
J cc) c, >o, , c ,  =c7 
$"(x\ < o  - S ~ Z  

@ \  co w ,  c, Co, c ,  2 0  
+ " ( > C \  7 0  2 <  x < A  

6) e. Co, c ,  2 0  , el ( 0  



x 
(b), (c) The initial terms of J1 ( x )  up to n = 5 are a0 = -, 2 

2 

x3 x5 x7 x9 al =-- ,an = - as = -- 
18,432' a* = 16 384' 1,474,560' 

x l l  
and a5 = - The partial sums seem to 

176,947,200 ' -8 

approximate Jl ( x )  well near the origin, but as 1x1 increases, 

we need to take a large number of terms to get a good 

approximation. 
- 2 

03 xsn an+l - so lim - 
1 

24. (a) A ( x )  = 1 + C a,, where a, = 
n=l 2 . 3 . 5 . 6 . . - . . ( 3 n - l ) ( 3 n ) '  n-031 a,  1 - ' ~ ~ ~ ~ 1 ! % ( 3 n + 2 ) ( 3 n + 3 )  = O  

for all x ,  so the domain is R. 
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1 1 m m 
- 6. f (x) = ----- - = (-92')" = C (-l)n 32n xZn. The series converges when 1-92' 1 < I; that is, 

1 + 9x2 1 - (-9x2) 71=o n=O 

when 1x1 < $, SO I = ( - f ,  f ) .  

1 1 0 3  1 x 
7. f (x)=----  - = - - C (zr or equivalently, - - xn. The series converges when 1 ( < 1; 

x - 5  - 5 ( 1-215 ) 5,=0 n = ~  5"+l 

that is, when 1x1 < 5,  so I = (-5,5). 

x 1 m m 

8. f (x) = - = x .  = x C (-42)" = C (-1)n22nxn+1. The series converges when 1-421 < 1; that is, 
4x+ 1 1 - (-42) n=o n=O 

when 1x1 < $, SO I = (-$,a). 
1 x 

9 n=o 

w x2n+l 
= C (-l)n- 

n=O gn+l 

The geometric series C [- (;) '1 n' converges when 
n=O 

so R = 3 and I = (-3,3). 

x2 x2 1 x3 m x3n+2 
10. f(x)  = ----- = - = ' E ( a ) = ~ w .  The series converges when 1x3/a3 1 < 1 + 

a3 - x3 a3 ' 1 - x3/a3 a3 n=O n=O 

1x31 < la3] * 1x1 < la\, so R = la1 and I = (-la\, lal). 

11. f (x) = 
3 

- - 
3 - - A + 3 = A(x - 1) + B(x + 2). Taking x = -2, we get -+- 

x 2 + x - 2  (x+2)(x-1)  x + 2  x - 1  

A = -1. Taking x = 1, we get B = 1. Thus, 

We represented the given fi~nction as the sum of two geometric series; the first converges for x E (-1,l) and the second 

converges for x E (-2,2). Thus, the sum converges for x E (-1,l) = I. 

72-1 - - 72-1 - A B 1 1 1 -- +-=- 2 +-=2.  -- 
1 2 ' f ( x ) = 3 x 2 + 2 x - l  ( 3 x - l ) ( x + l )  3 x 1  x + l  3x-1 x + l  1 - ( x )  1 - 32 

The series C (-x)" converges for x E (-1,l) and the series C  (32)" converges for x E (-4, i), so their sum converges 

for x E (-5,;) = I. 

1 d -1 d m  
13. (a) f (x) = ----i = - (-) = -z [ C  (-1)" x ~ ]  [from Exercise 31 

( I + X )  dx 1 + x  n=o 
m 00 

= C (-l)n+lnxn-l [from Theorem 2(i)] = C (-l)n(n + l)xn with R = 1. 
n=l n=O 

In the last step, note that we decreased the initial value of the summation variable n by 1, and then increased each 

occurrence df n in the term by 1 [also note that ( - I )"+~ = (-I)"]. 
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1 1 d 1 (b) f(%) = - = --- - (- 1 (n + 1 [from part (a)] 
( I + x ) ~  2dx [ ( 1 + ~ ) ~ ]  =-?z [n=O 1 

m 03 

= - 4  C (-l)"(n+ l)nxn-' = i C (-l)n(n + 2)(n + l)xn with R = 1. 
n=l n.=O 

x2 1 
(c) f (5) = - = x2 . - l c 0  

(1 + x ) ~  (1 + x)3 = x2 . - x (-l)n(n + 2)(n + l)xn [frornpart (b)] 
2 n=o 

03 

= i C (-l)"(n + 2)(n + 1)xn+2 
n=O 

To write the power series with xn rather than xn+', we will decrease each occurrence of n. in the term by 2 and increase 
00 

the initial value of the summation variable by 2. This gives us x (-l)"(n)(n - l )zn .  
n=2 

