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Integration Handout B

17 First we fix one ”coordinate system”! Let x be the horizontal distance from the base of the
tank, which is a disk of radius 5m, i.e. the axis is a vertical line with positive direction being
pointed up and the grand is the origin. When fix an x, the mass of the water of the horizontal
slice at position x with height ∆x is given by

π(
√

52 − x2)2 ·∆x · 100.

Thus the total work would be approximately∑
π(
√

52 − x2)2 ·∆x · 100 · 9.8 · [2 + (5− x)].

Taking the limit, we have

W =
∫ 5
0 π(25− x2) · 100 · 9.8 · (7− x) dx

= 980π
∫ 5
0 175− 25x− 7x2 + x3 dx

= 980π[175x− 25
2
x2 − 7

3
x3 + 1

4
x4]50

= 55·72·41
3

π.

20

(a) ∫
sin2 x cos3 x dx =

∫
sin2 x cos2 x cos x dx

=
∫

sin2 x (1− sin2 x) cos x dx =
∫

sin2 x cos x dx−
∫

sin4 x cos x dx

=
sin3 x

3
− sin5 x

5
+ C

(b) ∫
sin5 x cos4 x dx =

∫
sin x sin4 x cos4 x dx

=
∫

sin x (1− cos2 x)2 cos4 x dx =
∫

sin x (cos4 x− 2 cos6 x + cos8 x) dx

=
∫

sin x cos4 x dx− 2
∫

sin x cos6 x dx +
∫

sin x cos8 x dx

= −cos5 x

5
+ 2

cos7 x

7
− cos9 x

9
+ C

21 ∫
sin2 θ dθ =

∫ 1

2
(1− cos 2θ) dθ =

1

2

∫
dθ −

∫
cos 2θ dθ

=
θ

2
− 1

2

(sin 2θ

2

)
+ C =

θ

2
− sin 2θ

4
+ C

23

(a)
∫

x cos x dx Integrate by parts, let u = x and dv = cos x dx

(b)
∫

cos x sin2 x dx Integrate by substitution, let u = sin x
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(c)
∫ x

x2−4x−5
dx Integrate by partial fractions A

x+1
+ B

x−5

(d)
∫ x−2

x2−4x+5
dx Integrate by substitution, let u = x2 − 4x + 5

(e)
∫ ln x

x
dx Integrate by substitution, let u = ln x

(f)
∫

ln x dx Integrate by parts, let u = ln x and dv = dx

25 x2

a2 + y2

b2
= 1 ⇒ y = ±b

√
1− x2

a2 The area inside the first quadrant of the ellipse is A =∫ a
0 b

√
1− x2

a2 dx. Let x = a sin θ ⇒ dx = a cos θdθ. Thus,

A =
∫ π

2

0
b
√

1− sin2 θ · a cos θ dθ

= ab
∫ π

2

0
cos2 θ dθ

= ab[
θ

2
− sin 2θ

4
]

π
2
0

=
abπ

4

The area of the ellipse is 4A = abπ.

26 (a) For p > 1, ∫ ∞

1
x−p dx =

1

1− p
x1−p

∣∣∣∞
1

=
1

1− p
(0− 1) =

1

p− 1
.

Note that since p > 1, 1− p < 0 and limx→∞ x1−p = 0.
(b) For p = 1, ∫ ∞

1

1

x
dx = ln x

∣∣∣∞
1

.

Since limx→∞ ln x = ∞, the integral diverges.
(c) For p < 1, ∫ ∞

1
x−p dx =

1

1− p
x1−p

∣∣∣∞
1

.

In this case, limx→∞ x1−p = ∞ since 1− p > 0. Therefore the integral diverges. (Or one simply
notices that the integrant 1

xp goes to ∞ as x goes to ∞, hence the integral diverges.)
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