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basie variahles are ¥y, X3, and xg; the free varisbles are xo, 1, and #;. The general solution is
L= =y — By — K Xy = TN 4o, and x, = 0. In parameiric vector form, the solution i=






16, Row reduce the augmented matrix for the svatem:
13-5413-5413-541@04-5
PR R 1 R R SR B o T
23 —gin solinghioirz st {eme aalesi @ o

(E‘J. + 4x, = =5
@— Jx, = 3. Thusx =-3 —dxs, x2=3 + 33, and x; is free, In parametric vector form,
0 =10

x| [-5-4x, F—ﬁ] [—4z,] [-5 Fﬂ
"

xmf g = 343 |= 3 I |=| 3|tz 3
x =3 L 4] 5n| |0 | 1
=5
The solution set is the line through | 3 |, parallel to the line that is the solution set of the homogeneous
L]

system in Exercise 5,



Solve r) - 3x; + Sx; = 4 for the basic variable: x, = 4 + 3x> — x5, with x; and x; free. In vector form, the
salution is

X 4+ 35, =5 41 [3xg] =0 4 3 =5

=g = X =l 0)|+t| m (+] 0 |=| 0f+z) L+ O

x Xy (e s 1 X 0 0 |

il



The solution of x, — 3x; + 5, = 0 s 1 = 3x: — 5x,, with x; and x, free. In vector form,

fx] [3r—5o] [3n] [-5= 3 -5
I=|r, (= X, =[x [+ D |=x| Ll{+x] 0| =xnt+e¥
L% Ky [ ] L1 & 1] 1

The solution set of the homogeneos equation is the plane through the origin in B spanned by wand v,
The selution set of the nonhomogeneous equation is parallel to this plane and passes through the

4
poimip=| 0.
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22. The line through p and g is parallel to g — p. So, given p:[ 3:| and

N={=6)] [ &
q—p=1 : J]=

—g=3{ |3

, and write the ine asx —p + g —p) =

q:



- M (Geomerrie argument wxing Theorem 6.) Since 4x = b is consistent, its solution set is chiained by
translating the solution set af 4x = 0, by Theorem 6. So the solution set of 4% = b is a single veotor if
ind only if the solution set of Ax = 0 is 0 single vector, and that happens if and only if 4x = 0 has only
the trivial sohution.
(Froof using free variables. ) 1E Ax = b has a solution, then the solution is unigue if and only if there
are o free variables in the corresponding system of equations, that is, ifand only il every column of 4 is
4 pivot column. This happens if and only if the equation 4x = 0 has only the trivial solution.



38. No, If 4x = ¥ has no solution, then 4 cannot have a pivod in cach row, Since A is 3=3, it has at most two
pival positions. o the equation AX = 2 for any 2 has at mast two bagic variables and ar least one free
variable. Thus, the solution set for Ax = z 15 cither empty or has infinitely many clements.



Take some other value for pg, say 200 million dollars, The other equilibrium peices are then

#o = 188 mullion, pp = 170 million. Any constant nonnegative multiple of these prices is a set of
equilibrium prices, because the solution set of the system of equations consists of all multiples of one
vector. Changing the unit of measurement to, sy, European eures has the same effect as multiplying

&l equilibrium prices by a constani. The rarios of the prices remain the same, no matter what currency
B uscd.



4. 8. Fill in the exchange table one column at a time. The entries in each column must sum o I

Distribation of Cutput From:
Agric. Energy Manuf. Transp. Purchased by :
ouput L 1 1 i it
B3 30 30 20 -r Agric.
i ml A5 Bl — Enerpy
.25 35 A5 .30 —» Mdanuf .
0 23 Al A0 = Transp.

b. Denote the total annual outpat of the sectors by p, p, P, 3nd po, respectively. From the first row of
the table, (he total input to Agriculure is 635p, + 3lp + 30py + .20 pr. So the equilibrium prices
must satisty

InCoe CHPENSEE
Pa = 85p, #3000 +30py +.20py

From the second. third, and fourth rows of the table, the ¢quilibrium equations are

