1

9
the integral / —ﬂ-pr

40000

1+ 0.000173
kilometer, where 1 is the distance in kilometers from the center of the planet. Find the total mass of

the planet if its radius is 8000 km. (You do not need to evaluate your integral.)

2. Suppose the density of a planet is given by the function p(r) = kilograms per cubic



Solution. Since the density varies with the distance to the center, we should slice into concentric
spherical shells. Each shell will have a small thickness Ar, and a good approximation for the volume
of such a spherical shell is its surface area multiplied by the thickness Ar.

The k-th slice has outer radius r; and inner radius r5_1, so its volume is approximately 47r7"zAr km?.
The mass of this slice is approximately [p(rx)kg / km®] - [47r2Ar km®] = 47r2p(ry)Ar kg, Adding

these up gives the Riemann sum approximation Z 47rrzp(rk)Ar. Taking the limit gives the integral
k=1

8000
/ 4rr?p(r) dr | If we wanted a numeric answer, we could integrate using the substitution u =
0

1+ 0.000173.

. A cylindrical candle of height 50 mm and radius 12 mm is formed by repeatedly dipping a wick of radius
1 mm into hot wazx and then allowing the new layer of wax to dry. The density of each new layer is
slightly different, so the density of the candle varies with the distance to the wick. If p(x) gives the
density in grams per cubic mm of the wazx, where x measures the distance to the wick, write an integral
giving the mass of the candle.

Solution. Here is a (crude) sketch of our candle.

\ B

~_

We should slice using cylindrical shells (also known as paper towel tubes, just like what we used in
some of the volumes of revolution problems).

Each cylindrical shell has height 50 mm and thickness Az. The k-th shell is distance zj from the wick,
so its radius is xy + 1 (because we must take into account the radius of the wick). So, the volume of
the k-th shell is approximately 27 (zy + 1) - 50 - Az = 1007 (2 + 1)Az cubic inches. Then, its mass
is approximately [p(zy) grams per cubic mm] - [1007(z; + 1)Ax cubic mm] = 1007 (x + 1)p(z) Az

grams. Adding these up gives the Riemann sum approximation Z 1007 (2 + 1)p(xg)Az. Taking the
k=1

11
limit as n — oo gives the definite integral / 1007 (z 4 1)p(x) dx |
0

. We can model a muffin as a solid of revolution, obtained by rotating the following region about the
y-axis. Due to a poor recipe, the chocolate chips in our muffin tend to sink to the bottom. The amount
of chocolate in the muffin is given by p(y) = 5 —y grams per cubic inch, where y represents the distance
to the bottom of the muffin. Find the total amount of chocolate in the muffin.



y=3-x%/4

1 2 3 2

Solution. Since the chocolate density varies with the distance to the bottom of the muffin, we must
slice parallel to the bottom of the muffin. Each slice is approximately a disk. Here are two representative
slices:

y=3-x%/4

y=2x-2

Notice that these two slices have different descriptions: the top one should be described using the curve
2

y = 3 — %, while the bottom one should be described using the curve y = 2z — 2. So, we should really

consider the top and bottom parts of the muffin separately.

Let’s first focus on the bottom part of the muffin, which we get by rotating this region:

4

Here, the slices are disks, with the radius being the horizontal distance between the y-axis and y = 2z —
2. To find this horizontal distance, we need to solve y = 2x — 2 for x, which gives © = yT-i-2 Therefore,



2
the radius of the k-th slice is y’“; 2. This means that its volume is approximately m (y’“; 2) Ay, so the

amount of chocolate in this slice is approximately p(yx) - 7 (%)2 Ay =m (%)2 p(yr)Ay. Adding
3

2
2
these up and taking the limit gives us the integral / T (%) p(y) dy for the amount of chocolate
0

in the bottom part of the muffin.

To deal with the top part of the muffin, we use exactly the same reasoning. We get the top part of the
muffin by rotating this region:

1 2 3 4
We need to solveyzS—%for x:
2
x
= 3——
Y 4
2
x
T - 3_
4 Y
a? = 4(3-y)
r = 2¢/3—y

So, the k-th slice is approximately a disk of radius 21/3 — y, and thickness Ay, which means its
volume is approximately 7(21/3 — yx)?Ay = 47(3 — yx)Ay. Therefore, the amount of chocolate in this
slice is approximately 47(3 — yi)p(yx)Ay. Adding these up and taking the limit gives us the integral

3
/ 47(3 — y)p(y) dy for the amount of chocolate in the top part of the muffin.
2

2 2 3
2
So, the total amount of chocolate in the muffin is / 7r (%) ply) dy + / 47 (3 — y)p(y) dy.
0 2

. You ride your bike with velocity v(t) = 3t> + 4t — 5 in the time interval [0,3]. What is your average
velocity?

3

—[10]

0

1 3

Solution. It is | ——
olution is 570,

13 1
o(t) dt :5/ (3% + 4t —5) dt = g(t3+2t2—5t)
0

. The temperature outside is given by the function f(t), where t represents the time since 10:00 am. How
would you find the average temperature between noon and 5:00 pm?



1 7
Solution. We want the average temperature for the interval [2,7], and that’s 3 / f@) dt|
—=2.J)2

7. The graph of a function f is shown. The graph is made up of lines and semicircles. Find the average
value of f on the interval [1,5].

5

1 2 3 4 5

I 5
Solution. The average value of f is 1 / f(t) dt. We know that fl f(t) dt is the signed area of f from
1

t =1tot =>5, and from the graph, we can see that this signed area is 2t%. Therefore, the average

2
9471
== |

value of the function is




Arc Length and Improper Integrals

1. Write an integral that gives the length of one arch of the sine curve (so from x =0 tox =m).

Solution. Our formula tells us that it is / /14 cos?x dx.
0

o0
2. (a) Does / — dx converge or diverge? If it converges, evaluate it.
1T

> 1 b1 b1
Solution. We know that / — dx really means lim — dz. We can evaluate / — dx
1 x b—oo J1 X 1 X

<1 1
pretty easily: it is —Hi = —% +1=1- % So, / — dr = blim 1- 7 :.
- 1 x — 00

o0
(b) Does / — dx converge or diverge? If it converges, evaluate it.
1 X

Solution. We know that / — dz really means lim — dz, so
1T

b—oo J1 X

1
/ — dx lim (1n|x||l{)
1T T b—oo

blim (In|b] —In1)

blim In|b| since In1 =0

o0
But we know that blim In |b] = oo, which is a form of diverging, so the improper integral / —dx
— 00 1 €T

diverges.

3. Using #2, can you conclude anything about whether the following integrals converge or diverge? (Try
to figure this out without evaluating the integrals!)

1
(a)/1 de?

Solution. Let’s graph 2 (the solid curve) and - (the dashed curve):



o0
1
By 2(a), we know that / — dx = 1. Graphically, we interpret this as the area under the curve
1 X
y = % to the right of x = 1. It is apparent from our picture that the area under y = % to the

o0
1
right of = 1 should be less than that, so we expect the integral / — dz to converge. In fact,
1T

it does:

o0 1
%
(b) /1 i dx

Solution. Let’s graph = (the solid curve) and — (the dashed curve):



5 10 15 20
Since the graph of w1—1/2 is higher than the graph of % when x > 1, the area under :ﬂ% to the right
of x = 1 should be at least as big as the area under % to the right of x = 1. The area under % to

o0
1
the right of z = 1 was already infinite, so we expect / 75 dx to diverge.
1 X

o0 1
_ 2
(c)/1 —3 dx
12

Solution. The graph of wg—l/Q lies between the graphs of % and —3:

2

1 2 3 4 5

Here, the thin solid graph is y = %, the thick solid graph is y = w%, and the dashed graph is

1 . <1 <1 *1
Yy = —575. Thinking in terms of areas, we can guess that — dx < —75 dz < — dx.
* 1 T o @d/ 1 T



* 1
Using our result from #2; this tells us that 1 < / 37 dx < co. Unfortunately, that doesn’t
1 xr

o0
give us enough information to determine whether / =7 dz converges.
1 x

In this case, comparing to % and w% doesn’t help, so we’ll evaluate:

00—1 de = i bid
. x3/? TN | x3/2 .

b
— lim (-23;—1/2} )
b—o00 1

= blim —2b~ Y2 49

2
= lim2-—-—
b—oo \/[_)

= 2

So, the improper integral converges to 2.



Improper Integrals

Determine whether the following integrals converge or diverge. Explain your reasoning.

2
x

L[ =

/_2x2—1 v

Solution. The integrand is discontinuous at x = +1, so we know we need to split the integral. The
improprieties are at —1 and 1, and each of our pieces should have at most one impropriety. So, let’s
split like this:

2 —1 0 1 2
x x x x x
—— dx = d —d —d ——— du.
/_2x2—1 * /_2 x2 -1 x+/_1x2—1 x+/0 x2 -1 x+/1 221"

(You could choose a number other than 0 between —1 and 1.)

Now, we have to evaluate each of the integrals on the right (and they are all improper). Let’s first find

an antiderivative of —"= by substituting u = z?2 -1

z 1 (1 1 1.,

Now, we start evaluating our four improper integrals using limits.

—1 b
x x

——dr = 1l —d
/_2 221" b1 ox2—1 .
b

1
= lim =Inf2® —1]
——1- 2 _92

I
5

1 1
im (Inp?— 1] -1
bt~ (2 nfp” —1l=3 n3>

Asb— —17,b%2—1—0,s0In[b? — 1| — —oo. Thus, this integral diverges.

Since one of our four pieces diverges, we don’t need to bother calculating the other pieces; we already

know that the whole integral .

< 1
2. — dx.
/1 2

o0
Solution. The integrand here is very similar to T—14, and we know / —; dx converges. This suggests
P "

that we use the Comparison Theorem.

