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SECTION 7.6 DIFFERENTIAL EQUATIONS O 409

.(w2+1)y’=xy = @z Yy = 5@: z dz [y£0] = /dy /l'd-’b‘

dr 2241 y 2241 z2+1
Inlyl = in(z® + 1)+ C [u=2%+1,du=2zdr] =In(z® +1)/2+ e = ln(ec ?+1) =
yl=e“VZZ+1 = y= K22+ 1, where K = +¢C is a constant. (In our derivation, K was nonzero, but we can

restore the excluded case y = 0 by allowing K to be zero.)

o { 5 ) "d ;
.Y =y“sinz = {—ri-{ =y“sinz = (—Ei =sinzdr [y#0] = g S /sin,r de =
axr |/ S Y= :
! cosz+C = ! cosz—-C = ! where K C 0 is also a solutio
e — — —_ = —_ = — = —=C. = a 1011,
y i y cosz + K y "
; 5 dy i " siny i
.(1+tany)y =2*+1 = (1+tany)-——=z"+1 = 1 + dy= (" +1)dz =
’ dx cos Yy -
—siny o 1 3 S .
/ (1 - c—-) dy = /[.a +1)dz = y—Infcosy| = 3z° + & + C. Note: The left side is equivalent to
05 Y !
y + In[secyl.
Y af 26 : 29
. Z_‘Z = % = -éyg dy = Sslélc 7 dd = / ye Ydy = / sin® 8 cos @ df. Integrating the left side by parts with

u =y, dv = ¥ dy and the right side by the substitution v = sin 6, we obtain —ye™¥ —e™¥ = % sin® # 4- C. We cannot
solve explicitly for .

W uttttn = %:(1+u)(2+t)

du
= 2+ t)dt -1} =
= [erna wroy
Infl+u=%i2+2t+C = |1+u|—et/2+2‘+c Ket/2+2 where K =€ = 1+u=tKe/2+2 =
=1+ Ket/?*+2 where K > 0. w=~1 is also a solution, so u = —1 + Ae*72+2¢ where A is an arbitrary constant.

dz rett =0 = ”I—::—f"(" =% e fdz=—[etdt = —-e*=——e+4+0C = e*=e-0C =
dt dt i .

L oo e gen e e 1 o e ¢ o
= (G = o & IIl('r_(_) = z=—In(e C)

du _ 2t+ sec?t
dt 2u
[w(0))? =02+ tan0 +C = C = (—5)* = 25. Therefore, u® = t* + tant + 25, 50 u = £+/12 + tant + 25.
Since u{0) = —5, we must have u = —+/t2 + tant + 25.

w(0) = =5. [2udu= [(2t +sec’t)dt = u®=1>+tant+ C, where

2
%:??—)Syf’ (0)=1. dy=ycoszdxr = 1-;21 dy =cosxdr = /(%—{-y)dy:/cosmd:c =

Inly| +1y® =sinz+C. y(0)=1 = Inl+i=sin0+C = C=3solnfyl+3iy® =sinz+ 3.

‘We cannot solve explicitly for y.

zcosz = (2y+e*¥)y = zcoszdr= (2y+e¥)dy = [(2y+e*¥)dy= [zcoszdr =

yP 41 eay =zsinz + cosz + C [where the second integral is evaluated using integration by parts]. Now y(0) =0 =

0+ 2 3 =0+14C = C= —— . Thus, a solution is y° + e3y =zsinz +cosx — — . We cannot solve explicitly for y.
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12.%=\/P_t = dP/VP=+idt = [P?dP=[t'?dt = 2P/*=2*1C.

