Name: Class,

il i
L—=2+4%utitin = E—{L+u}£+£ = f1+w fﬁﬂ}df [w# —1] =

In|l+ul=2t*+2+0 = |l+u—r'l’u'“":'—Hﬁ”“”‘,wh:ru}{—rr: = l+u=+Ke2ta

2 2 v
w=—1+Ke"™ ¥ where K = 0. u=—1lisalsoa solution, sou = —1 4 Ae’ (24 ‘“, where A is an arbitrary constant.

dp . . s aarm
2 — =Pl = dPINP = \idt = [P~Y2dp = [17%dt = 2PV =382 4 )
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Al dl, dl, 1
Wl kl’nt 5 Z=kltdt = f fﬁ.:lnid.t = —T—kilnt—fﬁm’i [by parts
. 1 . 1
thu — Int, dv — kdt L kimi-ki+O = L= .
Wi F= -7 “ * o Jtlnt — O
1 . 1
L) = —1 B U S C— k=1 €' — k+ 1. Thus, [ — _
(L) - E—klml-C - + 1. Thus, Tt — kilnt —k— 1

34 (a) Use 1 billion dollars as the z-unit and 1 day as the {-unit. Initially, there is 310 billion of old currency in circulation, so all
of the 350 million returned to the banks is old. At time {, the amount of new currency is x(t) billion dollars, so

LD — =(1) billion dollars of eurrency is old. The fraction of cireulating money that is old is [10 — =(¢)] /10, and the

10 — =t
amount of old currency being returned to the banks each day is T:‘“ﬂ_ﬂlﬁ billion dollars. This amount of new
dr W —x - . -
currency per day is introduced into cireulation, so TR T 0.05 = 0.005{10 — =) hillion dollars per day.
da —dx . v — 0005t
() 1 = 0.005dt = T =—0005dt = In(ll—z)=—-0005+¢ = W—r=0_% , where
—r — T

C=¢e" = aft)=10— Ce™ ™" From z(0) = 0, we get €' = 10, s0 x(f) = 10(1 — = "7),

{c) The new bills make up 90% of the circulating currency when x(f) = 0.9 - 10 = 9 billion dollars.
9=10(1—e ™0} = 09=1-¢ 009 o 008 01 = —0005=—-Inl0 =
£ = 200 In 10 == 460,517 days == 1.26 years.
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Name: Class; Date:

38. (a) Ifg(f) is the amount of salt {in kg) after ¢ minutes, then y(0) = 0 and the total amount of liguid in the tank remains
constant at 1000 L.

dy _ kel (5 L ke LY () ke L
dt (D'DE L )(5 min) N ({1_04 L ) (m min) (umn L) (15 min)

130 — 3y ke

=0.25 + 0.40 — 0.015y = 0.65 — 0.015y =
+ ¥ 4 2000 min

Hence, / ]J{,{;!i—ii;m = / % and — 2 In|130 — 3y| = 55t + C. Because y(0) = 0, we have —+ In 130 = (7,

130 —3y| = o=t —2In 130 = In|130 — 3y| = —5=¢ + In 130 = |n(130r—3‘=’*°”), and

50 —% In
1130 — 3y| = 130 2™ Singe y is continuous, y(0) = 0, and the right-hand side is never zero, we deduce that
130 — 3y is always positive. Thus, 130 — 3y = 130e~36/200 and o — %(L - ﬁ-ﬂlfﬂm) ke,
(b) After one hour, y = <52 (l - E,—a.ﬂngzm) = {l — e ") = 25T ke
Note: Ast — oo, y(t) — 2 = 432 kg,
. - ! S dl .
14, (a) Let T'(1) = temperature after { minutes. Newton's Law of Cooling implies that e E(T — B). Lety(t) = T'(t) — 5.
i . - .
Then = = ky, soy(f) = p(0)e™ = 156" = T() =5+ 156" = T(1)=5+15" =12 = &=L =

dt
k=1In<=, s0T(t) =5+ 15715 and 7(2) = 5 + 1562 ™7/15) = g 3°C,

i

1

‘e ]-11_
(b) 54 15" — G when 7 = L = In(E)t=InE = =—= =36min
i
d"l T sl e dy ki [y o e
. = = k(' —20). Lety =T — 20. Then =% = ky, soy(t) = y(0)e*". y(0) = T(0) —20 =95 — 20 =75,
- dl’ il
soy(t) = THe™ . When T'(t) = 70, - = —1°C/min. Equivalently, Ey = —1 when y(f) = 50. Thus,

