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4. A cross-section is a disk with radius eV, so its area is A(y) = w{e¥)=.

V:/—ﬂ(ey)2dy:7r/ "ydy—fr{lpzy]— I(e —e?)
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9. A cross-section is a washer with inner radius 1 — /= 2 ¥

and outer radius 1 — z, so its area is
Alz) =r(1—2z)? —7(1— Vz)*
m[(1 — 2z +2*) - (1 -2Vz + 7)) a 8]
m(-3z+2* +2z) y=x ;
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12.y=Vz = z =1y sothe outer radius is 2 — y°.
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— R®]} = §m(2r® — 2r® = 2r°h 4 Th* + 2rh 4 2rh® — K°)
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= 1n(3rh® — h%) = 1xh*(3r — h), or, equivalently, wh* (r - §>

32. A cross-section is shaded in the dlagram

Alz) = @)? = 2viT—22)" 50

V= [T Al)de=2 [ 4(r* ~ %) dx
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=8r'a~ 4], = 8(3r%) = 37
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48, The line y = r intersects the semicircley = VRZ —z2 whenr = VRZ —2? = r*=R*~3z’> = a*=R*’-r’

z = 3+ R? — r2, Rotating the shaded region about the z-axis gives us

i JREE
| V= /_ I;_rz w[(\/Rz - x2)2 - 7'2] dr = 27r/0 ! (R2 —g?— r2)d$ [by symmetry]
l A2 /R2 2
% = 27r/U ! [(R? = r%) — 2% dz = 2n [(R® — ")z — 32°] e

=2r {(RZ —r?)3? - 3(R? - Tz)a/z] =2m- (R —r?)3? = (R - pRyPre

Our answer makes sense in limiting cases. Asr — 0,V — §7rR3, which is the volume of the full sphere.

Asr — R,V — 0, which makes sense because the hole’s radius is approaching that of the sphere.
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7.3 Velumes by Cylindrical Shells

1. If we were to use the “washer” method, we would first have to locate the y
local maximum point (a, b) of y = x(z — 1)* using the methods of 1= I(: if(y) =gy
i 2 — g1
Chapter 4. Then we would have to solve the equation y = z(z — 1)2 ol 4 /
for  in terms of y to obtain the functions z = g, (y) and = = ga(y) % : !
_ . )
shown in the first figure. This step would be difficult because it
involves the cubic formula. Finally we would find the volume using

V=m f(f {lan(w))® - [92()]?} dy. Using shells, we find that a
typical approximating shell has radius =, so its circumference is 27z.

Its height is y, that is, z(x — 1)2. So the total volume is
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V:/ '27r1'[$(x—1)']d$=27r/(z4—2:c$+3:2)d.T:27r L_QT‘__,_J:_ =
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2.V = [2n(7 - z){(4z — 2°) — z]dz * F—. _ -
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10. Let . = o°. Then du = 2z dz, sof:z:e““2 dz = [e*(Ldu) = e+ C=3e" +C. )

44, Letu = 2 + 1. Then du = 2z dr and zdz = 3 du, so

- -1 Lo 40
- [aipe= [ G =t T =g O ¢ )

dz tan~’ z U (tan! z)?
=tan~} = —— ——dx = =4 (=t C
2. Letu =tan™ ' z. Thendu = I xz’SO/ 1522 dz /udu 2 C
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30. Letu:e“+1.Thendu=e‘“da:,so/Pze+1dz= /%}E =Infuf + C = In(e® + 1) + C.
3. / sm2a: =2/?ﬁ_ﬂoﬂd z = 2I. Let v = cosxz. Then du = —sin2 dr, so
" udu 1 2 2 2
2] = -2 1+uz:—2'51n(1+u)+C——-—ln(1+u)+C=—1n(1+cos z)+C.

Or: Letu =1+ cos’ .

32. Letw = cosx. Then du = —sinz dw and sinz de = —du, so
: i . .
/1?202%”2'/“:12 = —tan 'u+C = —tan ' (cosz) +C.

33. Letu = 1 + 2°. Then du = 2z dz, so

__1+:r. ‘————1 . il s %du -1 1
1+m2dm=-/1+I2dm+/1+$2dm=tan a,+/ : =tan"'x + 1 lnjul + C

=tan*1x+%ln]1+m2‘+C=tan“‘a:+-12-1n(1+m2) + C [since 1 +z* > 0].

s / z ldu
34.Letu—z.Thendu:%dm,so/1+w4d~m /1+ 5 %tan_1u+C=%ta.n_l($2)+C.

35 Letu = - = = = -1 = =
ety =z —1s0du=dr. Whenr=0,u=~1;whenzr =9 u =1 Thus,foz(:v—l)%dx=f_11u25d'u=0
by Theorem 7(b), since f(u) = u*° is an odd function.

36. Letu =4+ 3z,s0du = 3dr. Whenax = 0, u =4, whenz =7, 2 = 25. Thus,
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i 2 L[u?2]
fo V&+3zdr = 45\/E(§du)=§[3—/2-] = 2(25%/2 — 43/%) = (125—8) = 26,
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49 letu = Inx, so du = d—; Whenz = e,u=1;whenz = e*;u =4

4

N dz : 4
Thus, / = f 2 = 2R =9(2~1) =
e iBVan‘ 1 v du 2[’!.L ]l 2(2 1) —2 ‘