1 1 00 

14. (a) - = - - - x (-l)nxn [geometric series with R = 11, so 
1 + x  1 - ( x )  n=o 

[C = 0 since f (0) = In 1 = 01, with R = 1 

[ * l n l X n ]  [by pan (a)] = 2 (-1)n-lxn+' ca (-l)nxn 
(b) f(x) = x l n ( l + x )  = x  C =x- with R = 1. 

n=l n n=l n n.=2 n - 1 

m (-l)n-1(x2)n, m (-l)n-lx2n 
(c) f (x) = ln(x2 + 1) = x [by past (a>] = C with R = 1. 

n=l n=l 

Putting x = 0, we get C = In 5 The series converges for 12/51 < 1 e 1x1 < 5, so R = 5. 

1 00 2 m m 
16. We know that - = x ( 2 ~ ) ~ .  Differentiating, we get = C 2"nxn-I = C 2n+1 (n + l)xn, so 

1 - 22 n=o (1 - 2 ~ ) ~  n=l n=O 

with R = $. 

x3 00 n f  lxn - n+ lXn+3  n - 2  f (XI = - = x 3  C -  - C -  Or C jFi zn for 1x1 < 2. Thus, R = 2 and I = (-2,2). 
(x - 2)2 n=O 2n+2 n=O 2n+2 n=3  

-- x 
18. From Example 7, g(x) = arctan z = (-1)"- Thus, 

n = ~  2n + 1 '  
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22. f ( x )  = tan- ' (2x)  = 2 J & = 2 J E (-1)" ( 4 ~ ~ ) ~  d x  = 2 1 (-1)"4"x2" d x  
n=O n=O 

00 (-l)n4nx2n+1 n 2n+l 2n+l 
= C + 2  C - - [ f  ( 0 )  = tan-' 0 = 0 ,  so C = 01. 

( -1)  2 x 
n=o 2 n +  1 n=o 2 n +  1 

S5 = S6 
S3 = S', 

The series converges when 142'1 < 1 @ 1x1 < $, so 2 \ / S ,  = S2 
f I 

1 
m 

and R = $. Ifx = f i, then f ( x )  = C (-1)"- 
n=o 2 n +  1 

m 

f ( x )  = C ( - 1 ) " + l L ,  respectively. Both series -2 
n=O 2n + 1 

converge by the Alternating Series Test. As n increases, 

s n ( x )  approximates f better on the interval of convergence, 
1 
I J 

which is [-$, $1. -2 

t 1 m M w t8n+2 
23. - = t . - -  - t C (t8)" = C pn+l J & d t = ~ + ~ -  The series for - 1 converges 

1 - t8  1 - t8 n=O n=O n=o 8 n + 2 '  1 - t 8  

when It8 1 < 1 @ It1 < 1, SO R = 1 for that series and also the series for t / ( l  - t8).  By Theorem 2, the series for 

/ dt also has R = 1. 

03 t n  ln(1 - t )  
24. By Example 6,1n(l - t )  = - C - for It1 < 1, so - = - 

t n  
t d t = ~ - ) - .  n=l n n=l n=l n2 

By Theorem 2, R = 1. 

. . 
J, 

25. By Example 7, tan-' x = C (-l)n- with R = 1, so 
n=O 2 n +  1 

x3 x 5  x7 x3 x5 x7 - . . . = c cc (-I)"+'- x2n+l x - t a n - ' x = x -  3 : - - + - - - + . . .  
( 3 5 7  

and 
n=l 2 n  + 1 

m 
x - tan-' x x2n-2 

= 'y(-~)~+l- 
5 3  n=l 2n+ 1' 

00 00 x2n-1 

= C + C (-I)"+'- . By Theorem 2, R = 1. 
n=l 4n2 - 1 

J w 2 2n+l m x4n+3 
d x = C + C ( - 1 ) "  26. By Example 7, tan- l (x2)  d x  = with R = 1. 

? l = ~  ( 2 n  + 1 ) ( 4 n  + 3) 

co x5n+1 

J dx = f E ( - 1 ) " ~ ~ "  dx = c + T ~ U S ,  
n=O n = ~  5 n + 1 '  

0.2 1 x6 x l 1  d x =  2 - - +  - - . . .  ( 0 . 2 ) ~  (0 .2 )~ '  [ 6 11 
= 0.2 - - +--...  

