
4. A cross-section is n disk with radius eu,  so its area is A(y) = =(ey)'. 

9. A cross-section is a washer with inner radius 1 - & 
and outer radius 1 - a,  so its area is 

A(z)  = r(1-2)' - = ( I  - 6)' 
= ~ [ ( l -  2x+x2)  - ( 1  - 2&+z)]  

= ?r(-3x+x2 + 2 & )  

12. y = + a = y2, so the outer radius is 2 - y'. 

! 

= ~ ~ ' ( y 4 - 5 Y 2 + 4 y ) d y = n [ a y 5 - - j y 3 + 2 y 2 1 ~ = a ( f  - : + 2 ) = &  15 7r 

=r{;r3  - $(r  - h)[3rZ - ( T  - h)']) 

= ST {2r3 - (r  - h) [3r2 - (r2 - 2rh + h 2 ) ] )  

= +T {2r3 - (r  - h)[2r2 + 2rh - h2]) = 5a(2r3 - 2r3 - 2r2h + rh2 + 2r2h + 2rh2 - h3) 

32. A cross-section is shade 

A(x) = ( 2 ~ ) ~  = (2 J-')', so 

V = lZc A(x) dx = 2 ll 4(r2 - x2) dx 

=s[T 'x -  9z3]; = 8( i r3 )  = q T 3  



48. The line y = T intersects the semicircle y  = d w  when T = d- T' = R' - x2 + x2 = R' - r2  

x  = f Jn. Rotating the shaded region about the x-axis gives us 

Our answer makes sense in limiting cases. As T + 0, V + $ , r ~ ~ ,  which is the volume of the 111 sphere. 

As T + R, V -* 0, which makes sense because the hole's radius is approaching that of the sphere. 

- w - 
7.3 Volumes by Cylindlrkal Shells 

1. If we were to use the "washer" method, we would fist have to locate the Y 4  

local maximum point (a, b) of y = x(x - 1)' using the methods of 

Chapter 4. Then we would have to solve the equation y = x(x - 1)' 

for z in terms of y  to obtain the hctions z = gl (y) and x = g2(y) 

shown in the first figure. This s q  would be difficult because it 

involves the cubic formula. Finally we would find the volume using 

V = ,r J: { [g~ (y) I2  - [g2 (y)I2) dy. Using shells, we find that a 

typical approximating shell has radius x. so its circumference is 27rx. 

Its height is y. that is. x(cc - I ) ~ .  So the total volume is 

! 

10. Letu = x 2  Thendu = 2 x d ~ . s o $ x e ~ ~ d x  = J e u ( t d u )  = i eu  + C =  ;ex' +C.  

14. Let u  = x2 + 1. Then du = 2xdx and xdx = 4 du, so 

-1 - 1 -1 
-2 1 - j ( 2 2  : u ( Y d u ) = + . - + C = - + C =  'u 2u 2(x2  + I) +c. j 

dx tan-' x  u2 (tan-' x ) ~  
1 + x 2 , s o  J m d x = / ~ d u = l + ~ =  24. Let u  = tan-' x. Then du = - 2 

+ C. 



30. Let u = ex + 1. Then du = ex d ~ ,  so = Inlu( + C: = ln(ex + 1) + C. 

31. / sin 22 J sin x cos x 
dx = 2 dx = 21. Let u = cos 2. Then du = - sin x dz, SO 

1 + c0s2 x 1 +cos2x  

Or: Let u = 1 + COS' x. 

32. Let u = cos x .  Then du = - sin x d c  and sin x dz = -du, SO 

= tan-' x + h l n l l +  x21 + C = tan-' x + 4 In(1 + x2)  + C [since 1 + x2 > 01. 

4 du 34. Let u = x'. Then du = &dx, ' so /*&= / a = $ t a n - 1 u + ~ = + t a n - 1 ( r 2 ) + ~ .  

1 35. L e t u = x - l , s o d u = d z .  W h e n x = 0 , ~ = - 1 ; w h e n r = 2 , u = 1 . T h u s , J ~ ( : ~ - 1 ) ~ ~ & = ~ ~ ~ u ~ ~ d ~ 1 = 0  

by Theorem 7(b), since f (u) = uZ5 is an odd function. 

36. L e t u = 4 + 3 x , s o d u = 3 d x .  W h e n r  = 0 , u = 4 ; w h e n x =  7 , u =  25. Thus, 

49. tet u = In x, so du = 2. When x = e, u = 1; when 3 = e4; u = 4. 
2 

4 
Thus, led & = [ u-1/2 d u = 2 [ ~ ~ ~ ~ ]  = 2 ( 2 - 1 ) = 2 .  1 