442 —

<1
that /1 g d also [converges)

& 1
3. / dz.
o e+

o0
Notice that 0 < —= < %4 for all z. Since / —; dx converges, the Comparison Theorem tells us
1 X




Solution. Since we don’t know how to find an antiderivative of ﬁ, we should use the Comparison

et+x

o0
. 1
the Comparison Theorem tells us that /0 P dx also | converges |.

o
. / sinx dx.
— 00

Solution. We need to split up this integral because it has two improprieties: the —oo and the co. It

o0
Theorem. Since 0 < - < e% for all x and you saw on your homework that / — dx converges,
3 o v

e} 0 0
doesn’t really matter where we split it, so let’s split it at O: / sinz dr = / sinx dx—!—/ sinzx dx.
0

—00 — 00
o) b
Let’s do / sinx dx first. By definition, this is lim sinz dr = lim —cosz|} = lim (—cosb + 1),
0 b—oo Jo b—o0 b—oo

which does not exist. Since this piece diverges, we know that the whole integral .

oo 1 —xT
. / 1re dz.
1 €T

Solution. We can use the Comparison Theorem: Ite™® >

o 1 o 1 —T
/1 - dzx diverges, /1 +T€ dr must as well.
0o L2
. / cos2 x .
1 x

o0
Solution. We can use the Comparison Theorem: w% > CO;# > 0. Since we know that / — dz
1 X

[=

> 0 when z > 1. Since we know that

8

2

°° cos® x
converges, 5— dx | converges| as well.
1 x




Probability

Waiting times, shelf-lifes, and equipment failure times are often modeled by exponentially decreasing prob-
ability density functions.

1. Suppose f(t) = 0 for t < 0 and f(t) = 0.5e= for ¢t > 0 is the probability density function for the
lifetime of a particular toy (¢ in years).

(a)

()

For what value of ¢ is this a probability density function?

o0
Solution. In order for f to be a probability density function, it must satisfy / ft)ydt=1,or
—0o0

0 [eS)
/ f@t) dt —|—/ f(t) dt = 1. The first integral is 0 since f(t) = 0 for ¢ < 0.
—0o0 0

(o]
If ¢ = 0, then f(t) = 0.5 for t > 0, and the improper integral / f(t) dt certainly won’t converge.
0

If ¢ < 0, then f(t) is a positive increasing function, and again / f(t) dt won’t converge. So, we
0

must need to have ¢ > 0.

In this case,

o) b
0.5/ e~ dt = 0.5 lim e~ dt
0

b—o00 0
b
1
= 0.5 lim —=e ¢
b—o0 C 0
1 1
= 0.5 lim (——ed’—i— —)
b—oo C &

0.5
Cc

(Notice that, in the last step, we needed to use the fact that ¢ > 0.) We want this to equal 1, so
¢ should equal .

What is the probability that the toy lasts over one year? (Is there any way to compute this without
computing an improper integral?)
o0

Solution. The probability that the toy lasts over one year is given by the integral / f(t) dt.

If we want to avoid using an improper 1ntegra1 we could instead calculate the probability that

the toy lasts less than one year, which is / f(t) dt. Then, the probability that the toy lasts over

one year is 1 — / f(t) dt. Whichever method you use, the answer is ﬁ .
0

What is the median life of this type of toy?



T
1
Solution. The median is the value T" such that / f@t) dt = 5 So, we want

1 T
- = /0.56*0“ dt
2 0
_ T
- e 0.5t|0
—e 05T 41

1
Solving, T'=| —21In 3 (this is approximately 1.37 years).

2. A large number of students take an exam. 30% of the students receive a score of 70, 50% receive a
score of 80, and 20% receive a score of 90. What is the average score on the exam?

Solution. If the number of students is NV, then .3/N people scored 70, .5/N scored 80, and .2N scored
90. So, the sum of all scores is .3N(70) + .5N(80) + .2N(90) = T9IN. The average score is this sum
divided by the number of people, or .

3. The density function for the duration of telephone calls within a certain city is p(z) = 0.4e~%4* where
x denotes the duration in minutes of a randomly selected call.

(a) What percentage of calls last one minute or less?

Solution. We are interested in the fraction of calls that last between 0 and 1 minute, which is

1
/ 0.4 047 dp = —670'4m|(1) =1—e %% (As a percent, it is 100(1 — e **) ~ 33%.)
0

(b) What percentage of calls last between one and two minutes?

2
Solution. This is / 0.4e 04 dg = —6_0'4m|f =e 94— 798 which is approximately 22%.
1

(c) What percentage of calls last 3 minutes or more?

Solution. This is

e’} b
/ 0.4¢7%% gz = lim 0.4 94 dg
3

b—oo J3

= lim —e

b—oo

70.430"7
3

= lim e7 12 — 704
b—oo

_ 6_1'2

This works out to approximately 30%.
(d) What is the average length of a call?

o0
Solution. The average length of a call is x(0.4e*0'4x) dz. Using integration by parts, an

0
antiderivative of x(0.4e=94%) is —ze=0-4% — 257047 So,

/0 $(0.4€_0'4m) de = bli{go (—$6_0'4m _ 2.56—0.4.@) |g
= bhm _be*0.4b _ 2.5670.417 +25 (1)



The middle term, —2.5¢7%4 tends to 0 as b — co. For the first term, —be~*, we need to use
L’Hospital’s Rule (since the limit is of the form oo - 0):

: —0.4b :
L T o
lim —
T bt 0.4e0-0b
=0

Plugging this into (??), the average length of a call is .

4. The lifetime, in hundreds of hours, of a certain type of light bulb has been found empirically to have a

probability density function approzimated by f(x) = % for 0 < x < 8. Find the mean lifetime

of such a bulb.

. P & NG T . _
Solution. The mean lifetime is xf(x)dx = dz. To evaluate this, we substitute
0 8 Jo (1+a2)32

u=1+z2

8 65
2V V4 1
65/ a: dr = ﬁ/ —u=3? qu
8 Jo (1+a2)3/2 8 Ji 2

65
_ V6 g
8
1
_ @(1_L>
8 V65
| V651
B 8




1.

(a)

More Probability

The following function represents the temperature outside as a function of time. Estimate the
average temperature between time 0 and time 5.

60
50
40
30
20

10

1 2 3 4 5

Solution. We are looking for the average value of the temperature function, or the average height
of its graph. In this graph, it looks like this is around 40. (The exact answer is around 41.5.)

A meteorologist takes several temperature readings which are described by the following probability
density function. Estimate the average temperature.

10 20 30 40 50 60

Solution. The probability density function has a peak at 30, but the area under the curve to the
left is smaller than the area under the curve to the right. This tells us that more of the readings
were above 30 than below 30, so we can guess that the average temperature was a bit above
30. It does not look like the average temperature will be as high as 40 because the fraction of
temperature readings above 40 (the area under the graph to the right of 40) is pretty small. So,
we guess that the average temperature is above 30 but below 40. (The actual value is about 32.)

2. Let p(z) = ——e~*"/2, a probability density function.

(a)

(b)

V2r
Sketch the graph of this probability density function. What do you think its mean is?
Solution. It looks like 0 since the graph is symmetric about « = 0.

Verify your guess mathematically.



o 1
Solution. To find the mean, we need to evaluate / x - \/—2_6_‘”2/2 dx. Since the bounds —oo
o ™

and oo are both improprieties, we need to split the integral into two pieces and evaluate:

0 1 5 1 0 5 0 R
. —z°/2 do — / —x°/2 d +/ —x%/2 d ) 1
xXr - ——€ X — xre X xre X
/—oo V 2m \% 2m ( —00 0 ( )

Let’s first find an antiderivative of ze=*"/2. We use the substitution u = —22/2 to get
/ace*gﬂ/2 T = /—e“ du=—e"+C=—e"/21C.

Now, we’ll go back to (?7). Let’s do the integral from 0 to infinity first. Since it’s an improper
integral, we really need to take a limit:

o0 b
/ ze™™ /2 dz = lim ze ™ /2 4
0 b—o0 0
b
= lim —e_mz/Q}
b—o00 0
= lim 1—¢?/2
b—oo
=1
0 2
Similarly, we find that / ze™® /2 dx = —1, so (?77) tells us that the mean is —1 +1 = @

3. The bell curve with mean 0 and standard deviation s is given by the probability density function p(x) =

" 1%6*9”2/(252), What fraction of the population is within one standard deviation s of the mean 07

Solution. We are looking for the fraction of the population that is between —s and s, which is given

1 S
by the integral / e~/ 2% gy |
svV2m )




Taylor Series

1. Find the degree 6 Taylor polynomial approzimation for f(x) = sinax centered at 0.

Solution. We are looking for a polynomial Ps(z) = ag + a1z + asx? + asz® + agx* + asx® + aga® such
that the k-th derivative Pék) (0) is equal to the k-th derivative f(*)(0). The k-th derivative Pék) (0) is

£%(0)
k!

just equal to klak, so we want ay = . The derivatives of f(x) = sinz are:

f(z) = sinz = f(0) = 0
f'(x) = cosz = f(0) =1
() = —sinz = f’0) = 0
f”’(a:) = —cosz = f"(0) = -1
fW(z) = sinx = fWO0) = o0
fONz) = cosz = fO®0) = 1
fOz) = —sinz = fO(0) 0
Therefore, ag = 0, a1 = 1, ax = 0, a3 = —%, as = 0, a5 = é, and ag = 0. So, Ps(x) =
L s
T — 5;5 + ax

2. (a) If you want to find a Taylor polynomial approzimation ag + a1x + azx® + - -+ a,x™ (centered at
0) to f(x), write a formula for the coefficient ay.

£*(0)
k!

Solution. |a; = . (You might wonder what happens when k£ = 0: 0! is defined to be 1, so

the formula still works.)

(b) If you want to find a Taylor polynomial approximation ag+a1(z—3)+az(x—3)%+- - +a,(z—3)"
(centered at 3) to f(x), write a formula for the coefficient ay.

()
Solution. |a; = fk—,(g)

3. How do you think you would represent sinx as an infinite polynomial centered at 0% This is called the
Taylor series (rather than Taylor polynomial) generated by sinx about 0.

Solution. Based on the pattern we started to see in #1, it seems like we should get

4. What is the Taylor series generated by cosx about 07

Solution. Using f(z) = cosz, we have

flz) = cosx = f(0) =1

f'(x) = —sinz = f'(0) = 0
f"(x) = —cosx = [f’(0) = -1
f"(xz) = sinz = f"0) = 0



After this, the derivatives repeat, and we continue to get 1,0,—1,0,1,0,—1,0,.... So, our coefficients

areag=1,a1 =0, as = —%!, a3 =0, ag = %, as = 0, and so on. Thus, the Taylor series should be
L, a1 g 1 g

. What is the Taylor series generated by e* about 0%

Solution. If f(x) = e, then the k-th derivative f(*)(x) is always e”, so f(*)(0) = 1. Therefore, the

2 3 4
T T T
k-th coefficient a; in the Taylor series is % Thus, the Taylor series is |1 + = + o7 + 37 + a0 4+
- ! ! !
If we wanted to write this in summation notation, we would write E e

k=0

. We hope that, by using “polynomials of infinite degree,” we end up with something that is not just
an approximation for our function but is actually equal to the function. We don’t really know if this
is true yet. Taking on faith that e” is actually equal to its Taylor expansion about 0, can you write a
power series expansion (or “infinite polynomial representation”) of:

(a) e7* ¢
Solution. Since e¢* =1+ z + 2—? + g—? + ﬁ + .-+, we can get e just by replacing all of the
. . . 2 , at 2t 2 . .
2’s in the series for ® with —22: e™® =|1 —z° + o T ar + TR In summation notation,

o _2\k
e = Z ( Z') . We often simplify (—z2)F as [(—1)(22)]* = (—=1)¥2%*, so you might also see
k=0 ’
. oo a2k
this as Z(—l) o
k=0

(b) / = do?

