






SECTION 7.6 DIFFERENTIAL EQUATIONS 0 409 

dy x d x  dy xy + - - 3. (x2 + l )y '  = x y  j - = - - 
dx 2 2  + 1 y x 2 + l  [ Y # O I  3 J:=/s + 

ln lyl = 4 1n(x2 + 1) + C [u = x2 + 1, d u  = 2% dx] = ln(x2 + 1)1/2 + ln ec = l n ( e c d m )  + 

(yl = e C m  + y = K m, where K = f ec is a constant. (In our derivation, K was nonzero, but we can 

restore the excluded case y = 0 by allowing K to be zero.) 

1 1 
- - = - c o s x + C  + - = c o s x - C  =+ y =  

1 
where K = -6. y = 0 is also a solution. 

Y Y cosx + K '  

1 (1 - -) dy = 
+ 1) dx  + y - In lcos yl = f x3 + x + C. Note: The left side is equivalent to 

y + ln lsec yl. 

dy eY sin2 0 Y sin2 8 + em-=- =. - d y = -  ye-" dy = sin2 8 cos 0 dB. Integrating the left side by parts with 
dB y sec 0 ey sec 8 I /  
u = y, du = e-?' dy and the right side by the substitution PL = sint9, we obtain -yepy - e-Y = sin3 6 + C. We cannot 

solve explicitly for y. 

du  d u  
7 . - = 2 + 2 u + t + t 2 1  + - 

dt  = ( 1 + ~ ) ( 2 + t )  + / & = / ( 2 + t ) d t  [UZ-11 3 dt  

In11 + u J  = $t2 + 2 t  + C + (1 +ul = et2/2+2tf  = ~ e ~ ~ / ~ + ~ ~ ,  where K = eC + 1 + u  = f ~ e ~ ~ / ~ + ~ ~  + 
u = -1 f ~ e ~ ~ / ~ + ~ ~  where K > 0. u = -1 is also a solution, so u = -1 + ~ e ~ ~ / ~ + ~ ~ ,  where A is an arbitrary constant. 

du 2t + sec2 t 
9. - = , u(0) = -5. J 2udn = J(2t + sec2 t) d t  =+ u2 = t2  + t a n t  + C ,  where 

dt  2u 

[u(0)12 = 0' + t a n 0  + C =+ C = (-5)' = 25. Therefore, u2 = t2  + t a n t  + 25, so 2~ = f Jt2 f tan t + 25. 

Since u(0) = -5, we must have u = -Jt2 + t an  t + 25. 

dy ycosx  10. -- = - ( 0 ) = 1 .  d y = y c o s x d x  - - 1 + y 2 d y = ~ ~ ~ ~ d ~  =+ 
dx I + y2'  Y / ( t + y ) d y = / c M x d x  + 
l n l y l + i y 2 = s i n x + C .  y ( 0 ) = 1  + l n l + + = s i n O + C  + C = ~ , s ~ l n l ~ l + ~ ~ ~ = s i n x + ~ .  

We cannot solve explicitly for y. 

11 .xc osx=(2y+e3Y)y '  j x c o s ~ d x = ( 2 ~ + e ~ ~ ) d ~  3 ~ ( 2 y + e 3 y ) d y = ~ x c o s x d x  3 

y2 + fe3y = x sin x + cos x + C [where the second integral is evaluated using integration by parts]. Now y(0) = 0 + 
0 + i = 0 + 1 + C j C = - $. Thus, a solution is y2 + 5 e3y = x sin x + cos x - $. We cannot solve explicitly for y. 
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d P  
12. - = =+ d ~ / @  = &dt + J P- ' /~  d p  = dt  =+ 2P1" = $t3'2 + C. 

dt  

dy a + Y j -  13, y f t a n x = a + y ,  O < X < T / ~  =+- - =  dy = c o t x d x  [ a + y # ~ ]  3 
dx tan x a f y  

