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(b), (¢) The initial terms of Ji(z) upton =5 are ag =

3

3 —~— 2 5951
T z° z’ z° Vo
MT 71697 380 T 18432 ™ T TA74,560°
2"
and as = —m. The partial sums seem to —8 N _ =
approximate Ji (z) well near the origin, but as |z| increases, ; :
we need to take a large number of terms to get a good
approximation. L = s \ o
oo £
4 (a) A(z) =1+ ngl a,, where a, = 5356
for all z, so the domain is R.

3 4. 1
= i —_—— =
o i e TG O
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6. f(z) = - +19$2 =1 (19$2) = 7120(—9:02)" = ngo(—l)" 3% 2%, The series converges when | —9z?| < 1; that is,

when |z} < L,501 = (-3,3).

7. f(z) = mig) :_%(1—1m/5> =ﬂ%§o(

that is, when |z| < 5, so J = (-5, 5).

[e.o]

)n or equivalently, — >

n=0

. T
z™. The series converges when '-5( <1;

(SR

5n+1

1 o0 o0 . s

8. f(z) = 4;:_ [ =% T () = a:ngo(—@:)" = 11‘;0(—1)“22"33"“. The series converges when |—4z| < 1; that is,
when |z| < 1,507 = (-3,1).

T z[ 1 1 T 1 1 - | £y 2]’ L S 21
; ) — - — = = -5 |—{= == 5 (—1\_
% O 4 2 Ull (a iﬁJ ﬂ{l—' (2 %ﬁ}J )ﬁﬁ,[ (i) } Q,ﬁQt ) gn
oo 2n+1
nZ
= ngo(_l) 9n+1
L z\2]" | r2\2| Eal B
The geometric series > [_(5) } converges when '—(Ti) <1 &b e 1 & |z[°<9 & |z] <3,
n=0 | " | .
so R=3and I = (-3,3).
2 2 2 3\ 3n+2
z T 1 T X[z X T . 3,3

10. f(z) = P i d =y == n;g <$> = nz=:o prcry The series converges when Ix Ja | <1l &
|z*| < [a®| < |z| <lal,s0 R =|a|and I = (—|a},]a]).

3 3 A B .

1. = = = = 3=A(xz-1 B 2). Tak = -2, t
/(%) Fro-2 EFDE=1) :7:+2+33—1 (x — 1)+ B(z + 2). Taking = we ge
A = —1. Taking z = 1, we get B = 1. Thus,

_3 11 1 11 =, l'.\l‘('—J)'
P +z—2 -1 z+2 l—z 21+x/2 ) 3,20\ 2
o Coimt o = wid] w0 f=3)mr g
- S -39 = B [+ (e = £ (S -1)e

We represented the given function as the sum of two geometric series; the first converges for z € (—1, 1) and the second

converges for z € (—2,2). Thus, the sum converges for z € (—1,1) = I.

Tz ~ 1 7z — 1 A B 1 2 1 1
12. = = = = =2. —
M) = s 1 " G- D@+ D 3-1 o711 %=1 z+1 1-(—2) 1-3z
2 i (—x)" i“_ {3&)" = 1\: [2(-1)™ —3"] 2"

0 n=>0 =0

The series 3 (—z)"™ converges for € (—1, 1) and the series 3 (3z)™ converges for z € (—3, 3), so their sum converges

forze (-3,5) =1

13. (@) f(z) = ! d ( ! > B [i(—l)” a:"] [from Exercise 3]

(+07 de\l+42) " o
= i (=1)"*'nz™ !t [from Theorem 2(i)] = i (-)*(n+1)z" with R=1.
n=1 n=0

In the last step, note that we decreased the initial value of the summation variable n by 1, and then increased each

occurrence of n in the term by 1 [also note that (—1)"+2 = (—1)™].
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1 1d [ 1 1d [&, .. .
(b) fz) = Grap - ads [—(14—9:)2] =37 L;O(—l) (n+ Dz [from part (a)]

