Name: Class; Date:

r—1 x—1 A B '
16. (a) — T 2 B ———
o N z+1) = = x+ 1
(b) x—1 -1 A Hr 4o

S tax wai+1l) x| x4l

r— 1 A JE1
18. = i:’!-ﬂ"‘ 5= 71 + — 3 Multiply both sides by (z + 1)z + 2) to get © — 1 = A(x + 2) + B{x + 1). Substituting

—2for @ gives —3 = —U B = 3. Substituting —1 for = gives —2 = A Thus,

1 l ' L)
r—1 —2 3 11
—f: — — .II:-_ _21 T _'|_ 31 : E
fn:rg+3m+2rr /ﬂ (:£+l+:r+2)rr [—2In |z + 1] +3In |z +2|],

=(-2In2+3In3) - (-2In1+3In2) =3In3-5In2 [or InZf]

2 2 I3 T

r+2r—1 ot +2xr—1 A B (£
20, - = = — —\-‘lll‘lfhl‘hdh 1 — 1)t t
e — P TE— — + —_— 1 + T+ Multiply both sides yo{x+ 1)z ) to ge

2 + 2z — 1 = A(z + 1)z — 1) + Bx(r — 1) + Cx(x + 1). Substituting 0 for z gives -1 = -4 < A=1
Substituting —1 forx gives —2 =21 = B = —1. Substituting 1 for @ gives 2 = 2(' & (' = L. Thus,

.I-J L J— L —_—
./-J'-I,_E—J'ld.r:—./- i—;+; de=1In|z|—In|z+1 +1n|;r—L|+(f—InM + .
L — zx r+1l z-1 r+1

2 . 2 . ,
r* —z+6 " —z4+6 A Br4C . 4 3 ) . .
4. =+ 3r T 1 3] == + =3 Multiply by = (o + 3) to get =° — z + 6 = A(z" +3) + (Br + O,

Substituting 0 for = gives 6 = 34 < A = 2. The coefficients of the z°-terms must be equal, s 1l = A+ B =

H =1-—2= —1. The coefficients of the z-terms must be equal, so0 —1 = . Thus,

-J ] 'S 'S

r—x+6 2 —r—1 2 I 1

—_—r = = : Ir = - — - I
_/ T+ 3z f(;r+ ;r:3+f*1)er f(.:: 2+ 3 ;H+3)fr

2 2 . . ,
i — 16 1€ 16
26. [ - :_ 1 dr = f (r,. 3 += +14) dr = f (-r -4+ r_+4) dr  [or use long division)|

—%r3—4r'+lﬁln|r+4 +
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29. Let uw = .,..-'?, sou’ = rand dr = 2udu. Thus,

18 4 12 1
VT Y 9 du =2 f =2 f 1+ —2—)du [by long division]
4
el
=248 _
+ _/; {4+ 2)(u — 2) (*)
hultipl L _ A + b by (u+ 2)(n — 2) toget 1 = A(u — 2} + B(u + 2). Equating coefficients we
P}r{u+2](u—2}| w+2  u-—2 Y . .
1 —-1/4 1/4
get A+ B = 0and —2A + 25 = 1. Solving givesus B = 2 and A = — 2, 50 _ Y + / and () is

(u+2)(u—2) u+2 wu-2

LI 14
2+sf —u4, 1 du—2+s[—iln|u+2|+,111n|u—2|
g wn+2  u-—12 13

w— 2
+2

14
=24+ |2In|u— 2| —2In |u+ 2| —E+2[In
la

&

=2+2(lnd—Ind) =2+ 2In E

17

=2+42InZ or 2+ In(2)" =2+ In

l:|§

2. (a) Since y = 5 ! iz defined and continuous on [1, 2],
I —

. 1
b} 5 =
(b} Since .

1
1 has an infinite discontinuity at x = 4. f
o

- 1 da 15 a Type Il improper integral.

2r —

() ?mu:f lsf ': da has an infinite interval of integration, it is an improper integral of Type L

(d) Since y = In{x — 1) has an infinite discontinuity at @ = 1, ff In{x — 1)dx is a Type Il improper integral.

