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34. We use the Ratio Test:

n n+ 1)1 /[k(r + 1)]! | . 1)? .
lim =L = fm [nt 1) ]3"([ (nt Ll | = lim | (nt1) |
E—+0a i —+ D0 {ﬂ.[} ll.".{f_"n.}[ | T1—+oa | [ﬁ'l:ﬂ- + 1]] [j{{ﬂ- + l} — J.] T [nr'n"ﬂi'- + J.] |
S .. . (n+ J.]I2 L. . . .
MNow if b = 1, then this is equal to lim m = oo, s0 the series diverges; if £ = 2, the limit s
Ti—=3a "

2
lim | B E:L!—;_{é] eyl = i < 1. so the series converges, and if & = 2, then the highest power of n in the denominator is
T-—+00 T T |

larger than 2, and so the limit is 0, indicating convergence. 5o the series converges for & > 2,

Cntl| 1i|n| ="t nl
|

. LN '
5. (a) lim ||—-m| (n+ 1) an | n—oo |1t 4 1

n—00 il

x| hm = |x|-0 =10 < 1, 30 by the Ratio Test the
Jim — = |z| ¥
oo :?:FI
series »  — converges for all @
n—0 T
N
(b) Since the series of part (a) always converges, we must have lim J—r = [V by Theorem 3.2.6.
m—oa il

x" {1 | gt 5"n" | n N |z
10 = m—gn lim | — = i . = lim =—| =—— ] = . By the Ratio Test, the series
Un = o 0 T | T R 5 (n+1)p e : y the Ratio Test, the series
oo N J:l ) oo [_l'}” )
= comverges when 5 < 1 < |x| < 5,50 R =5 When & = —5, we get the series } === which
A BT ; a1 on®

converges by the Alternating Series Test. When o = 5, we get the convergent p-series > L_ {p=25 = 1). Thus,
n—1 '

I = [-5.5].

(2"

14 Ifa, = (x + 3)", then
T
_agantlg mymf1 . v
lim |2l = i (2T 3T Vi | g 243 gi8ic1 o 043 <1
nooe | an | weee|  Vadl (2@ +3)"| = Tt 1n
[su = %] = —% Sl Y —%_ When r = — :, the series becomes % —=, which diverges because it is a p-series with
n=1 %M
1 : 5 : g et ) e
p=7 = 1. Whenx = —3, the series becomes W’ which converges by the Alternating Series Test. Thus,
n=1 ‘

I={(-1.-3]
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n{x — 4)"
16. Ay = Tfs—H1 50
. _ogqetl 3 3
lim |2l =y D4 m L L L o |z — 4] = | —4|.
n—oc| (i n—oc (n41)* 41 n|r— 4| n—oo n/nd+3n?+3n+2

By the Ratio Test, the series converges when [z — 4| <1 [so=1] & —-l<r—4<1 <« 3<z<h

When [z — 4] =1, ¥ |ax| = 3} = T which converges by comparison with the convergent p-series } | —
n=1 n=1 n=1 T
(p=22=1). Thus, { = [3.5].
20. We are given that the power series 3 enz” 18 convergent for r = —4 and divergent when = = 6. So by Theorem 3 it

comverges for at least —4 < o < 4 and diverges for at least # > 6 and @ << —6. Therefore:
{a) It converges when = = 1; that is, Ec" Is convergent.

(b} It diverges when = = 8; that is, ¥ ¢, 8" is divergent.

(¢) It converges when @ = —3; that is, 3 e (—3") is convergent.

(d) It diverges when = = —9; that is, 3 o, (—9)" = 3 (—1)"e, 9" is divergent.

28. Since ¥ ¢, z" converges whenever |z| < [, Y e, 2 =Y o, (zg}" converges whenever 2| < B & |z] < V1T, so the

second series has radiug of comvergence + .

1 1 o . oo g _
b f{r) = Tro7 1o ey = ::Zu( —ar?)" = ]:Zn{—l]l"ﬂj" x". The series converges when |—E:rj| < 1; that is, when

x| < %501 = {—%%:I
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1 d { -1 )
1. (a) fiz) = m = E(l n 1.') n‘En{ 1™ "] [from Exercise 3]
= f{—Lj"”nz“‘l [from Theorem 2(i)] = f[—l}"[n+ )™ with i = 1.
n=1 =i

In the last step, note that we decreased the initial value of the summation variable w by 1, and then fnereased each

pecurrence of n in the term by 1 |also note that [—1}" = (=1)").