Pl)=2 = 2 \_f§ - :; +0 = (C= 3\/5 — :: so2pl/2 — %!3_.'.3 + '._)\f-‘f‘_j — =; = \"!F = L‘f;";“ o \«"E = l;
P=(3"+v2~})
dy a+y dy
13. ¢/ tanzx = , 0z <n/2 = == = = cotzdr 0] =
Y r=aty :c / dr tanz a-+y laty #0]

/ al _ / COST do = ll’lla+ y[ —1In Isin.’d +C = Ia +y! — eln|sin z{+C — e'In|sin z| | GC — eC [sinx[ =

a+y sinx
a+y = Ksinz, where K = +e€. (In our derivation, & was nonzero, but we can restore the excluded case y = —a by
. . V3 4a
allowing K tobe zero.) y(n/3)=a = a+a=Ksin(n/3) = 2a=K - = K= 7
da . da
Thus,a +y = —sinzand soy = —sinz — a.
V'3 V3
; 3 1L “dL i 1 "
14. % =kL"Int = Ef—-’ =klntdt = / {j,'-? = / klntdt = P ktlnt — / kdt [by parts
withu=Int,dv =kdf] = ——=ktlnt—ki+C = L= L
T L T kt—ktlnt—-C°
1 1

= C—-—k=1 = C=k+1 Thus, L=

Ll)=-1 = -1

“k—khi-C kt—ktlnt—Fk—1°
1 - d ; s " d %
15. - x?y, y(0) =T. & _ 48 dx [ify #0] = &= / dzdz = In ly| = i+ C =
EJ,F Uy p Y E
il — =40 o =€ = y=Ae; Y0)=7 = A=T7 = y=Te.
1 2 " d “dx 1 1 i -
6. L =L y)=1. f—"'—/iﬂ = ——=——04C y(l)=1 = -1=-14+C = C=-i
dx T Y T Iy 212 * =
1 1 2+ 2a° 24>
So s =em T3~ o T VS @y
i — dy = dy ; dy '
17. @y =2z/1-9y? = —=Ll-9y? = —=22dc = —_— = [ 2zodr =
dx V1-1° \r"fi 2
sin ? 3= 2 + C for —% < 22+C < i

®y0)=0 = sin"!'0=0"+C = C=0,s0sin”'y=2z"
and y = sin(z?) for —/7/2 < z < \/7/2.

(c) For /1 — 42 to be a real number, we must have —1 <y < 1;

that is, —1 < y(0) < 1. Thus, the initial-value problem 77z

y" =2z /1 — y?, y(0) = 2 does not have a solution.
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3. Note that y' = y(z + 1) = 0 for any pointony = 0 oron z = —1. The

slopes are positive when the factors y and x + 1 have the same sign and

negative when they have opposite signs. The solution curve in the graph

passes through (0, 1).
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32, Note that y' = z(1 — y) = 0 for any point on z = Q or on y = 1. The
!
g y Y=o slopes are positive when the factors z and 1 — y have the same sign and
2 0 =2

negative when they have opposite signs. The solution curve in the graph
passes through (1,0).
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33. (a) %? = k(M — P) is always positive, so the level of performance P is increasing. As P gets close to M, dP/dt gets close

to 0; that is, the performance levels off, as explained in part (a).
(b) % =k(M-P) & /% =/(—k)dt & InfP-M|=-kt+C & |P-M|=e """ &

P— M = Ae™*t [A = :I:ec] & P =M + Ae**. If we assume that performance is at level 0 when ¢ = 0, then

PO)=0 & 0=M+A4 & A=-M & P{t)=M-Me ™. lim Pl)=M-M-0=M
t—+ 0
2 2
4. IfS = Z—f, then % = (3772“ The differential equation (jiTj; + %fid% = 0 can be written as %g + %S = 0. Thus,
5 _ 25 = a5 _ 2 dr = —1—dS —[-2 dr = In|S| = —2In|r|+ C. Assuming S = dT'/dr > 0
dr r S r S r
andr > 0, we have § = e 20 7+C = e % eC = 2k [k: = ec] = S= lk: = d—T = —l—lc =
r2 dr r2

dT = i, kdr = /r”' = / L} kdr = T(r)=-——+ A
e 3 g 2

T(1)=15 = 15=-k+A @) ad T(2)=25 = 25=-1k+A (2

Now solve for kand A: —2(2) + (1) = —-35=—A4,s0 A=35and k= 20,and T'(r) = —20/r + 35.