= _% i (_1)"(n+ l)n;z;n_l = % i (—1)"(’]1 -+ 2)(7’2 + 1).11“ with R = 1.
n=1 =0

3

2 oo
(Qf@):?ﬁﬁﬁgzngngT_' %E% ~1)™"(n+2)(n+1Da™  [from part (b)]
=1 5 (-1 (n+ Dn-+ Vet

To write the power series with 2 rather than £ 2, we will decrease each occurrence of n in the term by 2 and increase

the initial value of the summation variable by 2. This gives us 3 i =D"(m)(n - 1)z™
n=2

1 1 o0 o o
14. (a) 5z 1-(a) Tgo(—l) z™ [geometric series with R = 1], so
o . dx S [ S : = Lt & (—1) =
f@R)=h(l+z)=[——=[]|3(-1) .r":| de=C+ » (-1)" — = A
‘14z Y 5 — n+1l = n
[C =0since f(0) =In1=0], withR=1
oo _1yn-1,.n oo _1\yn—1,.n41 oo 1\ em
() f(z) =z In(1 +2) =x[z (”—"’] by pant @] = 53 N S BT g,
n=1 n n=1 n no n—1

©) flz) =In(x? +1) = i M [by part(a)] = i ﬂ with R = 1.

n=1 i n=1

" dx 1 i lx 1 fl& sy S =24 0yt

n'
J L

Putting = 0, we get C = In5 The series converges for |2/5| <1 < |z| < 5,50 R = 5.

(o) o
16. We know that T 1 Z (2z)™. Differentiating, we get (_1—_2-2— Z = Y 2"l (n 4+ 1)z", so
n=0 - 55 n=1 n=0
flz)= z? a? 2 z? i g '[' 1+ 1)z" i 2%(n+ Dz or Y‘“ on—2y 1)z"
= IS — s - — 2 n -+ s 2 lx i ey n 1T
(1 - Jl} 2 (1-2x) 2 n=0 n=0 ' n=2
with R= 1
1 1 | A ;1 .||
_ 0 il » n peatd {9 o= | < 92 -
17. 5% 31—/ _ 2 ‘“"n( 2) P a" for | 5| 1 x| < 2. Now
1 d 1 d o 1 ; T 1 == £ Ne 8 R
et A e p A, LT - 2 am = ¥ R v
(@ - ‘_-’_]" - "-f'(;" -J) C dx (_,f:u ontl " ) B f?_fl 2n+l eg 2nt? S
3
_z o3& n+l , Xapdl .. R n-2
f($)—(x_—2)2-—a:n;02n+21: —ngoamm orz e for |z} < 2. Thus, R =2 and I = (-2, 2).
so 2n-+1
18. From Example 7, g(z) = arctanz = n=0(—1)" ;n el Thus,
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dr 0 n 2.2
. = 1 = —_— = n 2 5 nn_2n
22, f(z) =tan ' (2z) =2 T 107 Z/n 0( 1" (42%) dn:—2/n 0(—1) 4"z"" dx

( 1)n4n 2n+1 oo (_1)n22n+1$2n+1 1
— 9 SR N S — =t = =0}
=C+ nX—:O 1 =2 1 [f(0) =tan™" 0 =0,s0 C = 0]
§5= S
. §3=8 =
The series converges when [4z°| <1 & |z| < 3,50 3( 4\| 2 \ 51T
N\
1
\ .
1 1 — n -+
R=11fz =+ then f(z) = g,o(—l) 5 and n‘\ 1
=] “' ) M S0
flz) = ngo(—l)”+1 T respectively. Both series —9 \‘\ \“ L1
B \
converge by the Alternating Series Test. As 7 increases, X
]
sn(x) approximates f better on the interval of convergence, L
L 1 J/
which is [—%, %] -2
Bty io: GRS io: Bl o /; dt=C+ io: e The series for —L— converges
T T et T - T—e @7 . Snt 2 11— &

when |t*| <1 & |t| < 1,50 R = 1 for that series and also the series for ¢/(1 — t®). By Theorem 2, the series for

/[_f? dt also has R = 1.

