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2. From the first figure, we see that ¥ ¥y=Ffx 4

y=rx)

]rlu f(x)dz < 37| a;. From the second

figure, we see that

3O < ]rl [{x) dx. Thus, we have
o ey o | ooy | &) & A &

o il < r)de <Y, a. = -
Er.} e .Fj_-lr{} Efl 1 ul 1 2 3 4 5 ﬁ‘: 1] 1 2 3 Fl x ﬁ:
o [ =]

5 5 n"isap-series withp = —b. 3 b" is a geometric series. By (1), the p-series is convergent if p > 1. In this case,
n=1 n=1
=)
yont= E (I/n="),s0 —b =1 < b < —1are the values for which the series converge. A geometric series
n=1 n=1
(== L=
5T ar™ ! converges if [r| < 1,50 3. b" convergesif b <1 <  —1<b< L.
n=1 n=1
. ) . L . (2 — =)
W f{r) = is continuous and positive on [2,. oo), and also decreasing since ['(1) = =——————— ) for e > 2,

P41
50 we can use the Integral Test [note that [ is nof decreasing on [1, 0o)].

(z% +1)2

==} el ) ) ) . -3
f .J_'r_l_ 1 dr = flim [% ln{:r't 4 l:ll]iJ = is lim ln{r.'s +1)—In ﬁ] = oo, s0 the series ,” diverges, and so does
a I —soo -7 “ f—po b

n==2 n + 1

= e
the given series,

,:El nt 4 1

. C e . ; n
Awnother sodution: Use the Limit Comparison Test with a, = o and by = —:
m T
i . n’ . 1 . . - =’

linn e = litn — = il — 1 ) Since the harmonic series E — diverges, so does - )
T—s 00 f,l,, TE—+00 '.r.l." 4 1 n—oo 1 - ]_lll'r'.r.l.'i' n=1 Tk n=1 'N-'; + 1

=1
converges by comparison with the convergent p-series

1 1
0, —— « — 5
Ve + 1 = v nd HU‘“ E v = n= nf?

(p=13=1).

24, 1+sinn = 2 and =2 - 2% = . 50 the given series converges by comparison with a constant multiple of a
1o Lgm n—n 107 n—n % 10

comvergent geometric series.
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i nt+h T i 1
26. ]ift;;—ﬁande..—Tm—F_ dfg,tth
L iy B S N TR . 14+ 5/n . 1+5/n L+0
:I.III—-Hn;lc- r - ||1I—-n;n- 1/3 - n_?-"'“ - "151;:‘ K /3 - r|1£1-;l-:- gy 173 - 1/ =1 - ':L
" (n™ + n?) [(nT + n?) /nT] (14 1/n%) (1+0)
= ) +5 1

converges by the Limit Comparison Test with the convergent p-series Z

50 Z —_—
'-." n=1 nd/s

far 9 s ! > iai-
37. Since —= = =—— for each n, and since E —— is a convergent geometric series (|r| = Tlu < 1), 0didads ... = ¥ .
Lm 10m ne1 J.[:l n— 10

will always comverge by the Comparison Test

39. Yes. Since % a,, is a convergent series with positive terms, lim a,, = 0 by Theorem 8.2.6, and » " &, = 3 sin(a,,) isa

[ . i 1
series with positive terms (for large enough ). We have lim = — lim M = 1 = 0 by Theorem 3.4.2. Thus, »_ b,
n—oo fln Tl —= o0 [ N

15 also convergent by the Limit Comparison Test.

= I I | Inz
8. E(—l}”‘l(ﬁ”) — 0+ E_{ 1" ‘(T) F,;—HT}{}f{Jrar}Jandlfj{ ]—%,thun

=1

l1—-Inx
fi{r) = ——— = Oforx = e, s0 {b, } is eventually decreasing. Also,
x?
Inn Inx 1/x . s e
lim by = lim — = lim — 2 lim L = ), so the series converges by the Altemnating Series Test.
TE—s O m—oa L r—oo I T+ J_

12. The series Z =, 50

_1ym 1 1
[r 1) satisfies (1) of the Alternating Series Test because CESICOE . — and (i) lim —

re—roxa Tl e

1

the series is comvergent. Mow by = T 0.0004 = 0.0001 and by = = lﬁr = 0.000064 = 0.0001, so by the Alternating
* oy R ol

Series Estimation Theorem, n = 4. (That 15, since the 5th term 15 less than the desired error, we need to add the first 4 terms to

et the sum to the desired accuracy.)
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14. Using the Ratio Test with the series E e = 3 t:—l]I"_li

T n=1 f""j
. o1 . (—1)"(n+ 1) " (=14 + 1) 1., nt+l 1 1
fim |2l - L S? I e ) | ) ==<1
ul—rr_'n [ . ::LIE-D‘ gntl {—l:l“_lﬂ n—00 "L e ::Lﬂnlu n E'( }I i <L

so the series is absolutely convergent (and therefore convergent). Now bs = 6/e® = 0.015 > 0.01 and
br = ?j._-f.? =2 (1006 < 0.0L, so by the Alternating Series Estimation Theorem, n = 6. {That is, since the Tth term is less than

the desired error, we need to add the first 6 terms to get the sum to the desired accuracy.)