Solution. If we believe that e =1 — 22 + “”2—? - g—? + % — -+, then it seems plausible that we

1 1 ad
can integrate this using the reverse of the Power Rule to get /e“”z dr =CHux— gﬂ?g + 5 % -
1 7 1 2° . .
- §+§I — -+-, where C is any constant.

(a) Write a general formula for the Taylor series of f(x) centered at 0.

Solution. We know it should look like ag + a12 + asz? + aga® + - - - where aj, = % So, it is

7 " ) X r(k)
F(0) + f(0)z + ) z? + 17(0) 2% + .-+ | In summation notation, it is E [0) 2k,
2! 3! =k

(b) What if you wanted to center at 57

Solution. Then, we would get ag + a1 (z — 5) + as(x — 5)% + ag(x — 5)% + - - - where ay, = )

k!
L0 52 L0 gy

In other words, we would get | f(5) + f/(5)(x — 5) +




Geometric Sums and Geometric Series

1. In your quest to become a millionaire by age 50, you start an aggressive savings plan. You open a new
investment account on January 1, 2008 and deposit $9000 into it every year on January 1. Each year,
you earn 7% interest on December 31.

(a) How much money will you have in your account on January 2, 20099 20109 2014% (Don’t try to
add or multiply things out; just write an arithmetic expression.)

Solution. On December 31, 2008, you will have $9000(1.07) because of the interest you’ve earned.
After you deposit $9000 on January 1, 2009, you will have $9000 + $9000(1.07).

On December 31, 2009, you will receive your interest, giving you $9000(1.07)+$9000(1.07)2. After
you make your yearly deposit on January 1, 2010, you will have $9000+$9000(1.07)+$9000(1.07)2.

Continuing this reasoning, you will have $9000 + $9000(1.07) + $9000(1.07)2 + - - - + $9000(1.07)°
on January 2, 2014.

(b) Will you be a millionaire by age 507

Solution. The answer will depend on when you were born. Let’s say that you were born in 1988.
Then, we want to know what has happened by the year 2038. Using the argument of part (a), on
January 2, 2038, you will have $9000 + $9000(1.07) + $9000(1.07)% + - - - + $9000(1.07)%°. To see
whether this is bigger than a million, we want some way to calculate this sum quickly.

Let’s call this amount S:
S = 9000 + 9000(1.07) + 9000(1.07)% 4 9000(1.07)3 + - - - +9000(1.07)%% 4+ 9000(1.07)3° (1)
Notice that if we multiply both sides by 1.07, we get something similar looking on the right side:
1.07S = 9000(1.07) + 9000(1.07)% + 9000(1.07)3 + - - - 4+ 9000(1.07)3° 4 9000(1.07)3*  (2)

Subtracting (1) from (2), most of the terms on the right side cancel, and we are left with 0.075 =

9000(1.07)3! — 9000, so § = L0LLDT=9000 _ 418 (57.37. So, you are not quite a millionaire,
but you are close!

2. If you suffer from allergies, your doctor may suggest that you take Claritin once a day. Each Claritin
tablet contains 10 mg of loratadine (the active ingredient). Every 24 hours, about 7/8 of the loratadine
in the body is eliminated (so 1/8 remains). !

(a) If you take one Claritin tablet every morning for a week, how much loratadine is in your body
right after you take the 3rd tablet? Tth tablet? (Don’t try to simplify your computations; just write
out an arithmetic expression.)

Solution. Immediately after taking the first tablet, you have 10 mg of loratadine in your body.
The following morning, only 1/8 of that is left, so you have 10 (1/8) mg in your body. You then
take another pill containing 10 mg, so you have a total of 10 + 10(1/8) mg of loratadine in your
body.

The following morning, 1/8 of that remains, or [10 + 10(1/8)](1/8) = 10(1/8) + 10(1/8). You
then take another pill containing 10 mg, so you have a total of 10 + 10(1/8) 4+ 10(1/8)* mg of
loratadine in your body after taking the 3rd pill.

I This estimate comes from the fact that the average half-life of loratadine is known to be 8 hours.



Continuing this reasoning, you will have 10+10(1/8)+10(1/8)?+10(1/8)3+10(1/8)*+10(1/8)°+
10(1/8)% mg in your body after the 7th pill.

If you take Claritin for years and years, will the amount of loratadine in your body level off ? Or
will your bloodstream be pure loratadine?

Solution. Right after you take the n-th pill, you will have 10+ 10(1/8) + 10(1/8)% + 10(1/8) +
-+ +10(1/8)""! mg of loratadine in your body. Let’s call this amount S,,. We are wondering
what happens to S, as n gets very large.

We use the same trick we used in #1(b) to get a closed form expression for S,,. We said that
S, =10+10(1/8) + 10(1/8)* 4 --- + 10(1/8)" % + 10(1/8)"* (3)
Multiplying both sides by 1/8, we get that
(1/8)S,, = 10(1/8) +10(1/8)* + 10(1/8)% + - -- +10(1/8)" ' + 10(1/8)" (4)

If we subtract (4) from (3), most of the terms on the right side cancel, and we are left with
(7/8)S, = 10 — 10(1/8)™. Dividing both sides by 7/8, S,, = %

Using this expression for S, it is easy to see what happens as n getb bigger and bigger: (1/8)"

gets closer and closer to 0, so % gets closer and closer to 7—/8 = %. Thus, over time, the

amount of loratadine in your body gets closer and closer to & 7 mg.

3. For what values of x does the geometric series 1+ x + 2% + - - converge? 2 If it converges, what does
it converge to?

Solution. This is a geometric series a + ar + ar? + ar® + --- with @ = 1 and r = 2. Therefore, we

know that it diverges when |z| > 1. When |z| < 1, it converges to .

x

4. Which of the following series are geometric?

(b)

i k2k+1

k=1

Solution. A geometric series is a series of the form a + ar + ar? + ---. To decide whether the
given series is geometric, we want to see if it matches this form. It’s helpful to write out the first
few terms. When k = 1 we have = ) 2 _ 4 . When k = 2, we have % = g. When k = 3,
we have & ?3 2t _ When k= 4 we have 1321 2 _ % So far, it looks like it could be the
geometric series a + ar +ar? 4+ ar® + - witha = —3 and r = —%.

To see if this is correct, let’s compare the k-th terms. The k-th term of the given series is
_1\kok+1 . . . . +1
(1)37;@2, while the k-th term of the geometric series is ar*~1. So, we are hoping that % =

(—%) (—%)k_l. If you multiply out the right side, you will see that this is indeed the case, so the

given series is geometric with a = —% and r = —%.

=1
>

2We could also write this series in summation notation as E z".

k=0



Solution. If we write this series out, it is 1 + é + 2% + 6%1 +---. We can already see that it’s not
geometric because the terms don’t have a common ratio. (To elaborate: if it was geometric, the
first term would be a and the second term would be ar; this means that a would have to be 1,
and r would have to be %. But then the third term isn’t right.)

=2
Z 3n/2°

n=1

Solution. We could also write this series as 31% + % + 33% + 3% + - -+, which looks like it might

2 _ 1
iz and 7= 5.

be geometric with a =

ey . . -1 o
To check if this is correct, we want to see if the n-th term is ar®~1 = 311/2 (311/2)" , and it is.

So, the series is geometric with a = 312/2 and r = 31%




Series

1. Suppose you know that the infinite series a; + as +asz+ -+ 4+ a, + - -+ converges to s and that ax > 0
for k any positive integer. Let s, = a1 + as + a3 + --- + a,. For each of the following statements,
determine whether the statement must be true, could possibly be true, or must be false.

(a) lim a, =0.

n—oo

(b) lim s, =0.

n—oo

(¢) There exists a number M such that s, < M for all n. (This is equivalent to saying that the
partial sums are bounded. Why?)

(d) Zak converges.
k=5
Solution. (a) must be true, (b) must be false, (¢) must be true, and (d) must be true. (See the

solutions to Homework 15 for more details.)

2. Suppose you know that lim b, = 0. Can you be sure that the infinite series by +ba+bs+- -+ converges?

n—oo

Solution. Noj; the harmonic series in #5 is an example of a series that diverges even though its terms
tend to 0.

3. (a) Give an example of a sequence (ordered list) of numbers such that the numbers are increasing but
are bounded.

Solution. 0.9,0.99,0.999,0.9999, 0.99999, ... is one such example.

(b) Give an example of a sequence (ordered list) of numbers such that the numbers are increasing and
are not bounded.

Solution. 1,2,3,4,5,.. ..

(¢) Give an example of a sequence (ordered list) of numbers such that the numbers are bounded but
have no limit as n — oo.

Solution. 0,1,0,1,0,1,0,1,....

4. (a) A sequence which is both monotonic and bounded
must converge could either converge or diverge must diverge

Solution. Must converge. This is the Monotonic Sequence Theorem.

(b) A sequence which is monotonic but not bounded
must converge could either converge or diverge must diverge
Solution. Must diverge.

1 1 1
=14+ -+ -+ -+ (called the harmonic series).

=1
5. Consider the series —
onsiaer € series ; /f 2 3 4



(a)

(b)

Does the sequence of terms converge? If so, to what does it converge?

Solution. Yes, the terms 1, %, %, i, ... are getting closer to 0.

Does the sequence of partial sums converge? If so, to what does it converge?
Solution. The sequence of partial sums does not converge. The sequence of partial sums is

definitely increasing (every partial sum is bigger than the previous partial sum). So, if we knew
the sequence of partial sums was not bounded, we could conclude that it didn’t converge (by

#4(b)).