= In(1—¢t) /ln —t)
24, By Example 6, In(1 —¢t) = 721 ” for |t| < 1,s0 = e dt=C - Z

By Theorem 2, R = 1.

25. By Exampl lp= 3 (=1)"= thR=1
y Example 7, tan™" z ) 1) 1 W R SO
3 5 7 3 5 7 oo 2n+1
_ Ly g (a2 4% _ %2 o N, 1y T
r—tan 'z ==z (x 3 + 5 = + ) 5 =k = nz=:1( 1) 1 and
z—tan" T tan > n-2
-1 n+1
HZ:; ) 2n+1
— tan g I @£ S ith’l—L =C+ > (-1)** . By Theorem 2, R = 1
/ 3 o = 2n+1)(2n—1) n=1 4n? —1° y T
o " oo (m2)2n+1 oo :E4n+3
26. By Example 7, | tan™ (z°)dz = — T dr=C+ 1) ——————— with R=1.
d P / =) j n=a ,12::0( ) (2n+ 1)(4n + 3)
| | it 541 < 59
27. ~ = — =Y (-28)" = 3 (-1)"z*" =
1 + z° ] [—x°) g —0
oo Sn+1
/ dx—/z( e de = C + T‘( 1)" . Thus,
n=0 n=0 5n
0.2 6 11 0.2 6 11
1 0.2 2 L . .
I / ——dz = m—m——l-m——-n =0.2—£——l—+u—---.Theserleslsalternatmg,smfweuse
,  1+a° 6 11 . 6 11

the first two terms, the error is at most {0.2)1/11 = 1.9 x 107°. So I ~ 0.2 — (0.2)%/6 ~ 0.199989 to six decimal places.
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28. From Example 6, we know In(1 — 2) = — Z %, SO
n=1
c ARl ~C An
In(1+ %) ||1j| : {—_:-"J_. : N (=) | 1)*+1 . =

4dn4-1

co 4n )
o= [0 20 gy e
/ln(l—i—l Ydz = /2;1( 1) - dz C+n§l( 1) R@n 1)’ Thus,

18 ' 39 68 ' " 5 18 ' 39 68

8]

'3 /l”.linfi z') d l{; J_” ¥ L 2!’ i & — (04)° . (0-4)" + 0.4)™ . 0" !
0 : L 2

The series is alternating, so if we use the first three terms, the error is at most (0.4)"7/68 ~ 2.5 x 107,

So I = (0.4)%/5 — (0.4)%/18 + (0.9)"3/39 = 0.002034 to six decimal places.

29. We substitute 3x for = in Example 7, and find that

; 32\ dr = : _\-—‘2. 1) {:{J'_:I:””] — \L , ”I-;‘.Z-'r>l_‘.fu-'_‘ ”

/ xarctan(3x) da _-. a ,f‘__‘..t-- ) Tl_u o / ”%”[_ ) o d
o 92n+1 _2n+3
— ( i I \" [__ 1 }.u ; -.‘l
n=0 (2n+ 1)(2n + 3)
0.1 3z 3% 387 377 0-1
So /0 xarctan(?)x)da::[m—3‘5-{—5.7_7_9,.__“.]0
1 9 243 2187

19 %105 T3x107 63x109 T

T ~3.5%107%. So

The series is alternating, so if we use three terms, the error is at most 63 % 10°
+(), 1 1 9 243 . .
/. x arctan(3z) dr ~ 1% 5xi0° + TSt 0.000 983 to six decimal places.

