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Differential Equations Handout A

8. (a) dM
dt = kM.

k =
r

M
=

250
5000

=
1
20

.

Thus the differential equation is
dM

dt
=

M

20
.

(b) The general solution for dB
dt = kB is B = Cekt.

B(0) = C = 600

and

B(10) = 600e10k = 800⇒ k =
ln( 800

600 )
10

=
1
10

ln (
4
3
).

So
B(t) = 600e

1
10 ln ( 4

3 )t.

9. (a) dP
dt = 0.03P − 6000.

(b) dP
dt = 0.03(P − 200, 000)

u = P − 200, 000
du

dt
=

dP

dt
= 0.03u

u = Ce0.03t

P = Ce0.03t + 200, 000 P (0) = C + 200, 000 = 3, 000, 000⇒ C = 2, 800, 000

P = 2, 800, 000e0.03t + 200, 000

10. (a) (i) y(0) = 0 means the solution is the equilibrium line. It is a horizontal line at y=0.

(ii) y(0) = 0.01 means the solution is an exponential curve that is always positive and increasing.

(iii)y(0) = −0.01 means that the solution is an exponential curve that is always negative and increasing.
(b) unstable equilibrium (or semi-stable).

(c)
dy

dx
= y2 → dy

y2
= 1dx→

∫
1
y2

dy =
∫

dx

→ −1
y

= x + C → y = − 1
x + C

→ C = −1

y = − 1
x− 1

.

(d) As x goes to 1, y is an asymptote.

11. (a)
dW

dt
=

(
0.2

L white

L total

)(
2
L total

hour

)
−

(W

10
L white

L total

)(
2
L total

hour

)
W (0) = 0.

(b)
dB

dt
=

(
0.8

L blue

L total

)(
2
L total

hour

)
−

( B

10
L blue

L total

)(
2
L total

hour

)
B(0) = 10.

12. f(x) cannot ever be both increasing and concave up because then both y′ > 0 and y′′ > 0. So then y′′+y′ > 0,
but y′′ + y′ = −x2 ≤ 0.
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Supplement 31.3

1(b).
dy

dt
= y2 − 4 = (y − 2)(y + 2).

The constant solutions (equilibriums) is given by setting the derivative dy
dt = 0, i.e. (y − 2)(y + 2) = 0, i.e. y = 2

and y = −2. These two lines decompose the t− y-plane into three parts: y > 2, −2 < y < 2 and y < −2. When
y > 2, the slope dy

dt > 0. Thus if the initial condition y(0) > 2, the solution goes to infinity as t → ∞. When
−2 < y < 2, the slope dy

dx < 0. Thus if −2 < y(0) < 2, the solution y → −2 as t →∞. Finally if y < −2, dy
dx > 0.

Thus if y(0) < −2, the solution y → −2 as x → ∞. Therefore y = 2 is an unstable equilibrium and y = −2 is a
stable equilibrium.

2. (a) We want y = 3 to be a constant solution (equilibrium), the slope y′ to be negative if y > 3 and the slope
y′ to be positive if y < 3. One possible differential equation could be

dy

dt
= 3− y.

(b) By the same idea as in part (a), one can take

dy

dt
= y − 3.

(c) dy
dt = y(2− y).

(d) dy
dt = (y − 2)(y + 2) = y2 − 4. (Cf. 1(b) above.)

3. (a) y = 3 is the only equilibrium. It is a stable one.

(b) y = 3 is the only equilibrium. It is an unstable one.

(c) y = 2 is the unique stable equilibrium; y = 0 is the unique unstable equilibrium.

(d) y = 2 is the unique unstable equilibrium; y = −2 is the unique stable equilibrium.

6. (a)(b)(c)(e) When y = 0, the slope dy
dx of the solution curve y(t) should be negative.

16. Omitted.

22. (a)

dP (t)
dt

= 0.02 · 103 − P (t)
1010

· 103

= 20− P (t)
107

= 10−7
(
2 · 108 − P (t)

)
.

(b) Set the right hand side of the above differential equation 10−7
(
2 · 108 − P (t)

)
= 0, and then we see the only

constant solution is P (t) = 2 · 188.
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(d) In this case,

rate in = 0.02 · 102

= 2.

rate out =
P (t)

1010 + 102t− 103t
· 103

=
103P (t)

1010 − 900t
.

Thus the new differential equation is

dP (t)
dt

= 2− 103P (t)
1010 − 900t

.
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