One way to see that the sequence of partial sums is not bounded is to look at them graphically.
The partial sums can be represented as areas. For instance, the 5th partial sum is 1+ % + % + % + %,
which we can represent as the area in these 5 boxes:

2

=1/x

1 2 3 4 5 6 7 8

6
1
As we can see, the 5th partial sum is therefore bigger than / — dx. In general, the n-th partial
1 T

n+1 n+1 1
sum is bigger than / — dz. Taking the limit as n — oo of / — dx gives us the improper
1 €T 1 x

(o]
integral / — dz, which we know diverges. So, the sequence of partial sums also diverges.
1

The other way to understand these partial sums is using a clever trick. Let’s look at the partial
Sums Si, S2, 54, S8, S16, - - --

s1 = 1
1
So = 1—|—§
s, = 1+1+(1+1>
2 3 4
> 1+ (3+5)
2 4 4
B 11
= 1+§+§
N e .
2 3 4 5 6 7 8
2 4 4 § 8 8 8
= 1+1+1+1
2 2 2



si,6 = 1+

|
e
.
!
:

Since this pattern continues, there is no way that the sequence of partial sums can be bounded.

o0
Does the series E converge?
k=1

!
z

Solution. This is really the same question as (b); the sequence of partial sums diverges, so the
series diverges.

oo

1
Does th ) E —_ ¢
oes the series 100000000k Comverge
k=1010
— 1 = 1
Solution. No. We know that g % diverges. Therefore, the series g 100000000k diverges (the

k=1 k=1
whole thing has just been multiplied by a constant). We know that the beginning terms of a series
do not affect its convergence, so if we start with the 10°-th term, the series still diverges.

6. See if you can determine whether each of the following series converges or diverges by using the Nth
Term Test for Divergence, results about geometric series, or some sort of comparison to series you
know about.

(a)

1
2 5

k=100

Solution. This is basically the harmonic series multiplied by %, except that the first 99 terms
are missing. Neither of things affects convergence, so this series , just like the harmonic

series.

e —1)k9k
>

k=3

o0 k
2
Solution. We can rewrite this as E <—§> , which is a geometric series with common ratio

k=3
—%. We know that such a series .
= (~1)3"
—
k=4 2

o0 k
3
Solution. We can rewrite this as E <—§> , which is a geometric series with common ratio

k=4
—%. We know that such a series . Alternatively, you could use the Nth Term Test for
-1 k3k
Divergence: klim % does not exist, so the Nth Term Test for Divergence tells us that the
c— OO

series cannot converge either.

w



(d)

o0
Inn

n
n=1

Solution. Intuitively, we know that a series converges if its terms go to 0 “quickly enough.” The
terms of this series do go to 0, but IHT" > % when n > e, so the terms of the given series go to
0 more slowly than the terms of the harmonic series. Since we know that the harmonic series
diverges, we should guess that this series diverges also.

To make it more precise mathematically, we could say that the partial sums of this series grow
more quickly than the partial sums of the harmonic series. Since the partial sums of the harmonic
series already grow without bound, the partial sums of this series also grow without bound, so

this series | diverges |
o0
>
Inn’
n=2

1
Solution. We can use the Nth Term Test for Divergence: lim I lim = lim =00
n—oo h’ln n— 00 ]_/TL n— 00

(using L’Hospital’s Rule in the first step). Since the terms of this series do not tend to 0, the
series .

o0
Z sinn.
n=0
Solution. Again, we can use the Nth Term Test for Divergence: lim sinn does not exist, so the

n—oo
series | diverges |.



Comparison

1. Use the Comparison Test (also known as “direct comparison”) to decide whether the following series
converge or diverge.

Solution. When n is really big, 3" is much much bigger than y/n, so it seems like the terms
of this series are affected more by 3™ than /n. Therefore, let’s compare to the geometric series

o0 o0
1 1 . . 1 .
nE 1 3 . Whenn >1,0< \/_3" < 3w. The geometric series ;,1 3 converges (the common ratio

— 1
is 1/3), so the Comparison Test tells us that Z \/_—3 also converges.
n n

=1
2

Solution. If we “unpack” the summation notation, we get 1 + % + % + 2—14 + ﬁ + +--. These
terms seem to go to 0 pretty quickly — certainly more quickly, say, than the geometric series
1
1+ % + i + % + - -+, which we know converges. So, let’s compare to the geometric series Z o T
n=1

(Why is it 277! instead of 2", you might be wondering? Because we're starting with n = 1, but
we want the first term in the geometric series to be 1.)

We’d like to say that 0 < % < 2,%1 The first inequality is obvioubly true. Now, i, means
1.1 .1 ...11 :—-—-—--%,whilez%lmeans%-%-%--~ Both products have n — 1

terms, and all of the terms in the product for 2,%1 are at least as big as the corresponding term
o0

2,}_1. Since Z 5
n=1

1
series with common ratio 1/2), the Comparison Test tells us that Z - also converges.
n!

n=1

n % So, it is indeed the case that 0 < % < T converges (it’s a geometric

oo

> 2

Z n
1n3—n+1000.

n—=

Solution. You might have the intuition that the terms #JZAOOO ‘grow like” ”—3 = %, so the
o0 o0
1 1
series should act like Z — and diverge. To verify this, we should compare to Z —
n=1 n n=1 n
Let’s try: we want to say that 0 < % < #42-1000' The first inequality is always true, but the

second inequality is only true when n® > n® —n + 1000, or n > 1000. This isn’t a big problem
though; as we know, the beginning terms of a series don’t affect convergence.

o0
1
So, here’s the appropriate reasoning: 0 < % < m when n > 1000. We know that Z -
n=1000

diverges (this is the harmonic series without the first 999 terms, and we know the harmonic



e 2

n
series diverges). Therefore, the Comparison Test tells us that Z

- also diverges.
oo ™ — n+ 1000

n2

Adding in finitely many terms at the beginning doesn’t affect convergence, so Z 7~ n 1000
n3—n

also diverges.
> i
“—In(l+mn)

Solution. The only series we understand so far are geometric series and the harmonic series. We
know that In z grows more slowly than x, so it seems like we should compare this to the harmonic
series.

By graphing In(1 + z) and z, we can see that In(1 + a:) <z when z > 0, so

> = >0 for

3=

1(+)

n > 1. Therefore, the Comparison Test tells us that Z I diverges.

o
— In(1+n)

(To prove that In(1 + z) < x, you could do something like this: using what you learned in Math
la, you can show that the global minimum of z —In(1+ ) is 0. This means that x —In(1+x) > 0
for all , so x > In(1 + z).)

2. True or false: If {a,} is a sequence with positive terms and lim a, = 0, then there is a number k
n—oo

such that a,, < 1 whenever n > k.

Solution. Roughly, the statement is saying that, if {a,} is a sequence of positive numbers whose limit
is 0, then after a while, all of the numbers in the sequence must be less than 1. This is true; after all,
if the limit is 0, that means all of the terms in the sequence must stay really close to 0 after a while.

3. Decide whether the following series converge or diverge using any method you like.

00
E cosn.

n=100

Solution. We know that a series converges if its terms go to 0 “quickly enough”. In this case,
the terms aren’t going to 0 at all!

To make this precise, lim cosn does not exist, so the Nth Term Test for Divergence says that

n—oo

the series will diverge.

> s

k=1

k2k+1

oS k
_1)k.9. -2
Solution. We can rewrite the k-th term as (1);732]6 =2 (‘TQ)k, so the series is E 2 <?) .

This is a geometric series whose first term is —g and whose common ratio is —% Therefore we
know that this series converges.

140+ (=) +14+0+ (1) +14+0+ (=1) +---

Solution. One way to approach this is simply to write down the sequence of partial sums:
1,1,0,1,1,0,1,1,0,.... Since the sequence of partial sums diverges, the series diverges. (This is
using the definition of convergence/divergence of a series, not any particular test.)



Alternatively, we could use the Nth Term Test for Divergence: the sequence of terms is a; =
l,a0 =0,a3 = —1,a4 = 1,a5 = 0,a6 = —1,.... Since lim a, does not exist, the Nth Term Test
n—oo

for Divergence says that the series must diverge.

o0
Inn

n
n=1

Solution. We can compare this to the harmonic series: L2 >

- > 0 as long as n > 3. The series

1

<1 . ) “Ilnn . . .

E — diverges, so the Comparison Test tells us that E —— diverges as well. Adding on finitely
n n

n=3 n=3

o0
N , . . Inn
many terms at the beginning doesn’t change whether a series converges or diverges, so —

n=1
diverges.



More Comparison

o0
1
1. For what values of p is the p-series g — convergent?
I n

n=1

Solution. If we let f(z) = -L, then the terms of our series are just f(1), f(2), f(3),.... Also, f() is

positive, continuous, and decreasing on [1,00), so we can use the Integral Test. The Integral Test says
o0

1 <1
Z - and / - dx either both converge or both diverge.
n 1

T
n=1

> 1 = 1
We know that / —, converges when p > 1 and diverges when p < 1. So, the p-series Z — converges
1 xX n

n=1

when p > 1 and diverges when p < 1.

o0
2. Does the series Z 3 converge or diverge?
n2 —
n=2

o0
Solution. This looks quite similar to Z —, but direct comparison doesn’t work too well because
n

n=2

1
—-

o0
n2171 > # Instead, we’ll use the Limit Comparison Test and compare to Z N
n=2

. 1/(n*—1) : n? . =1 o .
We have lim ————= = lim = 1. Since Z — converges (by #1), the Limit Comparison
n—oo  1/n? n—oon? — 1 = n?
o n=
Test says that Z ] converges.
n=2
— 3
. ) P
3. Does the series Z T converge or diverge?
k=1
o0
Solution. When £ is large, 8,63—4 ~ %. The series Z 3k is geometric with common ratio %, so it
k=1

converges. Therefore, we expect our series to converge as well. However, we can’t compare directly

because 8’“3TQ > sik Instead, we’ll use the Limit Comparison Test to compare these two series.
3/(8F —2 gk = 3
We have kILIgO % = klirgo T 1. Since kZ:l oF converges, the Limit Comparison Test says
o0 3 n
that Z 3 converges as well.
k=1
4. Otto is given the following problem for homework.
o0
Decide whether the series Z sin?(7n) converges or diverges. Explain your reasoning.
n=1

Otto writes



o0 o0
The improper z'ntegml/ sin?(rx) dz diverges, so Z sin(7n) also diverges by the Integral
1 n=1

Test.

Otto is correct that the improper integral diverges (although he should have shown more work!). But
the rest of his reasoning is incorrect — why? And what is the correct answer to the problem?

Solution. The Integral Test doesn’t apply to Otto’s problem because the function sin®(mz) is not
a decreasing function. In fact, using the Integral Test gives Otto the wrong answer: sin’(7n) = 0
whenever n is an integer, so the series in Otto’s problem is just 0 + 0+ 0+ -- -, which converges.