0.3 ..": 0.3 - - (1) in+310.3 o (—1)" _-,j-ln '3
30 / i o h".;- / T~ \_‘: [--1}“.’3'” HJJ' — Z [_;_:| — X { !
J 0 - Jo s ) ’

5 s 0 nco| 4n+3 b (An 4 3)104n+3
- :;Z‘. 37 I ‘-{ll ]
3x 108 7x107 ' 11 x 10t
11
The series is alternating, so if we use only two terms, the error is at most 1T % 10T 2 0.000000 16. So, to six decimal
0.3 2 3 7
x 3 3
dr = - = 0. 9.
places,‘/o- T2 T TXI0° T 107 0.008 96
31. Using the result of Example 6, In(1 — z) = — X %, with z = —0.1, we have

n=

. 001 0. .00001
lnl.l:ln[l—(—O.l)]:0.1—0—;)1-{—0(;0 —00201+00(;00 -

0.00001 0.01 = 0.001 0.0001
5

- - -. The series is alternating, so if we use only the

=0.000002. SoIn1.1 = 0.1 - — +

5 3 ) ~ 0.09531.

first four terms, the error is at most
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n | F™@) | 170
0 cosT 1
1| —sinz 0
2 | —cosz -1
3 sinz 0
4 cos T
n| M@ | ™0
0 sin 2z 0
1 2cos 2z 2
2 | —2%sin2z 0
3 | —23cos2x —28
4| 2*sin2z 0
i () £ (0)
0 e’ 1
1 5e* 5
2 52e"* 25
3 53¢5¢ 125
| 5t 625
n Jf"l,'{_.r} Jr'l“]('“}
0 re® 0
1 (z+1)e* 1
2 | (z+2)e” 2
3| (z+3)e" 3

We use Equation 7 with f(z) = cosz.

70 2, 20

) , . . (4) 0

cosx = f(0) + f'(0)x + 5 z? + 30 z? + f 4!{ ) z*
- 2t " 4! T2 (2n)

1\l

Ifa, = &, then
(2n)!
. |an4a . z2"t2  (2n)!| 5 ]

lim [——|= 1 —— =g° lim —————
oS | an n m; ! (2n 4+ 2)! z2n ' ! u-n-].l.c (2n+2)(

=0<1 forall z.
So R = oo (Ratio Test).

£™(0) = 0ifnis even and f*"*V(0) = (-1)"2*"*1, 50

oo (n) oo (2n+1) N o
sin2x = f—(“)- =) f—g(—-)-;rrz"“ =5 (
n=0 n! n=0 (2” T ])r n=0
. QAn41 . 22 |£L’|2
= l —————— .
A | T A Grra)an g 0 < Lorallz

So R = oo (Ratio Test).

i -
(._-";..: e 'x; f(” (U) :.H = > L ,.rr
n=0 ”! =0 'Hl
. . gL gt n! . bl
lim |2 = lim o] =1 = lim il
n—oo | QAn n—oo (n +1)! 57 |x| n—oo m + 1

=0<1forall z

_i_.‘_

2n+1)

i ):122:1 t |J‘2H 1

(2n+1)!

So R = .
=] f{n}(n} . ) x f oo J__u
ger= ——g"=5% —a"=5% —a"=35 ——.
n=(0 n! nz——"ﬂ n! n=1 n! n=1 {” - ])'
1 n+1
Qn+t x n—1)! . T
lim [2*L| = lim 2] (——-”—) = lim =]
n—oo | Qn n— 00 n! |:| n—ooo T

=0<1forallz

So R=o00.
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23. The general binomial series in (18) is

x (A‘)'M =1+ kz !‘-(k(— }}.:'2 + RE=1b— 2},;."“' s
2

¢ R Ak _ -
A+2)" = 2, o1 3!

