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Series Handout

17. From the power series,

an = (−1)n x2n

(2n)!

and

an+1 = (−1)n+1 x2(n+1)

(2(n + 1))!
= (−1)n+1 x2n+2

(2n + 2)!
.

Thus

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣∣
x2n+2

(2n+2)!

x2n

(2n)!

∣∣∣∣∣∣ = lim
n→∞

∣∣∣∣x2 · (2n)!
(2n + 2)!

∣∣∣∣ .

Note that (2n + 2)! = (2n)!(2n + 1)(2n + 2) by definition, so we have, for any x,

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣ x2

(2n + 2)(2n + 1)

∣∣∣∣ = 0.

Therefore
∑∞

n=0 (−1)n x2n

(2n)! converges for all x by the Ratio Test.

18.
∑∞

n=0
(x−3)n

5n is geometric with ratio r = (x−3)
5 . So the series would converge when |r| < 1 ⇒ −1 < x−3

5 <
1 ⇒ −5 < x− 3 < 5 ⇒ −2 < x < 8. Now, applying the ratio test, we get:

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣
(x−3)n+1

5n+1

(x−3)n

5n

∣∣∣∣∣ = lim
n→∞

∣∣∣∣x− 3
5

∣∣∣∣ =
∣∣∣∣x− 3

5

∣∣∣∣ .

It converges when ∣∣∣∣x− 3
5

∣∣∣∣ < 1,

exactly what we got by applying what we know about geometric series.

20. A power series of the form
∑∞

k=0 ck(x− 2)k is centered at x = 2. A radius of convergence of 7 leaves four
possibilities for the interval of convergence, depending on the end points:

- [−5, 9], the series converges at both endpoints.
- [−5, 9), the series converges at x = −5 but not at x = 9.
- (−5, 9], the series converges at x = 9 but not at x = −5.
- (−5, 9), the series converges at neither of the end points.

21. (a) Radius of convergence R = 1
2 [7− (−5)] = 1

2 (12) = 6. So if a− 6 = −5 and a + 6 = 7 then a = 1.

(b) Since x = 6.5 is contained in the interval of convergence, the series converges for x = 6.5. Since x = −6.5 is
NOT contained in the interval of convergence, the series does not converge for x = −6.5.

22. (a) Notice that d
du [ln (1 + u)] = 1

1+u = 1− u + u2 − u3 + u4 − u5 + · · ·. Integrate term-by-term, we get

ln(1 + u) = C + u− u2

2
+

u3

3
− u4

4
+ · · · = C +

∞∑
n=1

(−1)n+1un

n
.

To determine the constant C, plug in u = 0. Then

0 = ln 1 = C.

Thus

ln(1 + u) =
∞∑

n=1

(−1)n+1un

n
.
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(b) Letting u = x− 1, we have

lnx = (x− 1)− (x− 1)2

2
+

(x− 1)3

3
− (x− 1)4

4
+ · · ·

=
∞∑

n=1

(−1)n+1(x− 1)n

n
.

(c) Let f(x) = lnx. Then the power series of f(x) at x = 1 is

f(x) =
∞∑

n=0

f (n)(1)
(x− 1)n

n!
.

We know

f(x) = lnx ; f(1) = 0

f ′(x) =
1
x

; f ′(1) = 1

f ′′(x) =
−1
x2

; f ′′(1) = −1

f ′′′(x) =
2
x3

; f ′′′(1) = 2

f (4)(x) =
−6
x4

; f (4)(1) = −6,

and in general,

f (n)(x) =
(−1)n+1(n− 1)!

xn
; f (n)(1) = (−1)n+1(n− 1)!.

Thus

lnx = 0 + 1 · (x− 1) + (−1) · (x− 1)2

2
+ 2 · (x− 1)3

3!
+ (−6) · (x− 1)4

4!
+ · · ·+ (−1)n+1(n− 1)!

(x− 1)n

n!
+ · · ·

= (x− 1)− (x− 1)2

2
+

(x− 1)3

3
− (x− 1)4

4
+ · · ·

=
∞∑

n=1

(−1)n+1(x− 1)n

n
.

23. (a) The first three derivatives of f(x) are

f ′(x) =
1
3
x−

2
3 ,

f ′′(x) = −2
9
x−

5
3 ,

f ′′′(x) =
10
27

x
8
3 .

At a = 27, T3(x) = f(27) + f ′(27)(x− 27) + 1
2f ′′(27)(x− 27)2 + 1

6f ′′′(27)(x− 27)3. I.e.

T3(x) = 3 +
1
27

(x− 27)− 1
2187

(x− 27)2 +
5

531441
(x− 27)3.

(b)
3
√

28 ≈ T3(28) = 3 +
1
27

− 1
2187

+
5

531441
= 3.03658919....

(c) An upper bound for the error in this approximation is:

E = |a4| =
∣∣∣∣(−8

3
)(

10
27

)(27)−
11
3

(28− 27)4

4!

∣∣∣∣
= 0.000000232....
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(d)

25. (a) A sum cannot be given because this geometric series diverges. It has r = (−1), which is not included in
the interval of convergence −1 < r < 1.

(b)

S = 3 + 3 · 72 + 3 · 74 + · · ·+ 3 · 720

(72)S = 3 · 72 + 3 · 74 + · · ·+ 3 · 720 + 3 · 722

————————————————————————–

(1− 72)S = 3− 3 · 722.

S =
3(1− 722)

1− 72
.

Charlie’s closed form formula, a(1−rn+1)
1−r , is correct. However, he calculated it wrong. The correct expression for

the sum is S = 3(1−4911)
1−49 . Charlie’s statement about convergence is not correct. If this series were infinite, it

would indeed diverge. But the series is finite, so it has a definite sum (that we calculated above).

(c) Charlie is incorrect. The Harmonic Series has limn→∞ an = 0 and diverges. Amanda is referring to the N th

term test for divergence, which states that if limn→∞ an 6= 0, the series diverges.
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