. Let Y a, and Y b, be series with positive terms. The Limit Comparison Test only applies when

. (2 ..
lim — is a positive real number.

n—oo

(a)

n

. Gnp .
If lim — =0, can you draw any conclusions?
n—oo Op

a
Solution. Intuitively, the fact that lim — = 0 means that a, goes to 0 a lot more quickly than

n—oo n

by. So, if > b, converges, then »_ a, converges.

In fact, you showed this in Problem Set 17 (#38a from Stewart §8.3).

If > b, diverges, Y a, could still converge; an example is a,, = % and b, = 1.

. Gnp .
If lim — = oo, can you draw any conclusions?

n—oo n

a
Solution. Intuitively, the fact that lim — = oo means that a,, goes to 0 a lot more slowly than

n—oo n

by,. So, if > b, diverges, then Y a,, diverges as well.

a

To make this mathematically correct, we can use the Comparison Test. The fact that lim — =
n—oo n

oo means that, eventually (when n is big enough), ZT’Z will always be greater than 1. So, eventually,

an > by, and the Comparison Test says that Y a, will have to diverge since > b, does. (Just

like in #1(c) from the “Comparison” handout, it’s not true that a,, > b, for all n, just when n is

big enough. But that’s fine because we know the beginning terms of a series don’t affect whether

it converges.)

If > b, converges, we can’t draw any conclusion about _ a,.



Absolute and Conditional Convergence

S 1 11
1. Does the series Z(—l)k‘HE =1- 3 + 3
k=1

called the alternating harmonic series.)

+ — — -+ converge or diverge? (This series is often

1
5

R

Solution. To see if the series converges, let’s see if we can apply the Alternating Series Test. The terms

1
are decreasing in magnitude: l%i—l < % In addition, the terms approach 0: klim — = 0. Therefore, the
—00
o0
1
Alternating Series Test applies, and we can conclude that Z(_l)kHE converges.
k=1
11 1 1 . ) ) . .
2. In fact, 1 — 3 + 371 + TS In2. Write a finite sum which estimates In2 with error of less than

0.001. Is your approzimation too big or too small?

Solution. The Alternating Series Estimate tells us that the magnitude of the error in using the
n

n-th partial sum s, = Z(—l)k'“% is at most the magnitude of the next term, or n+r1 That is,
|s — sn| < %-H We W&HIE:|<1S — sp| < 0.001, so let’s find an n satisfying n+_1 < 0.001. (Then we’ll have
|s — sp| < %-H < 0.001.)

To get W%H < 0.001, we need n + 1 > 1000. The smallest n which makes this work is n = 1000, so we
can use the 1000th partial sum |1 — % + % — % + % ————— ﬁ + ﬁ .

To determine whether our approximation is too big or too small, let’s go back and look at our diagram
of partial sums. Here it is, with the actual sum s in red:

1/5

L
1/4
| 1/3 i
: 1/2
: 1
0 S % S %S s

From the diagram, we can see that the even partial sums ss, s4, Sg, . . . are all .

- 1 1 1 1 1
3. Is the alternating harmonic series Z(—l)kH— =1- 3 + 371 + 5 absolutely convergent?

k
k=1



Solution. Asking whether the series is absolutely convergent is the same as asking whether the series

1 1 1
Z — =14 =4 =+ --- converges. This is the harmonic series, which diverges. Thus, the series

- 1
Z(_l)kHE is not absolutely convergent.

. Determine whether each series converges or diverges. If it converges, does it converge absolutely or
conditionally?

DL

k=1

Solution. We can apply the Alternating Series Test: \/klﬁ < ﬁ and lim — = 0, so the

Jin 72

converges.

Alternating Series Test says that
g y ]; 7

o0
To decide whether it converges absolutely, we look at the series of absolute values, Z \/_ This

o0
—1)k
is a p-series with p = %, and we know that diverges. So, Z (=1

o vk

‘ converges conditionally ‘

= sink
®) 2.5
k=1 ’

Solution. This series is not an alternating series, so we should not even try the Alternating Series
Test. All of our other tests involve serieb with positive terms, so let’s look at the series of absolute

values first. That is, we’ll first look at Z |smk|.

1
We can use the Comparison Test here: 0 < |q’]§,k‘ < % We know that Z o converges (see
k=1
o .
sin k
#1(b) from the “Comparison” handout), so Z | 1 | converges.
k=1 ’

sin k
This means that Z N ‘converges absolutely ‘ We know that a series which converges abso-

lutely also converggs.

() D (-2)".

k=1

Solution. This is an alternating series, but the Alternating Series Test does not apply because
the terms are not decreasing in magnitude. That does tell us whether the series converges though.

Instead, notice that the terms aren’t going to 0O: klim (—2)* does not exist. So, the Nth Term Test
—00

for Divergence says that the series . (Alternatively, you could justify by saying that the
series is geometric with common ratio —2.)



5.

(a)

o oo 22k
The Taylor series for cosx about 0 is 1 — o + T +oe= ];)(—1)k+1m. Show that, if

you plug in any value of x with —0.5 < x < 0.5, the series converges.

Solution. We will show that we can apply the Alternating Series Test. If —0.5 < x < 0.5, then
2(k+41) 2k
BEIOT S G
smaller numerator than the expression on the right (in the numerator, = is raised to a higher

exponent, and |z| < 1). So, the first condition in the Alternating Series Test is satisfied.

This is true because the expression on the left has a bigger denominator and

2k
Next, we need to show that klim m = 0. In fact, klim 2%% = 0 (since = is between —0.5 and
2k '
0.5), so kllrrolo 2n =0 as well.

Therefore, the Alternating Series Test applies, and we can conclude that the series converges.

In fact, the series converges for all ©, and cosx is actually equal to the series; that is,

2?2zt S

cosle—g—i-z—a-l-'”

Suppose you use the approrimation cosx ~ 1— IQ—T + % to approximate cosx when —0.5 < x < 0.5.

Find an upper bound for the error. (This means: find a number U that you can show is bigger
than the error.)

Solution. The Alternating Series Estimation Theorem tells us that the magnitude of the error

is at most that of the first unused term, which is %? Since |z| < 0.5, the error is at most

05° ~ 0.0000217014.



Ratio Test

1. What does the Ratio Test tell you about the following series?

= 1000*
k+1
(a) Z(—l) T
k=0
k+1
T (G Rt i I 11 | | L B ¥ 1000 ,
Solution. Since kllnio o wlglok = lim &+ DT-1000F = kli{go P 0, the Ratio

Test says that the series ‘ converges absolutely ‘

=
NE
Lol

~
Il
—

1
k41
1

k
know the series diverges.)

Solution. lim

k—o00

k—oo |k +1

k
= lim ’—‘ = 1, so the Ratio Test is . (Of course, we

— 1
(c) Z w2
k=1
1 . 2
Solution. lim (ktl) = lim ‘72 = 1, so the Ratio Test is . (Of course,

we know the series converges.)

2. When we studied Taylor series, we found that the Taylor series for sinx about 0 was x—%—?—l—ﬁ—?—?—?—i—- S
o 2k+1

x
which can be written in summation notation as Z(—l)k

2 m For what values of x does this series

converge?

Solution. We'll use the Ratio Test:

22(k+1)+1
(_1)k+1 : x2k+3 . (Zk‘ 4 1)!

lim RO gy (2 TR )
k00 (_1)1@% k—oo | (2k 4 3)! - x2k+1
- lim ‘x—Ql
k—oo | (2k + 3)(2k + 2)
= 0.

(Since we're taking the limit as k tends to infinity, we treat = as a constant when taking the limit.)
Therefore, the Ratio Test says that, no matter what x is, the series converges absolutely. That is, the

series ‘ converges absolutely for all x ‘

3. When we studied Taylor series, we found that the Taylor series for In(1+x) about 0 was x — %2 + é —
oo

k
. k12

-+ -+, which can be written in summation notation as Z(—l)
k=1

. For what values of x does

this series converge?



Solution. We use the Ratio Test:

(_1)(k+1)+1% 2L

k—oo (lf+ 1) 'Z‘k

k—oo

xk
(—1)k+12t

= lim

k—o00

T

=
= |zl

By the Ratio Test, the series converges absolutely when |z| < 1 and diverges when || > 1. However,
the Ratio Test is inconclusive when |z| = 1, so we’ll have to test x = +1 separately.

1 1 1
When z = 1, the series is 1 — 3 + - - 1 + ---. This is the alternating harmonic series, and we’ve

seen that this converges conditionally. (See #1 from the “Absolute and Conditional Convergence”
handout.)

1 1
When x = —1, the series is —1 — 573 1" which is just —1 times the harmonic series, and we

know that this diverges.

So, our final answer is:

o0 e converges absolutely when |z] <1
Z(—l)k"’l? diverges when |z| > 1orxz=—1
k=1 converges conditionally when x =1

. Decide whether the following series converge absolutely, converge conditionally, or diverge. You may
use any method you like, but explain your reasoning. There is one that you will not be able to do (this
is not due to a personal failing; it’s just that all of the tests that we know are inconclusive).

(@) Y=

n=1

Solution. When sin or cos appears in a series, it’s often helpful to use the comparison test and
the fact that |cosz|, |sinz| < 1. Remember that we need a series with positive terms to use the

o0
cosn
comparison test. So, let’s look at the series of absolute values, Z | 5 |

n
n=1

o0
1
Since 0 < |CZ—Z”' < n—12 and g —; converges (it’s a p-series with p = 2), the Comparison Test says
n
n=1

=\ | cosn|
that » —
n=1

converges.

o
cosn
This tells us that

‘ converges absolutely |.

= nln!
b > )l
n=100



()

(d)

Solution. This has lots of factorials, so the Ratio Test is a good test to try.
(n+1)!(n+1)!
@t | (n+1)!(n+1)!(2n)!

