Name: Class; Date:

1. {a) A sequence is an ordered List of numbers. It can also be defined as a function whose domain is the set of positive integers.
(b) The terms a,, approach 8 as » becomes large. In fact, we can make a,, as close to # as we like by taking n sufficiently
large.

{¢) The terms i, become large as n becomes large. In fact, we can make aq, as large as we like by taking n sufficiently large.

1 1
12, o, = lﬁﬁ = lfﬁ+ l,suu.,. — m = lasn — oo, Converges
(—1)"n" n’ 1
16. a0, = Broiil Mow |, = Tl 1T I :_‘11 — 1 as n — oo, but the terms of the sequence {aq }
alternate in sign, so the sequence ay, as, as, .. converges to — 1 and the sequence az, a4, aa, . .. converges to 4+ 1. This shows

that the given sequence diverges since its terms don’t approach 2 single real number.
18. an = cos(2/n). Asn — 00, 2/n — 0, s0 cos(2/n) — cos0 = 1. Converges

35 (a) an = L000(L.O6)" = a1 = 1060, oz = 1123.60, ag = 1191.02, nq = 126248, and a5 = 1338.23,
(b} lim a, = 1000 lim (1.06)", so the sequence diverges by (6) with r = 1.06 = L.

n—oo T—0

(==
2. 3 a, = 5 means that by adding sufficiently many terms of the series we can get as close as we like to the number 5.
n=1

Ll
In other words, it means that lim,, .. s,, = 5, where s,, is the nth partial sum, that is, } a;.
i=1

o _pyn—l
14 5 % is a geometric series witha = 1 and r = —2, The series diverges since |r| = £ > 1.
n=1 o - 5
n+l . . . : n+ 1 1 .
18. diverges since lim a, = lim = = = 0. [Use (T}, the Test for Divergence. ]
=1 Yn—3 n—0o n—oa 21— 3 a2
20. % Rk +2) diverges by (7), the Test for Divergence, since lim a, = lim Elk+32) lim LU+2k) 1+ 0.

= (k + 3)° koo koo (k+3)2  k—oo (14 3/k)2
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26. 5" (cos1)* is a geometric series with ratio r = cos 1 =2 0.540302. It converges because |r| < 1. Its sum is

cosl 1175343,
1 —cos
36. E 2"(x + 1) E [2(x + 1)]" E [2(z + 1)]" " is a geometric series with r = 2{x + 1), so the series
n=0 n=i

< —

ot
v
.

comverges <+ [r| <1 & [2z+1)<l & |[r+ll<i & <zl & —

i 1 1 —1
= = or .
1—r 1—-2x+1) -1-2r r41

In that case, the sum of the series is

43. (a) The first step in the chain oceurs when the local government spends £2 dollars. The people who receive it spend a fraction ¢
of those 1) dollars, that is, De dollars. Those who receive the Oe dollars spend a fraction & of it that

is, De* dollars. Continuing in this way, we see that the total spending after n transactions is

D(1

S, =D+ De+ De? - De™t —_}b i3).
1—0¢

L — " 1 i
(b) lim S, = lim A _ lim (1 —¢") = == [since0 <ec<1 = lim " =0]

n—oa n—oo 1 — l — ¢ n—ceo 1—=¢ n—oo

1
== [sincec+s=1] =k} [sincek = 1/s]
5
If e = 0.8 then 5 = 1 — ¢ = 0.2 and the multiplieris k = 1/s = 5.
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44. (a) Initially, the ball falls a distance £, then rebounds a distance w7, falls # 8, rebounds r H, falls rEH, ete. The total
distance it travels is
Ht2rH +20°H+ 27+ = H{1+ 2r+ 27 + 27 + ) = H[1+ 2r(1+r 47" + )]

1 1
=H |1+ 2r = H + Mmeters
1—r J.—-

{(b) From Example 3 in Section 2.1, we know that a ball falls %gr"‘- meters in ¢ seconds, where g 15 the gravitational

acceleration. Thus, a ball falls & meters in i = /2h/g seconds. The total travel time in seconds is