2 2 n 2
= n4 . 1 2 1 1 1
20. The series ::El 2 has positive terms and T,li.“;:. aﬂnl = "]i.n;:. [lﬁl&;‘:—lﬂ . E} = TIILIED(I + H) 339 < 1,
s the series is absolutely convergent by the Ratio Test.
o 2“ n 1
4. 5 (-1 l— diverges by the Test for Divergence. lim — = 00,50 lim {_l:]ﬂ_l_d does not exist,
n=—1 n—oa 1 TL—D0 T
! 1)? | ! 1
3. (2) lim “”—tj = lim ——— = lim ————— = 1. Inconclusive
n—oo | l_llflﬂ.' | == (ﬂ- + J_]' m—00 {1 + J_II."-n]'
ly 2= 1 1 1 1
()] :‘ILnéu (121:-_1] T = T.li.n.;'.:. ﬂz-:; rL11_“:”( + E_) = 3 Coneclusive (convergent)
N . . el
¢} lim r——| =3 lim =3 lim ,/——— = 3. Conclusive (divergent
© fim | T ey | 3 N T (divergent

(d) lim v+ 1 _ 1+ n?

5 = lim
n—oa ]+ {n+4 1) n

==

2
1+ 1. . Ln +1 =| = 1. Inconclusive
no 1/m? 4+ {1+ 1/n)
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Series Handout

9. (a) By direct comparison. Note that m > m for n > 2, so m > 5~ for n > 2. Thus
e} oo o0
1 1 1
S
But Z diverges because it is the harmonic series and Z 5 has infinitely many terms greater than the har-

monic series so it diverges as well.

By limit comparison. The sequence ——— “looks like” L - and we know that >0 1/n diverges. Consider the limit
of the ratio of these two sequences:

So the series ), oo diverges as well.

By integral test.

o0 1 o
—— dr = (1 2
| s de = mj2)|;

diverges. Thus the series diverges as well.

(b) By direct comparison. Note that
1 1

> for n > 3.
VnZ+10 ° Vn2+n?
But
S B
VrZ+nZ  Von2 V2
So again

1 =1 I 1
> =—) -
which diverges. So
> 1
; vn?2+10

must also diverge by the same logic as above.

By limit comparison. The sequence \/n’}ﬁ “looks like” \/172 = E and Y 1 L diverges. Consider the limit of
the ratio: ) —
lim Y0 — iy =1.

n—00 = n— oo ’rL2 —+ 10
n

Thus the series Y > | 1/v/n? + 10 diverges as well.

(c) By integral test. Let u = Inz. Then du = 1dx.

>~ 1 1 o0
/ 7 :/ — du = (In|ul)
2 rinx In2 U In2

diverges to infinity. Thus the series >~ ,1/(nlnn) diverges as well.




(d) By integral test. Let w = Inz. Then du = dx.

I
— = — du
o w(lnz)P Jyg uP
which converges as long as p > 1. Thus the series Y >, 1/(n(lnn)?) converges as well if p > 1.

13. This is an alternating series. Look for the first a,, 11 such that

(—0.1)"+!
(n+1)!

sl =|
Through trial and error, n = 5. You need the first six terms. Don’t forget to include the n = 0 term.

14. Same idea as above.
(_1)n(02)2n+1

(2n +1)!
Through trial and error, n = 2 works. So the first three non-zero terms. Don’t forget to include the n = 0 term.
This approximation is too big, because it ended on a positive term and is an alternating series.

<1076,

lan] =\

15. (a) DIVERGES since

2k2 — 10k 1
lim ————— =2 +£0.
dm sk 57 0

It violates condition (iii): terms do not go to zero.

(b) CONVERGES. Note that |sink| < 1.

which converges since it is a p-series for p = 3/2 > 1. Thus the original series converges (absolutely) as well
by absolute convergence test. It violates condition (ii): magnitude of terms is not decreasing and also violates
condition (i): it is not really alternating!

18. >, (@=8)" g geometric with ratio r = @ So the series would converge when |r| < 1 = —1 < 23 <

5m 5

1= -5<x—-3<5=—-2<x<8. Now, applying the ratio test, we get:

(z—3)"+1

. an+1 . BTl . r—3 z—3
lim = lim |—=——|= lim = .
n—o00 A, n—oo (z—3) n—oo 5
5’!L
It converges when
z—3

<

exactly what we got by applying what we know about geometric series.