1 1 d 1 . n(
fb}fﬁﬂ}—m——EE [m] __EE JE —1)*(n+ 1)’ } [from part (a)]

=—3 E{ ™ (n+ Une™t = 2 f )" (n+ 2)(n + 1)x"™ with 1 = 1.

n=1 =0

2

(c) flz) = {I-II-_I]I"’ =z m =a?- én'in[ ™ {m+ 2)(n+ 1j=™ [from part (b))
= E{ 1" (n+2)(n+ 1)z"+2
-
To write the power series with =™ rather than ™2, we will decrease each occurrence of n in the term by 2 and inerease
the initial value of the summation variable by 2. This gives us % ri;a(_ 1" (n)(n — L™,
L. oo N 2}2:.-1 ) pint3 .
24. By Example T,ftan (x")dr = f;:zu(_l} T—I—l ="+ E {241+ T)(n 1 3) with i = 1.
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Series Handout

17. From the power series,

x2n
n — -1
e R
and 22(n+1) p2nt2
iy = (1) gyt T
2(n + 1)) (2n + 2)!
Thus -
li An+41 — | (;r;:;)' 1'2 . (QTL)'
" 2n)! :

Note that (2n + 2)! = (2n)!(2n + 1)(2n + 2) by definition, so we have, for any =z,

2

o

Therefore 7 (71)"% converges for all by the Ratio Test.

18. >, (x 3" s geometric with ratio r = @ So the series would converge when |r| < 1 =
1= -5<x— 3 < 5= —2 <z <8. Now, applying the ratio test, we get:

_gyn+1
lim |22 = lim 7(%5”711 = lim v=3 = z—3
It converges when
z—3
5 L

exactly what we got by applying what we know about geometric series.

20. A power series of the form Y 7, cx(x — 2)* is centered at = 2. A radius of convergence of 7 leaves four
possibilities for the interval of convergence, depending on the end points:
- [=5,9], the series converges at both endpoints.

- [=5,9), the series converges at © = —5 but not at z = 9.
- (—5,9], the series converges at x = 9 but not at x = —5.
(—5,9), the series converges at neither of the end points.

21. (a) Radius of convergence R = (7 — (—5)] = $(12) =6. Soifa—6=—5 and a + 6 = 7 then a = 1.

(b) Since x = 6.5 is contained in the interval of convergence, the series converges for © = 6.5. Since x = —6.5 is
NOT contained in the interval of convergence, the series does not converge for x = —6.5.

22. (a) Notice that -L[In (1 + u)] = s = 1—u+u® —u?+u' —u’ + - Integrate term-by-term, we get

2 3 4 n+1

u u
In(1+u) = C+u—7+?——+ —C+Z

To determine the constant C, plug in v = 0. Then
0=Inl=C.

Thus

=~



(b) Letting u = 2 — 1, we have

lnz = (xfl)*(x;l)z (:c—gl)?’ (x—41)4+”
S ey
L
(c) Let f(z) =Ilnax. Then the power series of f(z) at x =1 is
fy =3 st
n=0 .
We know
fle)=Inz ; f(1)=0
/ _ 1 . / —
fay=1 o=
=23 5 f =
)= =2
L )
and in general,
frgey = CHT O ooy = i
Thus
e = 041-(z—1)+(-1). & _21)2 1o ;1)3 +(-6). & ;,1)4 B A ()
B (z—-1)2 (z-132 (z—-1)*
= == 3 4
R S e VA
= nz::l m
23. (a) The first three derivatives of f(z) are
@) = ot
f”(,’L‘) _ —;1‘_%,
" _ E g
f(x) = 5725

At a =27, Ty(z) = £(27) + F/(27)(x — 27) + L7 (27)(x — 27)2 + L 7(27) (2 — 27)%. Le.

_ 1 2 3
T3(x) =3+ 27(z 27) 2187(z 27) + 3144l (z —27)°.
(®) 1 1 )
V28 ~ T5(28) =3+ — — —— = 3. 19....
V28 ~ T5(28) = 3 + 57~ 5157 T sy = 503658919
(¢) An upper bound for the error in this approximation is:
810 (28— 27)¢
E=las = (*g)(ﬁ)(m) TR
= 0.000000232....



(d)

25. (a) A sum cannot be given because this geometric series diverges. It has » = (—1), which is not included in
the interval of convergence —1 < r < 1.

(b)
S = 34+3-7+3.7"+...43.7%°
(798 = 3-74+3-7+...4+3.7043.7%

(1-7)S=3-3.-7%2

3(1— 7%
o317
1—72

—pnthy . .

Charlie’s closed form formula, %, is correct. However, he calculated it wrong. The correct expression for
11

the sum is § = 3(117_7%). Charlie’s statement about convergence is not correct. If this series were infinite, it
would indeed diverge. But the series is finite, so it has a definite sum (that we calculated above).

(c) Charlie is incorrect. The Harmonic Series has lim,, .., a,, = 0 and diverges. Amanda is referring to the N*"
term test for divergence, which states that if lim,, o, a, # 0, the series diverges.