6 11 
. The series is alternating, so if we use 

the first two terms, the error is at most (0.2)11/11 = 1.9 x lo-'. So I = 0.2 - ( 0 . 2 ) ~ / 6  = 0.199989 to six decimal places. 
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xn 
28. From Example 6, we know ln(1 - x) = - C -, so 

n=l n 

co x~~ w x4n+l 
/1n(1+ x4) dx = ( - ~ ) ~ + l -  dx = c + (-I)"+' 

n 
Thus, 

n= 1 n(4n + 1) ' 

The series is alternating, so if we use the first three terms, the error is at most (0.4)17/68 x 2.5 x lo-'. 

So I x (0.4)~/5 - (0.4)'/18 + (0.9)13/39 = 0.002034 to six decimal places. 

29. We substitute 3x for x in Example 7, and find that 

SO 1°" x arctan(3x) dx = [g - - 3"x5 3 . 5  35x7 37x9 
5 . 7  7 . 9  

- 1 9 ---- 243 

I:' 
2187 +---+... 

103 5 x 105 35 x 107 63 x 109 

2187 The series is alternating, so if we use three terns, the error is at most - x 3.5 x lo-'. So 
63 x 109 

1 9 
x arctan(3x) dx % - - - 243 + - % 0.000 983 to six decimal places. 

103 5 x 105 35 x 107 

The series is alternating, so if we use only two terms, the error is at most 311 
x 0.000000 16. So, to six decimal 

11 x 1011 

x2 
places, l3 - 33 dxx---- 

1 + x 4  
37 - 0.008 969. 

3 x lo3 7 x 107 

00 xn 
31. Using the result of Example 6, In(1 - x) = - C -, with z = -0.1, we have 

n=l n 

0.01 0.001 0.0001 0.00001 
In 1.1 = ln[l - (-0.l)] = 0.1 - - + - - - + - - . . . 

2 3 4 5 
. The series is alternating, so if we use only the 

0.00001 
first four terms, the error is at most - 0.01 0.001 0.0001 

5 
= 0.000002. So In 1.1 x 0.1 - - + - - - x 0.09531. 

2 3 4 
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n 

0 

1 

2 

3 

4 

We use Equation 7 with f (x) = cosx. 

n 

0 

1 

2 

3 

4 

(-l)nx2n 
If a, = , then 

(2n) ! 

f (n)(x)  

cosx 

-sinx 

-cosx 

sinx 

cosx 

= 0 < 1 for all x. 

So R = cm (Ratio Test). 

f (n )  (0) 

1 

0 

-1 

0 

1 

f(n)(x)  

sin 2.7: 

2cos2x 

-2' sin2x 

-23 C O S ~ X  

24 sin 2s 

f (")(o) = 0 if n is even and f ')(0) = (-l)n22n+1, SO 

f ( , ) ( ~ )  

0 

2 

0 

-23 

0 

an+l lim - - - lim 
22 1xI2 

= 0 < 1 for all x. 
I -m/  a, I n--(2n+3)(2n+2) 

So R = CQ (Ratio Test). 

an+' gn+l lXln+l n ! lim - lim 5 1x1 -1 = lim - 
n-- 1 a, I = n-- [ (n + I)! 5" 1x1 n-- n + 1 

= 0 < 1 for all x 

SoR=cm.  

I 1x1 = lirn - 
n-m n 

= 0 < 1 for all x 
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23. The general binomial series in ( I  8) is 

x rn (-I)"-' 1 . 3  . 5  . . . . . (2n - 3)xn 
= I + ? +  c for 1x1 < 1, so R = 1. 

n=2 2n . n! 

= (1 + xlP4 = 2 ii4) xn. The binomial coetlicient is 24. - 
(1 + x ) ~  n =O 

1 - Thus, - - 5 (-l)%(n + l ) (n + 2)(n + 3) xn for < 1, so R = 1. 
(I  + x)\=o 6 

1 
25. - - 

1 
= :(I+ z )  -3 = 1 (;3) (q).. The binomial coeficieot is 

(2 + x)" [2(1 + x/2)I3 8 8 n=o 

and /-xi < 1 e 1x1 < 1, so R = 1. 

m xZn (-l)n(7r~)2n (-1)"7rZnx2" 
27, cos x = C (-l)n - + f (x) = cos(7rx) = C 

(2n)! 
, R = m  

,=o (Zn)! ,=o (2n)! 