T

i 4 (2)(=3) (3)(=3)(=3)
1/2 _ 2 . 14 (1 2 2/) .2 2 2 2/..8
) _:\;n(r*)‘;. = (é)£+ 2! Bk 3! !
oy p? 1-3.-2° 1.3.5.2%
3T E AT B 2141
o (1)1 R S — 7
:1+_+Z( )™ 1:3:5 (2n = 3)z for || <1, soR=1.
= on 'TL'
2 ! =(1+z)"*= i 4 x™. The binomial coefficient is
" (1+2)* oo\ T )
4\ (A)(=B)(=6) (A —n+ 1) (—4)(=B)(=6):- - [~(n+3)]
n ) n! N n!
- (-1)"-2:-3:4:5-6-----(n+1)(n+2)(n+3) (=1)"(n+1)(n+2)(n+3)
- 2-3-n! B 6
Thus = § (—1)”(n+1)(n+2)(n+3)$n for|z <1, soR=1.
"A+2)t A 6 ’
1 1 1 N3 1 & ({-3)/z\"
25. = ==(14+= == =} . The binomial coefficient is
@e+2)°®  [2(1+2/2) 8< 2) 8n§0(n>(2) '

(_:;) _ (BB e (=3 -nt 1) _ (=3)(=4)(=H) -+ [~(n +2)]

n n! n!
(=1)"-2-3-4:5::--- (n+1)(n+2) (=1)"(n+1)(n+2)
' 2-n! B 2
o 1 12 (-D)"(n+Dn+2)z" X (-1)"(n+1)(n+2)2" _ |z R ;
Thus, 2+ 27 = g”)?'o 3 = = r;;u ——— for ‘E <1l & |x| <2 s50H=2
o 2 2(_1 o 2Ly (-4
26. ‘1 I}' ‘__ X (:) [—I)“ = l+2( !JJ_ 5(’”.3){ i}‘-‘l‘ i( 33)r( ..S) (_JJ%_‘_
n=( L o
g & DTN (14T (B0 —B)]
illees gt ,g_, 3n.n! 5
02 1:4:7-+::+(3n—-35) ,
__1—?_2}:’2 3n.n! 5
and|—z| <1 & |r/<1l,soR=1
o0 n 3:2n oo (—1)”(71'1,‘)271 o) (_1)n71_2n:v2n
27 cosa"—ngo(—l) Ol = f(:c)—cos(mv)—f?;:o——(-%)!— 7;2W, R =00

28, &F — i ﬂ — f(:l)) — e—a:/2 — § (_17/2)" - i (—l)n zn, R=nnc

—o n! n=o ! n=o 2" n!
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n=0 n
) 1.5.0.. v _
g B =50 (i)
| i=n 4m . !
O 1/ VTHr=1-fa+52° - e+ 422" —.. . 1/Y1.1=1/YT+ 0.1, s0letz = 0.1 The sum of the first four

terms is then 1 — $(0.1) 4+ 35(0.1)® — 755 (0.1)® & 0.976. The fifth term is 32 (0.1)* & 0.000 009 5, which does not

affect the third decimal place of the sum, so we have 1/+/1.1 = 0.976. (Note that the third decimal place of the sum of the
first three terms is affected by the fourth term, so we need to use more than three terms for the sum.)

2n

-V e )’“ & ™
43. cosz = nz=:0( 1) ) = cos(z®) = ngo( 1) = “’T‘”{ 1) Gl
3 st 16"'*'1 6n+2
x cos(z?) =n§0(—1) o) = /:r'cos(x Ydz=C + Z( W,wnhfizoo.
sin _ l i 1]" z2n+1 _ i ( 1)71 2n’ o/smm / ( l)n Qn O+ Z ( ])n 2n+41
T iz (Cn+1) (2n +1)! +1)' o (2n+1)(2n +1)!

45. Using the series from Exercise 23 and substituting = for x, we get

- - 3 S AT e B e (B (BY
\"r.f':s + 1dx = / [i + — 4+ 5 (=1) 1-3-5 (4n ﬁ.r"”] dx:

