Math 20
§1.5 Solution Sets of Linear Systems

Example 1: Consider the following system of linear equations.

3r1 + x9 = 7
2v1 + 4x9 = 8

(a) Express this system in vector equation form. What vector problem are we solving here?

(b) Describe this problem geometrically. Does it seem reasonable that there should be a solution? A
unique solution?

7} on the right-hand side, we had some unknown vector b. Would

(¢) Suppose that instead of the vector [8

this system be consistent for any vector b? What does this say about the span of the vectors [
1 ?
i
(d) Note that the augmented matrix for this system reduces to the following.
1 0 2
0 1 1

Express the solution set of this system in standard and parametric vector form. Describe this solution
set geometrically.
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Example 2: Consider the following system of linear equations.

21’1 + 5332 + 3583 = 10
2£E1 + T2 — 2583 = 6

(a) Express this system in vector equation form. What vector problem are we solving here?

(b) Describe this problem geometrically. Does it seem reasonable that there should be a solution? A
unique solution?

(¢) Suppose that instead of the vector {160} on the right-hand side, we had some unknown vector b. Would

this system be consistent for any vector b? What does this say about the span of the vectors B} , ﬁ]
3
o
and {_2} ?

(d) Note that the augmented matrix for this system reduces to the following.

13 5
1 = =
0 58 2
1 1
0 4

Express the solution set of this system in standard and parametric vector form. Describe this solution
set geometrically.

Example 3: Consider the following system of linear equations.

3r1 + x9 = 10
41 4+ 220 = 1
X + 62122 = 5



(a) Express this system in vector equation form. What vector problem are we solving here?
(b) Describe this problem geometrically. Does it seem reasonable that there should be a solution?

10
(¢) Suppose that instead of the vector | 1 | on the right-hand side, we had some unknown vector b. What
5
property would b have to have in order for the system to be consistent?

(d) Note that the augmented matrix for this system reduces to the following.

1 00
01 0
0 01

What does this say about the solution set of this system?

Example 4: Consider the following system of linear equations.

3rv1 + x2 + 10x3 = 35
4.231 + 23}2 + T3 = 11
r1 4+ 6z + bry = 28

(a) Express this system in vector equation form. What vector problem are we solving here?

(b) Describe this problem geometrically. Does it seem reasonable that there should be a solution? A
unique solution?

35
(c) Suppose that instead of the vector [11| on the right-hand side, we had some unknown vector b.
28
Would this system be consistent for any vector b? What does this say about the span of the vectors
3 1 10
41, 12| and | 1 |? What relationship is there between this example and the previous one?
1 6 5

(d) Note that the augmented matrix for this system reduces to the following.

1 0 0 1
01 0 2
0 01 3

Express the solution set of this system in standard and parametric vector form. Describe this solution
set geometrically.

Example 5: Consider the following system of linear equations.

3131 + To + 2583 = 15
4561 + 21’2 —+ 2.’E3 = 22
1y + 6xz9 — bry = 22

(a) Express this system in vector equation form. What vector problem are we solving here?

(b) Describe this problem geometrically. Does it seem reasonable that there should be a solution? A
unique solution?

(c) Note that the augmented matrix for this system reduces to the following.

1 0 1 4
01 -1 3
00 0 O

Express the solution set of this system in standard and parametric vector form. Describe this solution
set geometrically.



15
(d) Suppose that instead of the vector [22| on the right-hand side, we had some unknown vector b.

22
Would this system be consistent for any vector b? What does this say about the span of the vectors
3 1 2
41, |2 and | 2 |7
1 6 -5

Example 6: Consider the following system of linear equations.

I + 2!172 — 21‘3 - 71’4 =0
3.’E1 + 6£C2 — 41’3 — 15.’E4 = 0
21 + 4x9 — 3xz3 — 1llzy = 0

(a) What type of linear system is this? Can you immediately find one solution to the system?
(b) Express this system in vector equation form. What vector problem are we solving here?

(c¢) Describe this problem geometrically. Does it seem reasonable that there should be a solution? A
unique solution?

(d) Note that the augmented matrix for this system reduces to the following.

1 2 0 -1 0
001 3 0
000 0 O

Express the solution set of this system in standard and parametric vector form. Describe this solution
set geometrically.

Example 7: Consider the following system of linear equations.

7, + 2z — 223 — Ty = 19
3r7 + 6xy — 4dxg — 1lbzxy = 41
201 + 4x2 — 3x3 — 1llzy = 30

(a) Express this system in vector equation form. What vector problem are we solving here?

(b) Describe this problem geometrically. Does it seem reasonable that there should be a solution? A
unique solution?

(c) Note that the augmented matrix for this system reduces to the following.

12 0 -1 3
001 3 =8
0 0 0 O 0

Express the solution set of this system in standard and parametric vector form. Describe this solution
set geometrically.

(d) What relationship is there between this example and the previous one? Does it makes sense that most
of the reduced augmented matrices in both examples are identical? What geometric relationship is
there between the solution sets of these two examples?