E}E+2\f}£r+£,¥£r“+imj—fr* f‘i‘; LH2VF VT 2y

Vg
.l"'u”(+£\,s"_[L+\f—+f+ ]) \fg: {L+z\,ﬁ‘( )] ("TlJ”'H__

{c) It will help to make a chart of the time for cach descent and each rebound of the ball, together with the velocity just before
and just after each bounce. Recall that the time in seconds needed to fall & meters is \/m The ball hits the ground with
velocity —g \/m = —+/2hyg (taking the upward direction to be positive) and rebounds with velocity
kg m = k /2hyg, taking time k Mm reach the top of its bounce, where its velocity 15 (0. At that point, its height
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15 £ A, All these results follow from the formulas for vertical motion with gravitational aceceleration —g
r.f";.r,l "
U = — = 1 0 —
dt g

e

= =140+ val — _-i_qf"i_

number of time of speed before speed after time of peak
descent descent bounce bounce ascent height
1 V2H /g o k2 g 2H /g K H
2 V2R g V22 Hg k2 Hg | k27 H g K
3 V2R g V21 g k26iHg | k\2RiH[g | K°H

The total travel time in seconds 15

l;ﬁ

Ve TS

zu+k izr +;.2 . [2H

Ve TV
\',*'T[L+za(i+ﬁ+a +- }]—\f?_: 1+2A( i;.)]

f""”‘r{1+zs.+z;.2+2s:3+---)

B 2T 1+k
Vg 1—k

Another method: We could use part (b). At the top of the bounce, the height is k*h = rh, so /7 = k and the result
follows from part (b).

n=1

n—=0os “I

50. If E ity 15 comvergent, then lim a,, = 0 by Theorem 6, 5o lim — ?"- 0, and so E — is divergent by the Test for

n=1 tn




Mathematics 1b - Solution Set for Series A

1. A sum is geometric if
Qn

I
<

Ap—1

where 7 is a constant.

70
1 1
(a) Z (%)a o = ’fl = "T_l # constant. So it is not a geometric sum.
k=1 =
1 2 _an (%)2 (n—1)2 L. .
(b) Z (k) Pl o Z# constant. So it is not a geometric sum.
k=1 =
> 1 k an (%)n (TL*l)nil . . .
(c) Z (%) P o T ST # constant. So it is not a geometric sum.
k=1 =
60 . .
(d) > (1.01)5 o = ((1.0)11i1 = ()17;()(1)3)_1 — (1.01)} = 7 and we can calculate S,
k=1 " 1.01)73 1.01)3 (1.01) 3

which is, when n = 60,

2. These are all geometric sums with r = é

100
1
(a) Z (g)k, soay=1,n=101 and r = % Thus we have:
k=0
T I T
3 by MG B Ly
k=0 3
1 1 3
0> =ty =?
23 1T T

(¢) We have ag = §, n =99 and r = 5. Thus,

100 }k:%(l_(%)gg):} B 199

> = -
> 1 i 1
d V=9 =

3. (a) No. If you have a series that converges and you add a finite number of terms to the
beginning of the series, the series still converges. Hence, the first few terms do not affect

whether the series converges.
(b) Yes. If you have a convergent series whose sum is S, then if you add a term to the

beginning of the series whose value is a, then the sum of the series is S + a.



4. (a) Infinite geometric series, so converges if |z| < 1 and diverges if |x| > 1. Because if
|z| > 1 then lim, ., 2™ # 0 so the series could not converge. For |z| < 1, we have

k=0 1 -z
(b) > (x —4)", is again a geometric series with r = 4 —z. The series diverges if |z —4| > 0
k=0

if x> 5 or > 3. The series converges if |z — 4| < 1,i.e. if 3 <z < 5. And the sum is

> 1 1
— 4k = —
k:o(:[ U ey ey g
7. f(x) = sin(mz) would change her mind. Because for any integer n, sin(nm) = 0 so

lim,,_, sin (nm) = 0, but for = being a real number the lim, . sin (z7) doesn’t exist because
the sine function oscillates between -1 and 1.

Note that for (a), Neither sinn, n — oo nor sinz, © — oo exists. For (b), both 22 n — oo
and Si%, xr — 00 converge to 0.