2 ,,L‘-‘g 2””!
2t = (1) 1:3.5.-.. (2n—3) a1
— = ( -1 —;—- -+ r?—_": 2”””:;” —:“ 1) a
(12 <t g - i?' e’ 1 - i A e’ = ,r""
46. ¢ —ZE”—‘ = e —1= Tl = ; Z{ = / — dr = -1210 .
with R =
3 oo x6n+2
47. By Exercise 43, /mcos(ac )dz = C+1§0(—1)“m,so
. x pn+2 b e (=1)" 1 l 1 |
zeos(zNde = | Y (-1)'————]| =Y = == — i
/ Sl [f?u( Gn+2)2n) |, Zo(6n+2)(2n) 2 8.2 14.41 20-6 ' » but
L1 . 0.000 069, so 1 z cos(z”) dz = 1_ i L = 0.440 (correct to three decimal places) by the
2.6/ 14400 S A 2 16 ez Y p v
Alternating Series Estimation Theorem.
48. From the table of Maclaurin series in this section, we see that
0o $2n+1 2n+1
= ngo(—l)n T for z in [—1,1]) and sinz = ‘Z (- 1)"(_m for all real numbers z, so
17,3 A 2N = bl = i B A Coma ] = 1
tan™" (z°) +sin(z”) = > (—1) + Y (-1)* =———= forz? in[-1,1] < ain[-1,1]. Thus,

SR 2n+1  =o " (2n+ 1)
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0.2 [ o 0.2 oc = 1 1
T, O . o \n_ 6n+3 :
I = ‘/U [tan™ " (z") + sin(z”)] dz = ./n rE](*l} z (;’_).H =— on T ”!) da

OC I.i'm—--l | 1 1 0.2 - ,
= | 5 [—1)"- - =% {jyn £
L’T?]{ ] 6n + 4 (2'” 1 L (2n + |.)!)]t] n=0 / (2n lJ].)
[0.2)%; S (1) Ll e (|
= 14+1)— (== |+
. ) 0 \3 3)7"

But (0.2)° (1 . 1) _ (02)*°

= 5.12 x 107°, so by the Alternating Series Estimation Theorem,

10 \3 " 3! 20
(0.2)* . . :
I~ 5 = 0.000 80 (correct to five decimal places). [Actually, the value is 0.000 800 0, correct to seven decimal places.]
49. We first find a series representation for f(z) = (1 + z)~*/2, and

n (=) f(0)

then substitute. N—1/2 |

(I

ol =1

(<=
—
[}

1 _ _lw3+_$6_£x9+... = [
Vi+tz® 2 8 16
B 1 3 5
/“ —V—% = [.r - g.r" f 5—1_;1:' 3—12-.1-“’ t ] ~ (0.1) — —;—(0.1)4, by the Alternating Series Estimation

Theorem, since 2 (0.1)7 & 0.0000000054 < 10~%, which is the maximum desired error. Therefore,

0:l dr
/ — = 0.09998750.
0 v

/14 23
C.5 s a2 0.5 oo (_1)n 22 o (_l)n L2+ 1/2 . (_l)n .
50. /; e dz = o ngo T dr = ngo [m} ) = nz=:0 W and since the term
withn = 2 is —— < 0.001 weusefj—{‘;L—-—- ~ 0.0354
T % are2 T Zonl(2n+3)227+3 24 160
_tap—1 r—(z—1z8 4105 — 157 4 ... 18 1.5 4 1.7
5, tim Tt 2o (@ gT b ge g ) i 3758
z—0 :1’,'3 z—0 IS r—0 .’E3
(1 _ 1.2 4 _1
=lim(3—g2° + 42" - ) =3
since power series are continuous functions.
1—cosz 1—(1— 4o+ Ha* — &b+ )

52. lim = lim
014z —e* ==01+4z— (1+z+ 522+ 52°+ 52* + Ha° + gab +--+)

1,..2 1.4 , 1_6
T — 57T t§GT —

= lim
1..2 1 1 1 1
I—'O-—E.’I/‘ —5"1;3_314_3?15—5;1;5_...
1 1,.2 1,.4 1
— lim 51 — 3l +'a$ - -2‘—0 _
S I 1y 12 1,3 _1oa_ . 1 _(°
21 3! 4! 5! 6! 2

since power series are continuous functions.