COS x -& + l n l a + y [ = l n l s i n x [ + C  * l a + y l = e  lnlsin x / + C  - lnlsin X I  . eC = C  

J s i n x  - e 
e [sinxl =+- 

a + y = K sin x,  where K = f ec. (In our derivation, K was nonzero, but we can restore the excluded case y = -a by 

& 4a 
allowing K to be zero.) y(7r/3) = a + a + a = K sin(7r/3) =+ 2a = K - =+ K = - 

2 & 

I - k t l n t - k t + C  =+ L =  w i t h u = l n t , d v = k d t ]  '+ -- - 1 
L kt - k t l n t  - C '  

L(1) = -1 =+ -1 = 
1 

i C - k = l  + C = k + l . T h u s , L =  
1 

k - k l n l - C  k t -  k t l n t  - k -  1' 

I 
(b) y(0) = 0 + sin-' 0 = o2 + C + C = 0, so sin-' y = x2 

and y=s in (x2 )  f o r - m < x <  @. 

(c) For d m  to be a real number, we must have -1 5 y 5 1; 

that is, -1 5 y(0) 5 1. Thus, the initial-value problem - j* 
0 

= 2 s  d m ' ,  y(0) = 2 does not have a solution. 
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31. Note that y' = y(x  + 1) = 0  for any point on y  = 0  or on x  = -1. The 

slopes are positive when the factors y and x  + 1  have the same sign and 

negative when they have opposite signs. The solution curve in the graph 

passes through ( 0 , l ) .  

dP  
33. (a) - = k ( M  - P )  is always positive, so the level ofperformance P  is increasing. As P  gets close to M, dP/dt gets close 

dt 

Note that y' = x (1  - y) = 0  for any point on x  = 0  or on y = 1. The 

slopes are positive when the factors x and 1  - y  have the same sign and 

negative when they have opposite signs. The solution curve in the graph 

passes through (1,O). 

I  1 1  / / & \ \  \ \ \ \ 

to 0; that is, the performance levels off, as explained in part (a). 

1 1  1 1  
1  I  I / / / - - \ \ \  

dP 
(b) - = k(1M - P )  @ 

dt 
/ A = / ( - k ) d t  @ 1 n I P - M I = - k t + C  @ I P - M I = ~ - ~ ' + ~  -3 

/ / - - \ \  \ \ \ \ 
\ \ \ 

/ / / / / - - - - \ \ \ \ \  

P - M = ~ e - "  [A  = f ec] H P  = M + ~ e - " .  If we assume that performance is at level 0  when t  = 0, then 

dT dS d 2 ~  d2T 2  dT dS 2  
34. If S  = -,then - = -. The differential equation - + -- = 0  can be written as - + - S  = 0. Thus, 

dr dr dr2 dr2 r  dr dr r  

+ \ \ \ \ \ / / / I  
\ \ \ \ \ \ - - / / / I  

\ \ \ \ \ \ - - / / I  
I I \ \ \ A 3 - - / I  

dS - 2 s  
- 

dS 2  
=$ - = -- dr + - dS = -- dr + lnlSl = -2 1nlrl + C .  Assuming S  = dT/dr  > 0  

dr r  S  r  1; 1: 

/ J X  
1 1  

\ \ \ \ \ \ - - / / / I l l  
\ \ \ \ \ \ - - / / / I l l  

1 1  I  
I I I I  

and r  > 0, we have S  = e-21nrfC - 1nrp2 
1  dT 1  

- e  e C = r P 2 k  [ k = e c ]  + S = - k  + - = - k  + 
r2  dr r2 

T ( 1 )  = 15 + 15 = -k + A (1) and T ( 2 )  = 25 + 25 = - i k  + A  (2) 

Now solve for k and A: -2(2) + (1) + -35 = -A,  so A  = 35 and k  = 20, and T ( r )  = -2017- + 35. 


