Section 5.3

10.

16.

To find the eigenvalues of 4, compute its characteristic polynomial:
2-% 3 .
dct(A—M)zde{ o J=(2—},)(1?u)(3)(4)z?€—3k—10—(7&5)(K+2)

Thus the eigenvalues of 4 are 5 and —2.

g ;
For A=5: A-5] [ i } The equation (4—57)x =0 amounts to x, —x, =0, so x; =x, with x,

1 1
free. The general solution is x, L} and a basis vector for the eigenspace is v, = L}
4 3 : i
ForA=-2: A+2]= 4l The equation (A4+1/)x =0 amounts to 4x, +3x, =0, so x; =(=3/4)x,

—3/4 : , —3
with x, free. The general solution is xz[ J, and a nice basis vector for the eigenspace is v, :{ 4}.

L3 3 10 ; :
From v, and v, construct P:[vl v, }=L 4}. Then set D =L) 2} where the eigenvalues in

D correspond to v, and v, respectively.

The eigenvalues of 4 are given to be 2 and 1.
-2 4 -6 2 3 ©
ForA=2: 4-2I=| -1 -2 -3|, and row reducing [4—2/ 0] yields [0 0 0 0/ The general
KL 2l s 0 0 0 0
-2 =3 2| (-3
solutionis x,| 1|+x;| 0|, and a basis for the eigenspace is {v,,v,}= 150 0]
ek 1)
-1 -4 -6 1 0 2 ‘0
ForA=1: 4-7=|-1 -1 -3|, androwreducing [A—1 0] yields|0 1 1 0| The general
o1 P2, W B 00D
—) -2
solution is x;| —1 |, and a basis for the eigenspace is v, =| —1|.
1 Il
=2 -3 2 2 S0u
From v,,v, and v, construct P:[vl v, VB}: 1 0 -1 Thenset D=0 2 0|, where
0 1 1 0 0 1

the eigenvalues in D correspond to v,,v, and v, respectively.



22. a. False. The n eigenvectors must be linearly independent. See the Diagonalization Theorem.
b. False. The matrix in Example 3 is diagonalizable, but it has only 2 distinct eigenvalues. (The
statement given is the converse of Theorem 6.)
¢. True. This follows from AP = PD and formulas (1) and (2) in the proof of the Diagonalization
Theorem.
d. False. See Example 4. The matrix there is invertible because 0 is not an eigenvalue, but the matrix is
not diagonalizable.

32. Any 2x2 matrix with two distinct eigenvalues is diagonalizable, by Theorem 6. If one of those
eigenvalues is zero, then the matrix will not be invertible. Any matrix of the form {g 0} has the
desired properties when a and b are nonzero. The number a must be nonzero to make the matrix

. : . . ] 0 0
diagonalizable; b must be nonzero to make the matrix not diagonal. Other solutions are { }

I
and {O a}‘
0 &
Section 6.6
2. The design matrix X and the observation vector y are

I 1 0

it 1a 3 1 ’
1 4 2
IS5 3

and one can c:ompute

xrxo] 4 2] g [ 6] 5 ryrign. [-6
| St e R e iy | ng

The least-squares line y = 5, + 3,x is thus y=—6 + .7x.

4. The design matrix X and the observation vector y are

|- 3
X:1 3’y:z
1 5 LY
1 6 0

and one can compute

e 61 - 43
XK Wil ol = (KR R
[16 74] 7 {17}ﬁ Bl Sl o

The least-squares line y = 3, + 8,x is thus y =4.3 — .7x.



6. If the columns of X were linearly dependent, then the same dependence relation would hold for the
vectors in " formed from the top three entries in each column. That is, the columns of the matrix

1 x xf
1 x, x | would also be linearly dependent, and so this matrix (called a Vandermonde matrix)
1 % x

would be noninvertible. Note that the determinant of this matrix is (x, — x)(x; — x,)(x; — x,) # 0 since
X, X, ,and x; are distinct. Thus this matrix is invertible, which means that the columns of X are in fact
linearly independent. By Theorem 14 in Section 6.5, the normal equations have a unique solution.

8. a. The model that produces the correct least-squares fit is y = X3 + €, where

X % XK by By €
X=| = eyl e g S gl and e
7)C” x_,f x,:: Ya f[jf% 611
b. [M] For the given data,
(4 16  64] [1.58]
6 36 216 2.08
8 64 512 2:5
10 100 1000 2.8
X = andy =
12 144 1728 3
14 196 2744 3.4
16 256 4096 3.8
|18 324 5832 4.32 |
5132
S0 ,03 =(X"X)"'x"y=|-03348 |, and the least-squares curve is y =.5132x— .03348x% +.001016x°.
001016
18. Since
1
= [1 1] 4 [n Zx}
= ¥ : — 5
.xl S .xn 1 N Z_x (Zx)

h

X" X is a diagonal matrix when Z X