=] £ t
T T 1 -1 1 —1 1
_/.:. (z? + 2)2 !—Hx!/; (2 +2)2 t—ao 2 |:.J':2 +2}n 21——m(i2+2 2)

= 2{0+3) = 3. Convergent

W [~ e dr = [ _gfe " dr + [Fx?e " d,and

& .- : o £
f_um 2 ™ dr = lim [—.lr'_ﬂ] = —= + l;( lim r_”) = oo, Divergent
; E

t——aa 3 t——oo

=0

0
16. | = ff:m cosmldl = 1) + 1a = f_nmous:'rhﬂ +fnm coswldl, but {1 = lim [l =in ?rl] = lim (—i sin n'l) and
T T

this limit does not exist. Sinee /1 is divergent, § is divergent, and there is no need to evaluate [z, Divergent
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5 i _
1 14 St
zq.f ——ds~ lm [ (3-1) V2 g~ lim —2[3—;}“"*] — 2 lim (J:&—i—ﬁ)
2 2

o — t—3 a t—3= L t—+3

=-20-1)=2 Convergent

1 x ) = 1 =
€ = e
29. There 15 an infinite discontinuity at = = 0. dr = dx + il
—1 E'I' - I. -1 ‘-.1'. - l [i] E'I - 1
L[] x t = - -
£ . € . P ' . ¢ -1
dr = lim dr = lim |ln|e” — 1| = lim |ln|e" — 1| —In|e” —1|| = —oo,
—1 eF — l t—0 —1 et — J. t—0 L —1 t—=

1 T 1 X
.mf — dris divergent. The integral f : 1 dir also diverges since
—1 - 0
1

o F T —
I

; Looem . 1
f f _dr= lim E _dr= lim [1:. -:f—L] = lim [1n|f-—L|—|n|r‘—1-] — 0.
o t—0t

er — 1 t—ot gy ET — 1 P {
Divergent
M Forz> 1,0 < == < —= — — l/mld' t by Equation 2 withp = 2 > 1
. rOr ¢ ———— r——— -l m— O 15 COmMvErZenn L1100 Wil )} = S0
S TV e Ve ¢ 7 7 s ! '

- T : .
———— ir is convergent by the Comparison Theorem.,
-/1. v 1+ 8
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e ik
50. (a) n = O f "¢ “dr = lim | e "dr= lim —n—f';
o ]

t—oo o t—roo

= lim [—e " +1] =04+1=1
t—o

==} i
n=1: f e Tdr = lim f xe “dr. To evaluate /-I!”._Idﬂf, we'll use integration by parts
0 o

b—ro

withu =r,dv=¢ "dr = du=dr,v=—e ",

S0 fzr._zr.!'m = —xe T — f —& Tdr=—ze T —& "4+ ={—r— 1"+ " and

1IEEQ : xe Cdr = F]in:n [{—I - J.]lr_"];
= lim [(~t =1} +1] = lim [~te™ —e " +1]

=0—-0+1 [use'Hospital’s Rule] =1

(= =) i
n=2 f e Tdr = Flim f e “dr. To evaluate f r’e "dr, we could use integration by parts
0 T
again or Formula 97, Thus,
¢ i
lim [ z'¢ “dr = lim [—zgr'_‘]; +2lim [ ze “dr
t—oa fn t—oo t—oa [
=0+ 0+ 21) [use'Hospital’s Rule and the result forn = 1] =2
oo it t
n =313 f e Fdr = lim e ¥ dr Z lim [—IEF-_I " +3 lim e Tdx
o t—o o t—roo 40 t—o0 o

=040+ 3(2) |usel'Hospital's Rule and the result forn = 2] =6
(b) Forn = 1, 2, and 3, we have /’m o"e” "dr = 1,2, and 6. The values for the integral are equal to the factorials for n, so
o
WE ZUess fm e Tde = nl. Forn = 1,2, and 3, we have fm x"e Tdr = 1, 2, and 6. The values for the integral are
0 0
equal to the factorials for n, 50 we guess fm e Tdr = nl.
0

oo == &
{c) Suppose that / e "dz = k! for some positive integer k. Th::nf e dr = I1'1|n f e dr, To
0 0 0

evaluate f;r"'l Le " dr, we use parts withu = 2% dv = e "de =  du=(k+ Da"de,v = —e ",

