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Series Handout

9. (a) By direct comparison. Note that 1
n+2 > 1

n+n for n > 2, so 1
n+2 > 1

2n for n > 2. Thus

∞∑
n=3

1
n + 2

>
∞∑

n=3

1
2n

=
1
2

∞∑
n=3

1
n

.

But
∑

1
n diverges because it is the harmonic series and

∑
1

n+2 has infinitely many terms greater than the har-
monic series so it diverges as well.

By limit comparison. The sequence 1
n+2 “looks like” 1

n and we know that
∑∞

n=1 1/n diverges. Consider the limit
of the ratio of these two sequences:

lim
n→∞

1
n+2

1
n

= lim
n→∞

n

n + 2
= 1.

So the series
∑

1∞ diverges as well.

By integral test. ∫ ∞

1

1
x + 2

dx = (ln |x + 2|)
∣∣∣∞
1

diverges. Thus the series diverges as well.

(b) By direct comparison. Note that

1√
n2 + 10

>
1√

n2 + n2
for n > 3.

But
1√

n2 + n2
=

1√
2n2

=
1

n
√

2
.

So again
∞∑

n=4

1√
n2 + 10

>

∞∑
n=4

1
n
√

2
=

1√
2

∞∑
n=4

1
n

which diverges. So
∞∑

n=1

1√
n2 + 10

must also diverge by the same logic as above.

By limit comparison. The sequence 1√
n2+10

“looks like” 1√
n2 = 1

n and
∑∞

n=1
1
n diverges. Consider the limit of

the ratio:

lim
n→∞

1√
n2+10

1
n

= lim
n→∞

√
n2

n2 + 10
= 1.

Thus the series
∑∞

n=1 1/
√

n2 + 10 diverges as well.

(c) By integral test. Let u = lnx. Then du = 1
xdx.∫ ∞

2

1
x lnx

=
∫ ∞

ln 2

1
u

du = (ln |u|)
∣∣∣∞
ln 2

diverges to infinity. Thus the series
∑∞

n=2 1/(n lnn) diverges as well.
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(d) By integral test. Let u = lnx. Then du = 1
xdx.∫ ∞

2

1
x(lnx)p

=
∫ ∞

ln 2

1
up

du

which converges as long as p > 1. Thus the series
∑∞

n=2 1/(n(lnn)p) converges as well if p > 1.

13. This is an alternating series. Look for the first an+1 such that

|an+1| =
∣∣∣∣ (−0.1)n+1

(n + 1)!

∣∣∣∣ < 10−8.

Through trial and error, n = 5. You need the first six terms. Don’t forget to include the n = 0 term.

14. Same idea as above.

|an| =
∣∣∣∣ (−1)n(0.2)2n+1

(2n + 1)!

∣∣∣∣ < 10−6.

Through trial and error, n = 2 works. So the first three non-zero terms. Don’t forget to include the n = 0 term.
This approximation is too big, because it ended on a positive term and is an alternating series.

15. (a) DIVERGES since

lim
k→∞

2k2 − 10k

10k2 + 5k
=

1
5
6= 0.

It violates condition (iii): terms do not go to zero.

(b) CONVERGES. Note that | sin k| ≤ 1.

∞∑
k=1

∣∣∣∣(−1)k sin k√
k3

∣∣∣∣ ≤ ∞∑
k=1

1√
k3

which converges since it is a p-series for p = 3/2 > 1. Thus the original series converges (absolutely) as well
by absolute convergence test. It violates condition (ii): magnitude of terms is not decreasing and also violates
condition (i): it is not really alternating!

18.
∑∞

n=0
(x−3)n

5n is geometric with ratio r = (x−3)
5 . So the series would converge when |r| < 1 ⇒ −1 < x−3

5 <
1 ⇒ −5 < x− 3 < 5⇒ −2 < x < 8. Now, applying the ratio test, we get:

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣
(x−3)n+1

5n+1

(x−3)n

5n

∣∣∣∣∣ = lim
n→∞

∣∣∣∣x− 3
5

∣∣∣∣ =
∣∣∣∣x− 3

5

∣∣∣∣ .

It converges when ∣∣∣∣x− 3
5

∣∣∣∣ < 1,

exactly what we got by applying what we know about geometric series.
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