
2. From the first figure, we see that 

5; f (z)& < Cf=l a,. From the 

second figure, we see that 

, 
EL2 a, < J: f (x) dx. Thus, we have 

EL2 CLI < .1;6 f (x)& < EL1 a*. 
1 2 3 4 5 6  
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5. nb is a pseries with p = -b. C bn is a geometric series. By (I), the pseries is convergent if p > 1. In this case, 

n=l n=l 
m 

nb = ( ~ / n - ~ ) ) ,  so -b > 1 o b < -1 are the values for which theseries m e r g e .  A geometric series 
n=l n=l 

00 

J arnwl civverges i f l r l <  1, no bn converges if l b l <  1 o -1 c b < 1. 
n=l n=1 

0 0 1  " 1 
12. C 7 and C 3 are convergent p-series with p = 4 > 1 and p = f > 1, respectively. Thus, 

n=l ,=I 

" 1 - 1 .  -- qLCJ + L, = 5 -2 +A T'-p 1s convergent by Theorems 8.2.8(i) and 8.2.8(ii). 
-- 

--- -- n = ~  ~ P - R *  n=l n=l 

\ 
x2 14. f (x) = - x(2 - x3) 

is continuous and positive on (2, oo), and also decreasing since fl(x) = 
x3 + 1 (x3 + 1)2 < 0 for x t 2. 

so we can use the Integral Test [note that f is not decreasing on 11, oo)]. 

OC n2 
& = lim [i ln(s3 + l)] : = lim [ln(t3 + 1) - In 91 = co, so the series C - diverges, and so does 

L-DO (--roo n=2 n3 + 1 
n2 

the given series, C - . 
n3 + 1 

n2 
.d Another solution: Use the Limit comparison Test with a n  = - 1 

n3 + 

and b, = -: 
n 

n 2 . n  - lim - 1 = 1 > 0. Since the harmonic series C " 1 .  - d~verges, so does -. n2 lim 5 = lim - - 
n-00 bn n-rm ~ 1 3  + 1 n-00 1 + l/n3 n=l  n3 + 1 

n2 - 1 n2 n2 1 1  w n 2 - 1  
16. - < - O 0 1  

3n4 + 1 3n4+1 < ~ = 5 ; ; j .  ~ l G T i  converges by comparison with C -, which converges because it is 
n = ~  3n2 

a constant multiple of a convergent p-series [p  = 2 > 11. The terms of the given series are positive for n > 1, which is good 

l+ s inn  2 - 2  (&r, so the given series converges by comparison with a constant multiple of a 24. - <-and C - = 2  C 
10" - 10" n=o 10" n=o 

-d' convergent geometric series. 

- '1- 



29. (a) 

We use the same notation and ideas as in the Integral Test, assuming that f is decreasing on [n, m). Comparing the areas 

of the rectangles with the area under y = f (2)  for x > n in the first figure, we see that 

J n 

Similarly, we see from the second figure that 

Rn = an+i + an+z + . . . > 
So we have proved that Snyl f ( x )  dx I R, 5 Jnm f ( x )  &. 

(b) If we add s, to each side of the inequalities in part (a), we get s, + Jny, f ( x )  dx 5 s 5 S n  + Snm f (x) 

because sn + R, = s. 

30. (a) f (x) = l / x 4  is positive and continuous and f l ( x )  = -4/x5 is negative for x > 0, and so the Lntegral Test applies. 

- 1  1 1 1  1 - x 810 = 1~ + + - + . . . + - x 1.082037. From Exercise 29(a) we have 
,=I n4 34 104 

1 1 1 
5 l," $ & = t-w lim [-I -3x3 :o = lim (-- I so the error is at most 0.0003. 

t-w 3t3 + m) = 3000. 

1.082037 + 0.000250 = 1.082287 5 s < 1.082037 + 0.000333 = 1.082370, so we get s = 1.08233 with 

error 5 0.00005. \ 

that is, for n > 32. 

41. Since an conveges, lirn a, = 0, SO there exists N such that la, - 01 < 1 for all n > N +. 0 5 a, < 1 for all n- m 

,J > N 0 < a; 5 an. Since an converges, so does a: by the Comparison Test, 

1 m 
(-l)n-l converges by the Alternating Series  IS^. 5, bn = - > 0, {b,) is decreasing, and lim bn = 0, so the series - 

f i  n-w n=1 JSi 

w m m 1 1 
= - # 0. Since lim an # 0 J;; = (-l)nbn. N o  i b = 1% + , 6. C a, = C (-I),- 

,=I 1 + 2 f i  n=1 n-ca 
n-+w 

n=l 

(in fact the limit does not exist), the series diverges by the Test for Divergence. 



m 

8. (-l)"-l (e) = IJ + c (-1)"-1 Inn In x 
n=1 n=2 

> 0 for n 1 2, and iff  ( x )  = -, then 2 

1 -1nx 
fl(x) = - < 0 for x > e, so {b,) is eventually decreasing. Also, 

2 2  
I 

1 I n n  lim - = lirn - - ,,lir+mCO bn = lim - - In - 0, SO the series converges by the Alternating Series Test. 
n-+m n z-m 5 x-+m 1 

a m 2" 
9. The aeries = C ( - I ) " ~  satisfies (i) ofthe Alternating Series Test because 

*=l n=l 

series is convergent. Now b7 = 2'/7! = 0.025 > 0.01 and bs = 2'/8! x 0.006 < 0.01, so by the Alternating Series 

Estimation Theorem, n = 7. (That is, since the 8th term is less than the desired error, we need to add the first 7 terns to get the 
d sum to the desired accuracy.) 

O3 n2 2" 2 
20. The series C - has positive terms and lim a"+' - - lim [- . - 1 1  

n=l 2" n-m a,, n-m = lim ( I  + :) = 5 < I, n-m 

so the series is absolutely convergent by the Ratio Test. 

m w 
21. n = ~  ~ ~ ~ s i n g t h e ~ t i o ~ t ,  n! n--too lim I % ( =  a, hm .!I= fim /-"l/=O<l,wlirseriesis 

n-.m ( n +  l ) !  ( - lo )% n-rn n+ 1 
absolutely convergent. 

CO n 
22. c - diverges by the Limit Comparison Test with the harmonic series: lim ./(n2 + 1) = lim n2 - 1. But ,=L n2 + 1 n-oo l /n  n-m n2 + 1 

m n (-I)%-' - 
n2 + 1 converges by the Alternating Series Test: - 

n=l {n2: 
has positive terms, is decreasing since 

1 - x2 n m 
<Oforx>l , and  lim - = 0. Thus, (-1)"-'- n 

n-.m n2 + 1 n2 + 1 
is conditionally convergent. 

n=l 

39. (a) lirn l / (n  + 1)3 1 
= 1. Inconclusive 

fim I("tl).E(= nm - n + l  = lim (1 + ') = - Conclusive (convergent) 
n-m 2"f1 n n-oo 2 n  n-m 2 2 n  2' 

/ = 3Ji% 6 = 31% ,/= = 3. Conclusive (divergent) . ,' L 

(dl lim / \/"+l lim [ J ~  I + - .  l/n2 + 1 
n - m l + ( n + ~ ) ~  J5i n-oo 

= 1. Inconclusive 
n l / n 2 + ( l + l / n ) 2  