(’;!T’L’)!! n—o0 nin!(2n + 2)!

lim

n—oo

—  lim (n+1)(n+1)
n—oo (2n + 1)(2n + 2)
— lim n2+2n+1

n—oo 4n2 4+ 6n + 2
1

4

Therefore, the Ratio Test says that the series | converges absolutely |.

o0 .
Zslnn
o .

n=0

Solution. None of the tests we know work here.

oo
Inn

o
1
Solution. We will use the Comparison Test: 0 < % < i when n > e. We know that E —
n

n
n=3

o0
Inn
diverges (it’s the harmonic series), so the Comparison Test says that E — diverges, too. Adding
n
n=3

(o]
Inn
on a term at the beginning doesn’t affect convergence, so E — also .
n

n=2

; n+1n3+1

Solution. When n is really big, (—1)"*! 15 ~ (=1)""' 2% = (-1)"*'-5. We know that the
series Z o converges (it’s a p-series with p = 2), so we can guess that the given series is probably
absolurézlly convergent.

oo
To verify this, we’ll compare the series of absolute values Z B Z using the Limit

=1
Comparison Test (we are allowed to use the Limit Comparlbon Test becaube both of these series

have positive terms; however, we may not use the Limit Comparison Test with the original series
since it has both positive and negative terms).

n 3 (o) oo
. . 311 . n n ..
Since lim =~ 1+ = lim —— =1 and E converges, E ——— converges by the Limit
n—oo  — n—oo n3 1 TL3 +1
n n=1 n=

Comparison Test. This means that 2:(—1)’”r1

n=1

converges absolutely |.

my



M) > (D

n=>5000

Solution. When n is really big, (—1)"*' 2y ~ (=1)"*1Z = (=1)". These aren’t going to 0,

so we should use the Nth Term Test for Divergence: lim (—1)"% does not exist (half of the
n—oo n

terms are getting closer to 1 while the other half are getting closer to —1), so the given series

diverges |



Power Series

oo

A power series centered at the number a is a series of the form E cn(x —a)”™ where x is a variable and

n=0

the ¢,, are constants.

o0

1. For what values of x does the power series Z nlz" converge? (This series is centered at 0.)

n=1

o0

Theorem. For a given power series E en(xz — a)" centered at a, there are 3 possibilities:
n=0

1. The series converges only when x = a.
2. The series converges for all x.

3. There is a positive number R such that the series converges when |z — a| < R and diverges when
| —al] > R. R is called the radius of convergence. (Note that this doesn’t say anything about
what happens when |z — a| = R.)

The interval of convergence of a power series is the set of x for which the power series converges.

X 9n
2. Find the radius of convergence and interval of convergence of the power series Z —(x —3)".
n=1 n
[e.e]
3. We know that the power series Z z™ converges to ﬁ when |z| < 1. Find a power series representation

n=0
of the function 77—. What is the radius of convergence of this power series?



o0
Theorem. If the power series Z ¢n (2 —a)™ has radius of convergence R where R > 0 or R = oo, then

n=0

the function f(z) = Z cn(x — a)" is differentiable on the interval (a — R,a + R) and

n=0

1. fl(x) = chn(x —a)" L.

oo

2. /f(x) d:sz—l—nz_:Onc_zl(x—a)”“.

The power series in (1) and (2) both have radius of convergence R. (Note: Although the radius of
convergence remains unchanged, the interval of convergence may change.)

4. (a) Find a power series representation for In(1 4 x) centered at 0. What is the radius of convergence
for the power series you have found? (Hint: What is the derivative of In(1 + x)?)

(b) Find the degree 5 Taylor polynomial approximation of In(1 + x).

5. Find a power series representation of arctan(5x) centered at 0. What is the radius of convergence of
the power series you have found?



More on Power Series

o0
1. Suppose we have a power series Z en(z+7)".

(a)

n=1
If you know that the power series converges when x = 0, what conclusions can you draw?

Solution. The power series is centered at —7, so the fact that it converges at = 0 means that
the interval of convergence is at least (—14, 0].

Suppose you also know that the power series diverges when x = 1. Now what conclusions can you
draw?

Solution. The interval of convergence is at most [—15,1).

o0
Does E ¢n converge (assuming that the power series converges when x = 0 and diverges when

n=1
x=1)%
Solution. This is the power series when x +7 = 1, or z = —6. In part (a), we found that —6

must be in the interval of convergence, so the series [ converges].
o0

Does E cn(—8.1)" converge?
n=1

Solution. This is the power series when x +7 = —8.1, or x = —15.1. In part (b), we found that

—15.1 cannot be in the interval of convergence, so the series .
o0

Does Z cn(—8)" converge?
n=1

Solution. This is the power series when x+7 = —8, or # = —15. Neither (a) nor (b) tells us what

must happen, so there is ‘ not enough information‘ to determine whether the series converges.

oo x2n+1
Taking for granted that sinx = Z(—l)”
n=0

m for all z, find the Taylor series of xsin(a®) at
n !

0.
Solution. The theorem tells us that, if we can find a power series representation of x sin(z?),

then that is the Taylor series. So, rather than trying to find the Taylor series directly (by taking
derivatives), let’s look for a power series representation of z sin(z?).

We are told that

) e x2n+1
sinz = Z(—l)"m for all .
n=0
Replacing = by % everywhere gives:
o0 6n-+3
: 3 _ n z
sSmr- = Z(—l) m,
n=0



still true for all = since the first equation was true for all x. Now, we multiply both sides by = to
get

) 5 s x6n+4
rsimxs = Z (— ].) m N
n=0

still for all x.
What is the radius of convergence of the power series you found in part (a)?

Solution. We said in part (a) that the power series representation was valid for all x, so the
radius of convergence of the series must be .

Let f(x) = xsin(z®). What is f'(0)? f*1(0)?

o 6n+4
olution. In part (a), we foun a ) = — xi. Unpacking the summation
Solut I t found that n"
s (2n+1)!
notation, f(z) = z* — ﬁ + ﬁ — -+-. Using this fact, there are two ways to solve the problem.
30 51
The slick way: The theorem says that, since f(z) = 2% — I; + I; — ot — % FEl s

! 51
)
the Taylor series of f(x) at 0. This means that the coefficient of the 2™ term is ! n!(o) (because

this is the formula we used to find the coefficients of the Taylor series).

111 (4)
So, L40 s

(because 1 is the coefficient of the z* term in 2% — 73—1,0 + T5—1,6 —-++). Solving, we get | f/(0) =0
and | f(0) = 4! |

=0 (because 0 is the coefficient of the z3 term in 2% — Tg—l,o + T5—1,6 —-+-) and

A slower, but equally valid method: Another way you can tackle this problem is to start

again with f(z) = 2* — Ts—l.o + T5—1,6 — -+ and just differentiate. We get:
fa) = oIt
flx) = 4a® - 1?;!”9 + 16;15 -
fla) = 4-302- 2 3'9“””8 + 16';?x14 L
) = 40320 10-9;!- 827 | 16- 155-!14;513 -
f@@) = 4.3.2- 10'9~3'8-7x6 N 16-15-;'4-13:512 B

If we plug in = = 0 to the last two equations, we get f/(0) = 0 and f*(0) =4-3-2.

Note: Either of these two methods should be a lot faster than just starting with f(z) = zsin(z?)
and differentiating that 4 times; this is one advantage of being able to write f(x) as a power series.
Of course, if you wanted to know £(190)(0), the first method is going to be a lot faster than the
second.

Find a power series representation of arctan(5x) centered at 0.

Solution. Let’s start by finding a power series representation of arctanx. Then we can replace
x by bz to get a power series representation of arctan(bx).



We know that the derivative of arctan x is 1-&-%

We start with:

1 o0
T = Zx , valid when |z| < 1.
-t n=0
Let’s replace by —x2:
1 oo
2\n : 2
5 22(—x )", valid when | — 2| < 1.
1+z o
We'll simplify the right side a little:
1 (o]
n,.2n : 2
5 = Z(—l) ", valid when | — 2| < 1.
1+ vt
Note that | — 22| = |2?| = |z|?, so saying | — 2%| < 1 is the same as saying |z|> < 1, or |z| < 1.

That is, the radius of convergence of the power series on the right is 1.

Now integrate both sides:
x2n+1

arctanx = C' + Z(—l)” .
! 2n+1

Integrating a power series doesn’t change the radius of convergence, so the radius of convergence
of this power series is still 1.

We need to solve for the constant of integration C'; we do this by plugging in = 0 on both sides
of the equation:
arctan0 = C' + 0,

so C' = 0. Therefore,
o0 x2n+1

arctanz = Z(—l)"

n=

2n+1°

Since the radius of convergence of this power series is 1, the power series converges when |z| < 1
and diverges when |z| > 1.

Finally, we replace x by 5x:

0 (5x)2n+1
arctan bxr = Z(—l)”i.
o 2n+1

The power series converges when |5z| < 1 and diverges when |52| > 1. It’s nice to simplify this a
little bit, so we end up with

0 2n+1
)

arctan bx = Z(—l) 2—Hx2"+1 .
n

n=

What is the radius of convergence of the power series you found in part (a)?

Solution. In part (a), we said that the power series converges when |5z < 1 and diverges when
52| > 1. In other words, the power series converges when |z| < 1 and diverges when |z > 1, so

the radius of convergence is E



4. In each part, find a power series that has the given interval of convergence. (Hint: If you get stuck,

try finding the interval of convergence of Z T )
n

(a)

n=1
(—6,0).
o0
Solution. We know the geometric series Z 2* converges when |z| < 1 and diverges when || > 1.
k=0

We're looking for something that converges when |x+3| < 3 and diverges when |x+3| > 3. Another
way of saying this is that we want something that converges when |””T+3| < 1 and diverges when

00 k

x4+ 3

|%| > 1. The geometric series E ( —; ) works. (Of course, there are infinitely many
k=0

other possible answers.)

(—1,3).

Solution. Now we want something that converges when |TT+1| < 1 and diverges when |”2'1‘ > 1.

One possibility is the geometric series Z < 5 )
k=0

Challenge: [—1,3).

Solution. This is more difficult because we can’t use a geometric series. (The interval of con-
vergence of a geometric series never includes its endpoints, but here we want to include the left
endpoint.) Rememeber that the times we’ve had series where one endpoint is included but the
other is not is when one endpoint gives us the alternating harmonic series (convergent) and the
other gives us the harmonic series (divergent). So, let’s try to make a power series where plugging
in x = —1 gives us the alternating harmonic series and plugging in = = 3 gives us the harmonic
series.

Using the hint, we’ll look at Z . This has an interval of convergence of [—1, 1), so it’s almost

what we want. Let’s try to stretch and translate the function so that its interval of converge will
be [—1,3). First, we want to stretch it so that the radius of convergence is 2 instead of 1. To do

o0
x/2)"
this, we replace x by 3: g u Next, we want to shift the center to 1: to do this, we replace
n

n=1

o0

xz by x—1: ZM,OI Z(zn_ilnn

n=1




Series Problems

1. Decide whether the following series converge or diverge. Explain your reasoning.

[ee]

2n° + 500n* 4+ n?
(a) Z 7 6
n’ + 200n

2. Use a second degree Taylor polynomial to approximate 33'/%.



(_1)nx2n

NR

3. We define a function f(x) by setting f(x) = Z for those z for which the series converges.

n=1

(a) Find the radius of convergence.