So f:r"'l e T dey = —aF e — f—{ﬂ:+ Vafe “de = —a" e 4 (b + l}lf:rkr'_’d:r and

t t

lirn e de = !lim [—.J':jc ! lr_I]; +{k+1) Elirn e
t—oa fn —+00 —oa fi
= lim [—t* e 4 0] + (k+ Dkl =0+ 0+ (k+ 1)l = (k+ 1),

so the formula holds for &+ 1. By induction, the formula holds for all positive integers. {Since 0! = 1, the formula holds
for n = (0, too.)
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Integration Handout B

17 First we fix one ”coordinate system”! Let x be the horizontal distance from the base of the
tank, which is a disk of radius 5m, i.e. the axis is a vertical line with positive direction being
pointed up and the grand is the origin. When fix an z, the mass of the water of the horizontal
slice at position z with height Az is given by

7(v52 — 22)? - Az - 100.
Thus the total work would be approximately
Y w(vVB2 —22)? Az -100-9.8 - [2+ (5 — )]
Taking the limit, we have

W = [27(25—2%)-100-9.8 (7 —2) dz
= 9807 [P 175 — 252 — 72?4+ 2° dw
= 980m([175z — %xQ — gx‘% + ix‘*]g

_ 5%7P4

= =g
20

(a)
/sin2x cos® x dx = /Sin2x cos’x cosx dx
= /sin2:1: (1 —sin?x) cosz dr = /sin2$ cos d:v—/sin4:v cosz dx
. 3 . 5
sinx  sin°z
= - C
3 5 +
(b)
/ sin® z cos*x dr = / sinz sin*z cos*z dx
= /sinx (1 —cos’z)? cos’x dr = /sin:c (cos* 7 — 2cos® x + cos® x) dx
:/SiHZE cos* dw—Q/Sinm cos® z dx + /sinx cos® x dx
cos® cos’x  cos’x
S 2 — C
5 + 7 9 *
21 ] ]
/sin29 df = /5(1 —cos20) df = 5/(19— /00829 db
6 1,sin26 6 sin26
= - — = C=-— C

2 2( 2 ) 2 4 +

23

(a) [z cosx dx Integrate by parts, let w = x and dv = cosx dz

(b) [cosx sin®x dx Integrate by substitution, let u = sin



(¢) J 2=1;—5 dx Integrate by partial fractions i + A
(d) | =~ 4x+5 dx Integrate by substitution, let u = 22 — 4z +5
e) [ nz 72 Integrate by substitution, let u = Inx
)

(
(

f) J lnx dx Integrate by parts, let v = Inz and dv = dx

25 i—z + z—j =1=y=+b/1- 2—3 The area inside the first quadrant of the ellipse is A =
Joby/1 =2 dr. Let x = asind = dz = acosfdf. Thus,

A:/ib\/l—sinzﬁ-acosﬁ do
0

:ab/500826 df
0

0 sin20 z
=a [5_ 4 ]0
_abn
4
The area of the ellipse is 4A = abr.
26 (a) For p > 1,
00 1 00 1 1
Pdy=——2"P =—(0-1)=—.
/1 * v 1—px ‘1 1—p( ) p—1

Note that since p > 1, 1 — p < 0 and lim,_,o, 277 = 0.

(b) For p =1,
oo 1 )
/ —dx—ln:c‘ .
1

Since lim, ., Inz = oo, the integral diverges.

(c) For p < 1,
e’} 1 )
/ z P dr = xl’p‘ )
1 1—p 1

In this case, lim, .o, z'™? = 0o since 1 — p > 0. Therefore the integral diverges. (Or one simply
notices that the 1ntegrant = goes to 0o as = goes to 0o, hence the integral diverges.)