OC 5" - (-212)" (-l)nxn, R = 
28. ex = - + f (x) = e-x/2 = 7 = %=o n! n=O n=o X T  2 n! 
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42. (a) 1,- = (1  + x)-'I4 = (:$) xn = 1 - - x  + x 3 + . . .  

n=O 4 2! 3! 

(b)  1/ = 1 - $ a  + P x 2  32 - 15x3 128 + s x 4  - . . . . 1/ = 1/ q m ,  so let x = 0.1. The sum of the first four 

terms is then 1 - i (0 .1)  + &(0.1)' - s ( 0 . 1 ) ~  x 0.976. The fifth term is g ( 0 . 1 ) ~  % 0.0000095, which does not 

affect the third decimal place of the sum, so we have l /  $'ii x 0.976. (Note that the third decimal place of the sum of the 

first three terms is affected by the fourth term, so we need to use more than three terms for the sum.) 

('7) x2n m 

43. cosx = C (-1)n- cos(x3) = C (-1)n- - 
n=o (2n)! n=O 

m x6n+l m %6n+2 
x cos(x3) = = (-l)n- i / s c o s ( x 3 ) d x = C +  X ( - l ) n  with R = w. 

n =O (2n)  ! (6n + 2) (2n)! ' 

sinx 1 OJ 
x2"+' (-1)" xZn , so J sin x Cc x2r~+l 

44. - = - C = 5 dx = 
x x ,,o (2n + l ) !  ,b=o (2n + I ) !  x 

dx=C+zo (2n+1) (2n+1) !  

45. Using the series from Exercise 23 and substituting x3 for x,  we get 

with R = oo. 

J 00 x6n+2 
47. By Exercise 43, x cos(x3) dx = C + x (-1)" 

,L=O ( 6 ~ ~ + 2 ) ( 2 n ) ! ' ~ O  

1 = -  1 1  1 - 0.000069, so L1 x cos(x3) dx = - - - + - % 0.440 (correct to three decimal places) by the 
2 0 .  6! 14,400 2  16 336 

Alternating Series Estimation Theorem. 

48. From the table of Maclaurin series in this section, we see that 

03 x2n+l m x2n+l 
tan-'s = C (-l)n- for x in [- l ,1]  and sin x = (- 1)" for all real numbers x,  so 

n =O 2n+ 1 n=O (2n + I ) !  
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(0.2) '~ (0 .2) '~  
But (i + ;) = 

= 5.12 x lo-', so by the Alternating Series Estimation Theorem, 

(0 .2 )~  
I = - = 0.000 80 (correct to five decimal places). [Actually, the value is 0.000 800 0, correct to seven decimal places.] 

2 

49. We first find a series representation for f (x) = (I  + x)- ' /~,  and 

then substitute. 

1 1 3  5 - = 1 - -x3 + -x6 - -x9 + . . . j 
d'iT7 2 8 16 

dx I 1 = (0.1) - -(0.1)~, by the Alternating Series Estimation 
8 

Theorem, since 6 (0 .1 )~  z 0.000 000 005 4 < lo-', which is the maximum desired error. Therefore, 

50. 
0.5 rn (-l)n x2n+2 [(-1)nX2n+3 LIZ 

~ ' e - ~ ' d x  = 1 d x =  ] = C  I n  and since the term 
n=O n! n=o n!(2n + 3) .n=o n!(2n + 3)22n+3 

with n = 2 is 1 < 0.001, we use 2 - 
1792 

= 0.0354. 
n=o n!(2n + 3)22n+3 24 160 

x - tan-' x x -  ( x - + x 3 + i x 5 - f x 7 + . . .  i X 3  - i x 5  + fX7 - . . . 
51. lim = lim ) = lim 

s-o 23 x-o x3 1-0 x3 
- - l im(+  - ix2 + 4x4 - . . . )  = 1 

x-0 3 

since power series are continuous functions. 

1 - cosx 1 - (1 - & x 2 +  $ 2 4  - A x 6 + . . . )  
52. lim = lim 

~ - o l + x - e ~  x - o ~ + x - ( ~ + x + ~ x ~ + $ x ~ + $ x ~ + ~ x ~ + ~ x ~ + ~ ~ ~ )  

&x2 - +x4 + Ax6 - . . . 
= lim ,+o -LX2 - 1 x 3  - i 2 4  - i X 5  - AX6 - . . . 

2! 3! 

1 1 2  1 4  - - 2! g x  + g  - . . .  ' - 0  
= lim 

x , ~  -I - 1, - Lx2 - LX3 - 5x4 - .  . . 
2! 3! 4! 5! 

since power series are continuous functions. 