-1= % = ky(t) = 50k and 50 = y(t) = 75e*". The first relation implies k = —1/50, so the second relation says

50 = T6e /%% Thus,e %" =2 = /50 =In(2) = t=—50In(2) =~ 20.27 min,
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Differential Equations Handout A

8. (a) % = kM.

r 250 1

M 5000 20
Thus the differential equation is

aM M
dt 207
(b) The general solution for %—If = kB is B = Cet.
B(0) = C = 600
and (800)
In( 555 1 4
B(10) = 600! = 800 = k = —8%0° — —1n(-).
10) ‘ - 10 o m(3)
So

B(t) = 600e10 ™ (3)t,

9. (a) 22 = 0.03P — 6000.

(b) 4 = 0.03(P — 200, 000)
u = P — 200,000

du dP
u = OGO'OSt

P = (e 1200,000 P(0) = C + 200,000 = 3,000,000 = C' = 2,800,000
P = 2,800, 000”3 + 200,000

10. (a) (i) y(0) = 0 means the solution is the equilibrium line. It is a horizontal line at y=0.
(ii) y(0) = 0.01 means the solution is an exponential curve that is always positive and increasing.

(iii)y(0) = —0.01 means that the solution is an exponential curve that is always negative and increasing.
(b) unstable equilibrium (or semi-stable).

()

dy 9 dy 1
%:y —>y—2:1dw—> ?dy: dx
1

—-C=-1

1
B — C = —
BRI s

1
x—1

y=-

(d) As x goes to 1, y is an asymptote.

11. (a) ' ‘
= 02T (05) - (o ) )
W (0) = 0.
(b)

dB ( Lblue)( Ltotal) B (B Lblue)( Ltotal)

dat "L total hour 10 L total hour

B(0) = 10.

12. f(x) cannot ever be both increasing and concave up because then both ¢’ > 0 and y” > 0. So then y”"+y’ > 0,
but vy’ +y' = —22 <0.



Supplement 31.3

1(b).

dy

— =y —d=(y-2)(y+2)

dt
The constant solutions (equilibriums) is given by setting the derivative ‘;—lt/ =0,ie (y—2)(y+2)=0,ie y=2
and y = —2. These two lines decompose the ¢ — y-plane into three parts: y > 2, -2 < y < 2 and y < —2. When

d

y > 2, the slope Z¥ > 0. Thus if the initial condition y(0) > 2, the solution goes to infinity as ¢ — co. When

—2 < y < 2, the slope Z—Z < 0. Thus if —2 < y(0) < 2, the solution y — —2 as t — oco. Finally if y < —2, % > 0.
Thus if y(0) < —2, the solution y — —2 as @ — oo. Therefore y = 2 is an unstable equilibrium and y = —2 is a

stable equilibrium.

2. (a) We want y = 3 to be a constant solution (equilibrium), the slope y’ to be negative if y > 3 and the slope
y' to be positive if y < 3. One possible differential equation could be

dy

2 3

dt Y
(b) By the same idea as in part (a), one can take

dy

Yoy

a Y

(c) % =y(2-y).

(d) & = (y—2)(y +2) =y* — 4. (Cf. 1(b) above.)

3. (a) y = 3 is the only equilibrium. It is a stable one.
(b) y = 3 is the only equilibrium. It is an unstable one.
(c) y = 2 is the unique stable equilibrium; y = 0 is the unique unstable equilibrium.

(d) y = 2 is the unique unstable equilibrium; y = —2 is the unique stable equilibrium.

6. (a)(b)(c)(e) When y = 0, the slope % of the solution curve y(t) should be negative.

16. Omitted.
22. (a)
dP(t) s PO
o = 0.02-10 ~ om0 10
P(t)
20 — 7
0 107

= 1077 (2-10° — P(t)).

(b) Set the right hand side of the above differential equation 10~7 (2- 108 — P(t)) = 0, and then we see the only
constant solution is P(t) = 2 - 18%.



(d) In this case,

ratein = 0.02-10°
= 2.
P(t) 3
rateont = g0 102 — 109
_10%P(¢)
~ 100 — 900t
Thus the new differential equation is
dapP(t) _  10°P(t)
at 1010 — 900t