(b) Write a power series representation of f/(x), the first derivative of f. Use it to find a series for

f().

(¢) Write out the first three non-zero terms of your series for f’(1). At z = 1, is the function f
increasing or decreasing? Explain.



Differential Equations: An Introduction to Modeling

In #1 - #8, write a differential equation that reflects the situation. Include an initial condition if the
information is given.

1. The population of a certain country increases at a rate proportional to the population size. Let P = P(t)
be the population at time t.

Solution. The rate of change is %, and we also know that the rate of change is proportional to
P, so it’s kP for some k. (We know k must be positive because the population is increasing.) So,
P _

Cr=kP|

2. A snowball melts at a rate proportional to its surface area. At time 0, the snowball has a radius of 10
cm. Let r =r(t) be the radius of the snowball at time t.

Solution. The first sentence can be written as % = k(47r?) |, where k is a constant. (In this case,

k is going to be negative because the rate of change should be negative.) The second sentence can be

written as |7(0) = 10|,

3. A yellow rubber duck is dropped out of the window of an apartment building at a height of 80 feet. Let
s = s(t) be the height of the duck above the ground at time t. (Gravity is the acceleration —32 ft/s°.)

Solution. The rubber duck accelerates due to gravity, so|s”(t) = —32| We know that it starts at 80
feet above the ground, so | s(0) = 80| We also know that the duck is not moving at the beginning, so
its initial velocity is 0. That is, | s'(0) = 0]

4. Ferdinand is trying to fill a bucket from a faucet. Unfortunately, he doesn’t realize that there is a small
hole in the bottom of the bucket. Water flows in to the bucket from the faucet at a constant rate of
15 quarts per minute, and it flows out of the hole at a rate proportional to the amount of water W (t)
already in the bucket (due to the increased water pressure).

Solution. The rate of change of water in the bucket is %, which is equal to (rate of water coming

in) minus (rate of water coming out). The rate of water coming in is 0.75. The rate of water going out

is kW (t) where k is a positive constant. So, | 4 = 0.75 — kW |

5. A drug is being administered to a patient at a constant rate of ¢ mg/hr. The patient metabolizes and
eliminates the drug at a rate proportional to the amount in his body. Let M = M (t) be the amount (in
mg) of medicine in the patient’s body at time t, where t is measured in hours.

Solution. The rate of change of medicine in the patient’s body is equal to (rate in) minus (rate out).
The rate in is ¢. The rate out is proportional to the amount in his body, so it’s kM for some positive

constant k. Therefore, the appropriate model is dd—Af =c— kM|

6. $6000 is deposited in a bank account. The account has a nominal annual interest rate of 2%, com-
pounded continuously. There are no deposits and no withdrawals. Let M = M(t) be the amount of
money in the account at time t, where t is measured in years.



Solution. If ¢ = 0 is the time the money is deposited, then the first sentence is saying that
M(0) = 6000 | The second sentence is saying that dd—Af =.02M |.

$6000 is deposited in a bank account. The account has a mominal annual interest rate of 2%, com-
pounded continuously. Money is being withdrawn at a rate of $500 per year.! Let M = M(t) be the
amount of money in the account at time t, where t is measured in years.

Solution. The rate at which money is leaving the account is 500. Everything else is the same as in
the previous problem, so we have % =.02M — 500 | and | M (0) = 6000 |

A rumor spreads at a rate proportional to product of the number of people who have heard it and the
number who have not. In a town of N people, suppose 1 person originates the rumor at time t = 0.
Let y = y(t) be the number of people who have heard the rumor at time t.

What does this model imply about the number of people who eventually have heard the rumor?

Solution. The initial condition is y(0) = 1 since 1 person has heard the rumor at time 0. The rate of
change is proportional to the product of the number of people who have heard it (y) and the number

who have not (N — y), so % = ky(N — y) |, where k is a positive constant.

As long as not everybody has heard the rumor, the spreading rate is positive. Therefore, it seems like
eventually everybody will have heard the rumor.

The following problems are about solutions to differential equations.

9.

10.

11.

Which of the following is a solution to g—*;’ =y?

(a) y=2 +C.
(b) y=e*+C.
(c) y=Ce®.

Solution. . If y = Ce®, then g—;’ =Ce* =y.

Ify= %2 + C, then g—*;’ = x, which is not equal to y.

If y = e” + C, then % = e, which is not equal to y (unless C' = 0).

Give two solutions to % = 5y. What is the general solution?
Solution. A general solution is . Two specific solutions are e®® and —e®.

Give two solutions to to % = 5x. What is the general solution?

Solution. We actually know how to solve this already: the equation says we are looking for a function
of x whose derivative is 5z. That is, we want antiderivatives of 5z, and we know that the general

antiderivative is ng + C'|. Two specific solutions are ga:Q and ng —1.

n reality, you cannot withdraw money continuously from the bank, but it’s convenient to use a continuous model.



Slope Fields

1. Draw the slope fields for the following differential equations:



2. Draw the slope field for the differential equation % =y — 1. Sketch two solutions to the equation.

3. Which of the following is a solution to % =y—17
(a) y=Ce’
(b) y=Cel —t
(c) y=Cet—1
(d) y=Cet —1
(e) y=Cet +1

4. Which of the following is a solution to y” —y" — 6y = 07

(a) y=Ce'.

(b) y=Csin2t

(c) y=5e3t +e 2
(d) y=e¥ -2



Separation of Variables / Mixing Problems

1. Find the general solution of the differential equation % = 24— 2M. (Such a differential equation

came up, for instance, when we modeled the amount of medicine in a patient’s body.)

Solution. We can use separation of variables: m dM = dt.' Simplifying,

1 1

03 W -12 dM = dt.

Integrating both sides,
1

In|M —12| = .
03 n| |=t+C

Multiplying both sides by —0.2 gives
In|M — 12| = —0.2t — 0.2C.
Since —0.2C' is just an arbitray constant, we can give it a new name; let’s call it A. So,
In|M — 12| = A —0.02¢.

Then,
M — 12 = +ede 002,

Again, +e? is just an arbitrary constant, so let’s call it B. So,

M —12 = Be™ %%,

and ‘ M(t) =12 4 Be™ 002t 2

2. Last time, we solved the differential equation % = —% by drawing the slope field, guessing the solution,

and checking it. Now, solve the differential equation using separation of variables.

d
Y= _1 a5

Solution. We can rewrite P m

y dy = —t dt.

Integrating both sides,
Lo Lo
—y*=—=t"+C.
2 =t
Multiplying both sides by 2,
y? = —t2 +2C.

Since 2C' is still just an arbitrary constant, we can give it a new name; let’s call it A. So,

yQZA_tQa

and |y = £vVA — 12|,

I Technically, we can only do this if 2.4 — 0.2M # 0; if 2.4 — 0.2M = 0, which happens when M = 12, the original differential
equation is just % =0, so M(t) = 12 is a solution.
2Since B = 4e?, B should technically be non-zero. But we remarked earlier that M(t) = 12 is a solution, so B = 0 is also

okay.




3. Solve the differential equation % = e~ 7Y, and find the particular solution satisfying the initial condi-
tion y(0) = 1.

Solution. We can rewrite % —e 7Y a5
e¥ dy =e " dt.

Integrating both sides,

e =—e '+ C.
So, y(t) = In(C — e *). Plugging in the initial condition gives 1 = In(C' — 1), so e = C — 1, and
C =1+ e. So, our answer is ‘ y(t) =In(1 +e—e7t) ‘

4. Solve the differential equation i’ = 2y — 6.

Solution. First, y(t) = 3 is a solution.
If y # 3, we can rewrite the differential equation as % =2y —6,or Tlfﬁ dy = dt. To integrate both

sides, it’s helpful to rewrite the left side as % . y%ZS So, we have

1 1
-———d dt
/2y—3 Y /

%ln|y—3| = t+C
Inly—3] = 2t+ A where A =2C
ly—3| = edet
y—3 = =ete?
y—3 = Be* where B = +e?

Here, B can be 0 (because we started out saying that y(t) = 3 is a solution), or it can be +e4, which
accounts for any positive or negative constant. So, B can be any constant.

Y

5. Which of the following differential equations are separable? (You need not solve.)
(a) & =t+y.
() # = 5t
(c) % =snt 4y

Solution. (a) is not separable.

(b) is separable, for we can rewrite it as é dy = = dt.

(c) is not separable.

6. A 20-quart juice dispenser in a cafeteria is filled with a juice mixture that is 10% mango and 90%
orange juice. A pineapple-mango blend (40% pineapple and 60% mango) is entering the dispenser at
a rate of 4 quarts an hour and the well-stirred mizture leaves at a rate of 4 quarts an hour. Model
the situation with a differential equation whose solution, M(t), is the amount of mango juice in the
container at time t. (t =0 is the time when the pineapple-mango blend starts to enter the dispenser.)



Solution. Since M (t) is the amount of mango juice in the container at time ¢, ¢ 4 is the rate of change
of the amount of mango juice in the container. We know that this is equal to (rate at which mango
juice is entering the container) minus (rate at which mango juice is leaving the container).

Let’s first focus on the stuff entering the container. This is a pineapple-mango blend, entering at a rate
of 4 quarts per hour. Only 60% of this is mango juice though, so mango juice is entering the container
at a rate of .6 - 4 = 2.4 quarts per hour.

Now, let’s look at the stuff exiting the container. This is a blend of all of the juices, and it’s leaving at
a rate of 4 quarts per hour. What we need to know is what percent of this blend is mango juice. This is
simple if we think about what our variables mean: M (t) is the amount of mango juice in the container
at time t, while there is always 20 quarts of juice in all. So, the percentage of the 20 quarts which is

M(t) M t) M(t)
mango juice is . Therefore, mango juice is leaving the container at a rate of -4 = quarts
per hour.

So, our final differential equation is dd—Af =24- % . We also have an initial condition, since we know

how much mango juice is in the dispenser at the beginning: 10% of the 20 quarts, or 2 quarts. So, our
initial condition is M (0) = 2.

. Suppose that, in the previous problem, the mizture was leaving at a rate of 5 quarts per hour rather
than 4 quarts per hour. Model the new situation.

Solution. We still need to use % = (rate at which mango juice is entering the container) minus
(rate at which mango juice is leaving the container), and the rate at which mango juice is entering the
container is just like in the previous problem, 2.4 quarts per hour.