Pr A0p, +. 00p: +.15py +.10py
M 2ip, +35p +. 15y +.30py
| 28y + Ay + 4,
Move all variables 1o the left side and combing like terms:
Asp, —.30p, =30, —2p, =0
—l0p, +.90p, = 15m, — 10p =0
-25p, —35p + 83p, —30p; =0
25 — Ay + 60p =10
Use gauss, bgauss, and scale operations 1o reduce the augmented matrix to reduced echelon form
B s Do) fasica 0 =35 0] [6D 0 ot 0
DEl: —24 =160 0] | 0 G810 —A3 0 o @ o =33 0
b 0 10 a7 o |e o1 17 of| 00 @137 0
o @ L] 0 0 1] 0 0 o o 0 00 a 0
Seale the first row and solve for the basic variables in terms of the free variable py, and obtain

pa=203py, pr = -53py, and pyy = 1.1 7pr. The data probably justifies at most two significant figures,
w0 take pr = 100 and round off the other prices to p, = 200, gy = 53, and gy = 120

u




ite the equations for each intersection:

Imersection  Flow in Flowy ot
A X = x+x+40
B e = Xtx =
C +xk = xtl00
D xytE o= &0 3 n 7

Total Fow: 200 = 204 0




Rearringe the equations:

200
1040
x + x = &0

=
+
=
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H
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o
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Reduce the sugmented matrix:

1 0 -1 -1 0 4] [Mo =1 o0 1 100

1 1 0 o o0 20| |0 @ 1 0 -1 100

B 1 0 Sl jo a0 o-(D 1

DE o0 1 .1 el |ﬁ 0 o 0 0 0

The general solution (written in the style of Section 1.2) is

x =100 +x; - x, % =40+ x
x, =100-x, + 1, xy =160 = x,
x, is fres b. When x. = 0, %, must be &0, and < x; is froe
x, =60 — x,=0
x; i free x, =60

¢, The minimum value of x, is 40 cars’'minute, because ¥ cannol be negative.



4. Write the equations for each intersaction.

Interseetion  Flow in Flow out
A X = x+100
B n+5h = x
C a2 = x,+120
|} x,+150 = X
E x; = 1,80
F Y+l = X
- Rearrange the equations:
O (hh
X o— X
Xy = X,
e
Leii oty
% * X
ce the augmented matrix;
el 0. 0 L0 1 [1
Bl =L 0 0.0 =50 {0
K550 [ | 0 O 120 LU
A P R S T 1 ) L I
| ST TS ) R I | il 0
1S R | E | S | . S [ 0

= = T = R — -

100
50
120
150

100

(=T =~




1 0000 -1 100 ¥, =1004x,
[{I 1 0 0 4 =1 o I, =X
-~ -—~:ﬂ AR R . The general solution s =l % A
10-0 0 .1 0 - |25 ==T0+x,
0000 1 -1 8 £ =80+ x,
I_U g 0 0 0 0 0 | ¥ is free

Since x: cannot be negative, the minimum value of x; is T,

Mote: The MATLABR box in the Swwdy Gaide discusses rational calculations, needed for balan
chemical equations in Exercises 9 and 10. As usual, the appendices cover this material for
Mathematica, and the TI and HP graphic calculators.



6. Use the method of Example 2. Row reduce the augmented matrix for 4x =10
—4—3uu|’1030|u3u‘1n 0] [ o 3 p
-I4&,U—14U1]—I4D}{I—J of [0 S 4 ©
el Gl B LR B T L e ol o 0o
LIRS L e o] [0 0 0 o
There are no free variables. The equation 4x = 0 has only the trivial selution and so the columns of A are
Imearly independent.
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& Same situmtion as with Exercise 7. The (unnscessary) row operations ane

[1-3 3 -2 O] [ =3 & ratg0Ep sy <o g
ST il @ a0l 2 B O e 00D B 4 D

ot iy A g o] e s apte g gl g g (i

Agnin, because there ave at most three pivot positiens vet there are four variables, the erquation 4x =0
Tz a montrivial solution and the columns of 4 are linearly dependent.



4. Ta study the linear dependence of three vectors, say v, v, ¥:, row reduce the augmented matrix
vi ¥ ¥y D)
P ESSIO) i gl 1 piog | NP sEhy ey
= O B R 1 1 SR B B | S 1 B B
i T | DJ 0 —7 k+3 0] [0 O K+l0 O
The equation x;v; * x3¥; + xyvy = 0 has o nontrivial selution if and only if & + 10 = 0 (which corresponds

10 x; being & free variable). Thus, the vectors are linearly dependent if and only
ifth=-10.