Let’s look at the stuff exiting the container. Again, we need to use the formula (rate at which mango
juice is leaving) = (concentration of mango juice in the mixture) times (rate at which mixture is
leaving). The rate at which the mixture is leaving is 5 quarts per hour. The concentration of mango
juice in the mixture is equal to (amount of mango juice in mixture) divided by (total amount of
mixture). The amount of mango juice is exactly M (t). The total amount of mixture is a little more
complicated. At time ¢t = 0, there is 20 quarts of juice in the container. However, because the juice
is entering at a rate of 4 quarts per minute and leaving at 5 quarts per minute, there is a net loss
of 1 quart per minute. Thus, after ¢ minutes, the amount of juice in the container is 20 — ¢. So, the

concentration of mango juice in the mixture at time ¢ is %—g, and the rate at which mango juice is

leaving the container is 55— - 5.

So, our final differential equation is dé‘f =24 250—%15 . Again, we have the initial condition M (0) = 2.




Second-Order Homogeneous Differential Equations with Constant Coefficients

1. Suppose f(t) and g(t) are both solutions to the differential equation ¢y’ +by’+cy = 0. Is C; f (t)+Cag(t)
a solution as well?

2. Can you guess solutions of " = y? Try to guess two solutions that are not just multiples of each other.

3. Can you guess solutions of y” = 4y? Try to guess two solutions that are not just multiples of each
other.

4. Solve y"" — 1y = 6y.



5. Solve y” + 5y’ + 4y = 0 where y(0) = 1 and y'(0) = 2.

6. Solve y"" — 4y’ + 4y = 0.

7. Show that, if the characteristic equation y” + by’ + cy = 0 has one repeated root 7, then y = te™ is a
solution to y” + by’ + cy = 0.



1.

4.

Second-Order Homogeneous Differential Equations with Constant Coefficients

Solve y" — 6y’ + 9y = 0.

Solution. The characteristic equation is 72 — 6r +9 = 0, or (r — 3)2 = 0. Since r = 3 is a repeated

root of this equation, the general solution is | Cye3* + Cote3t |

. Solve y'' +y = 0.

Solution. The characteristic equation is 7?4+ 1 = 0, and the roots are r = 4i. Since e = cost +isint
and e~ = cos(—t) + isin(—t) = cost — isint, two different solutions are cost and sint. Thus, the

general solution is | y(t) = Cy cost + Cysint|.

Solve y" — 2y + 5y = 0.

Solution. The characteristic equation is 72 — 2r +5 = 0. The roots of this are

2+ /22— 4(1)(5) 2+ /—16
2 2
2+ 4

2
= 1+2

So, we know two solutions are e T29% and e(1=29* and the general solution is Cje(! T2t 4 Che(1—20t,
We’re only interested in the real solutions, so let’s rewrite e(1+29% and e(1=29¢ to find the real solutions:

6(1+21)t et+2zt

— et . ez(Zt)

= e'(cos2t +isin2t)
= e'cos2t + el sin 2t

Similarly, e(1 =20 = e cos 2t — iet sin 2t.

Our general solution was Cpell+20t 4 C’ge(l_%)t, and we now know that we can rewrite this as
O (et cos 2t + iet sin 2t) + Cy (ef cos 2t — iet sin 2t). Re-grouping the terms, we see that we can write

this as ‘ Ajet cos 2t + Asel sin 2t ‘

(a) Solve y" + 2y' + 4y = 0 with initial conditions y(0) = 1 and y'(0) = 0.

Solution. The characteristic equation 72 4+ 2r + 4 = 0 has roots r = —2£y4-16 V24_16 = —1+ /3.
Therefore, two different solutions are e(Z1HVBE and e(-1-V3Dt We rewrite:
6(—1+\/§i)t _ 6—t+\/§ti
= eit . ei(\/gt)

= " Jeos (V) +isin (V3t)]

Following the same reasoning as in the previous problem, we see that the general solution is

y(t) = Cre~tcos (\/gt) + Chye~tsin (\/§t)

Let’s use the initial conditions to solve for C; and C5. The initial condition y(0) = 1 tells us
(' cos(0) + Cqsin(0) = 1. Since cos(0) = 1 and sin(0) = 0, we know that C; = 1.



To use the second initial condition, we first need to differentiate y(t):
y'(t) = Cy {—e‘t cos (\/gt) —V3etsin (\/gt)} + Cs [—e_t sin (\/gt) +V3e~t cos (\/gt)} .

Therefore, y'(0) = —C; + v/3C5. So, 0 = —1 4+ v/3Cy, and Cy = %

Thus, our final solution is | y(t) = e~ cos (v/3t) + \/Lge_t sin (v/3t

Interpret part (a) in terms of a vibrating spring. What is happening to the spring as time goes
on?

Solution. The differential equation y” + 2y’ + 4y = 0 describes a vibrating spring with fric-
tion. The initial condition y(0) = 1 says that the spring is initially stretched 1 unit beyond its
equilibrium position, and the initial condition y’(0) = 0 says that its initial velocity is 0.

Our solution was y(t) = et cos (\/gt) —I—%e’t sin (\/gt), ory(t)=e"t {cos (\/gt) + % sin (\/gt)} .
This function oscillates while decreasing in magnitude, and tlim y(t) = 0.

5. Which of the following differential equations has periodic solutions? What is the period?

(a) y' +2y — 3y =0.
(b) y' +2y+ 3y =0.
(c) y' +4y =0.
(d) y" + 4y = 0.
(e) y' —4y = 0.

Does this agree with your interpretation of the differential equations in terms of vibrating springs?

Solution. Let’s look at each one.

(a)

The characteristic equation is % + 2r —3 = 0, or (r + 3)(r — 1) = 0. So, the general solution is
Cre™3t + Coe?, which is not periodic. This differential equation can’t be interpreted in terms of
vibrating springs (y” + by’ 4+ cy = 0 is only the differential equation for a vibrating spring if b > 0
and ¢ > 0).

The characteristic equation is 72 4 2r + 3 = 0, which has roots r = %‘/jg = —14 /2i. Since
e(FIHV20t — o=t (i(V20) = ~t(cos /2t + isiny/2t), if we follow the reasoning we used in #3,
we find that the general solution is Cre~t cos(v/2t) 4+ Coe~tsin(v/2t). This is not periodic. This
differential equation describes a vibrating spring subject to friction (the fact that b > 0 means
there is friction), so it makes sense that the solution is not periodic. (Such a spring should vibrate
less and less over time rather than vibrating the same amount forever.)

The characteristic equation is 72 + 47 = 0, or r(r +4) = 0. This has roots r = 0 and r = —4,
so the general solution is Cy + Cye~*!, which is not periodic. This differential equation can’t be
interpreted in terms of vibrating springs.

The characteristic equation is 72 +4 = 0, or r = £2i. Since e?" = cos 2t + isin 2t, if we follow

the reasoning we used in #3, we find that the general solution is Cj cos(2t) + Cysin(2t). This
is periodic with period w. This differential equation describes a vibrating spring without friction
(since b = 0), and it makes sense that such a spring should oscillate back and forth periodically.



(e) The characteristic equation is 72 —4 = 0, or (r — 2)(r +2) = 0. This has roots 7 = 2 and r = —2,
so the general solution is Cie™2! 4+ Coe™2!, which is not periodic. This differential equation can’t
be interpreted in terms of vibrating springs.



Second-Order Homogeneous Differential Equations with Constant Coefficients

1. Which of the following differential equations has periodic solutions? What is the period?
(a) y" 42y — 3y =0.
(b) v +2y +3y=0.

)
)
(c) ¥y +4y =0.
(d) y"+4y =0.
(¢) ¥ — dy = 0.

Does this agree with your interpretation of the differential equations in terms of vibrating springs?

2. A spring with a mass of 5 kg has a natural length of 6 cm. A 20 N force is required to compress it to
a length of 5 cm. If the spring is stretched to a length of 7 cm and released, find the position of the
mass at time ¢. Sketch a graph of the position vs. time.



3. Match each differential equation with the graph of its solution. In each case, the differential equation
has initial conditions y(0) = 1, ¥'(0) = 1.

1 : 200000
/ 100000 A
all
2 27 a7 B \/ n
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(1) (2) (3)

(4) (5)
(a) v + 3y +2y=0.
(b) y" + 9y = 0.

(
(d

)
)

) y' =2y +y=0.
) v —y +10y = 0.
)

(&) ¥+ 3y +3y=0

4. Solve the differential equation y” + y = 0 with initial conditions y(0) = 0 and y/(0) = 1.



Systems of Differential Equations

We've used systems of differential equations to model interaction between species. Systems can also be used
to model disease epidemics.

Suppose that there is a large population of people, and some of the people have a fatal disease. This disease
is infectious, so anybody who doesn’t have the disease is susceptible to getting it. Let I(¢) be the number of
people infected at time ¢, and let S(¢) be the number of people who are susceptible at time ¢.

1. How could you model this situation with a system of differential equations? You may ignore birth and
death, except for death due to the disease, which you should include. (There are many many different
answers; when in doubt, opt for simplicity.)

2. Using common sense, find the equilibrium points in this model. (You do not need to use the differential
equations you found in #1; just think about the situation.)

3. Using common sense, sketch some typical phase trajectories in the phase plane.




4. A reasonable system for the situation described is:

ds

A T
dt
I 000175 — 0.11
dt

Sketch the phase portrait for this system. (Be sure to draw the nullclines and equilibrium points.)

5. If the population starts with 50 infected people and 200 susceptible people, what will happen in the
long run?
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1. Find the diagram which matches the system.

(1) % =y and % = —2x.
(i) 4 =y and % = 3y.

2. (i) Suppose that the system % = f(z,y) and % = g(z,y) has phase portrait (e). Sketch possible
graphs of z(t) and y(¢), assuming 2:(0) = 0 and y(0) = 3.

(ii) Do the same thing for (g).




3. Solve the system 92 =y and % = 3y with initial conditions x(0) = 0 and y(0) = 3.

4. Solve the system 22 = y and % = —2z with initial conditions 2(0) = 0 and y(0) = 3.

5. Find a system of differential equations whose phase portrait looks like (1), the last diagram.



Measles

We’ll look at the system

ds

e = —I

7 S + 50
dI

— = I5-101
7 S 0

1. Do a qualitative phase plane analysis of this system. (You should draw equilibrium points, nullclines,
and the direction of the trajectories in each region.)

2. Based on your phase plane analysis, what do you think the trajectories look like? Sketch a possible
trajectory on your diagram if S(0) = 5 and I(0) = 20.

3. Using your trajectory, sketch a possible graph of I(¢) if S(0) =5 and 1(0) = 20.



4. This graph shows the number of cases of measles in 2 week periods in London from 1944 to 1966. Does
our system give the same qualitative behavior?
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