
Eigenvectors, Eigenvalues, and 
Diagonalizat ion 

Section 8.1, p. 420 

2. (a) Axl = Xlxl. 

(b) AXJ = X2x2. 

(c) Ax3 = X3x3 

16. (a) p(X) = X2 + 1. The eige~lvalues are X 1  = i and A2 = -i. Associated eigenvectors are 

x, = [;I a, x, = [-;I 
(b) p(X) = 22~" 4A + 8. The eigenvalues are X1 = -2, X2 = 22, and X y  = 2 2 .  Associated 

eigenvectors are 

x1 = [-j , x2 = [I , andx3 = [!! . 
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(c) p(X) = X% (-2 + i)X" 2iX. The eigenvalues are X I  = 0, X 2  = i ,  and X j  -- 2. Associated 
eigenvectors are 

x = E] , x2 = [I:] , and xs = [:] 
(d) p(X) = X2 - 8X + 17. The eigenvalues are X I  = 4 + i and X2 = 4 - i. Associated eigenvectors 

are 

18. Basis for eigenspace associated with X I  = X 2  = 2 is {[3 El}. 
Basis for eigenspace associated with Xg = 1 is [[-I}. 

24. (a) {F]}. (b) {[--:I} 
26. The eigenvalues of A with associated eigenvectors are 

The eigenvalues and associated eigenvectors of 

are 

28. [i] . 
T.1. Let u and v be in S ,  so that Au = Xju and Av = Xjv. Then 

A(u + v )  = Au + AV = Xju + Xjv = X,(u + v ) ,  

so u + v is ill S. Moreover, if c is any real number, then 

A(cu) = c(Au) = c(Xju) = X j  (cu), 
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T.2. A11 eigenvector must be a nonzero vector, so the zero vector must be included in S. 

T.3. (XI,, - A) is a triangular rriatrix whose determinant is the product of its diagonal elements, thus tlie 
characteristic polynomial of A is 

f ( A )  = (A - all)(A - a22) .. . (A - a,,). 

It follows that the eigenvalues of A are the diagonal elements of A. 

T.4. IXI, - I = I (XI, - A ) ~ I  = IAI, - Al. Associated eigenvectors need not be the same. (But the 
dimensioils of the eigenspace associated with A ,  for A and AT, are equal.) 

T.5. Akx = Ak-l(Ax) = Ak-I(Ax) = AAk-lx = . . . = Akx. 

T.6. If A is nilpotent and Ak = 0, and if A is an eigenvalue for A with associated eigenvector x, then 
0 = Akx = Akx implies A k  = 0 (since x # 0),  so A = 0. 

T.7. (a) Let XI, A 2 ,  . . . , A, be the roots of the c h a r a c t e r i ~ t i ~ ~ ~ o l ~ n o r n i a l  of A. Then 

f (A) = det(AIn - A) = ( A  - XI). . . ( A  - A,). 

Hence 
f (0) = det(-A) = (-Xi)(-A2). . . (-A,) = (-l)nA1A2.. . A,. 

Since det(-A) = (-l), det(A) we have det(A) = . A,. 

(b) A is singular if and only if for some nonzero vector x, Ax = 0,  if and only if 0 is all eigenvalue 
of A. Alternatively, A is singular if and only if det(A) = 0, if and only if [by (a)] 0 is a real 
root of the characteristic polynomial of A. 

T.8. If Ax = Ax, A # 0, then A-lx = A-lA-lAx = A-'A-l(Ax) = A-lAA-lx = A-'x, and thus A-' is 
an eigeiivalue of A-l with associated eigenvector x. 

T.9. (a) The characteristic polynomial of A is 

A - a l l  -a12 . . . -sin 
-a12 A - a22 . . .  a 2 , ,  

det(AI, - A) = . 

-an1 . . .  -an,-1 A - ann 

Any product in det(AI, - A), other than the product of the diagonal entries, can contai~i at 
most ,n - 2 of the diagonal entries of X I n  - A. This follows because at least two of the colunln 
indices must be out of natural order in every other product appearing in det(AI, - A). This 
implies that the coefficient of An-' is formed by the expansion of the product of the diagonal 
entries. The coefficient of A n p i  is the sum of the coefficients of An-' from each of the products 

a a i ( A  - a l l )  . . . (A - ai-la-i)(A - a i + i ~ + l )  . . .  ( A  - ann) 

i = 1,2 , .  . . ,n. The coefficient of An-' in each such tern1 is -aai, so the coefficient of An-' in 
the characteristic polynomial is 

-all - a22 - ...  - a,, = - Tr(A). 

(b) If A1, A2,. . . , A n  are the eigenvalues of A then A - A,, i = 1,2, .  . . , I L  are factors of the charac- 
teristic polynomial det(AI, - A). It follows that 

det(AIn - A) = (A - Al)(A - A 2 )  .. . (A - A,). 
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Proceeding as in (a),  ttie coefficient of An-' is the sum of the coefficients of Xn-'  from each of 
the products 

-X,(X - XI). . . (A - Xi- , ) (X - A,,,). . . ( A  - A,) 

for i = 1 ,2 , .  . . , n. The coefficient of An-' in each such term is -Xi ,  so the coefficient of An-' 
in the characteristic polynomial is -A1 - Xz - . .  . - A, = - Tr(A) by (a). Thus, Tr(A) is the 
sum of the eigenvalues of A. 

(c) We have 
det(XI, - A) = (A - Xl)(X - Xz). . . ( A  - An) 

so the constant term is &X1X2 . . . An. 

(d) Iff  (A) = det(XI,-A) is the characteristic polynon~ial of A, then f (0) = det(-A) = (-1)" det(A). 
Since f (0) = a,,, the constant term of f (A), a, = det(A). The result follows from part 

(c). 

T.lO. Suppose there is avector x # 0 in both S1 and S27 Then Ax = Xlx and Ax = Xzx. So (X2-Xl)x = 0. 
Hence X1 = X2 since x # 0,  a contradiction. Thus the zero vector is the only vector in both S1 and 
s2. 

T . l l .  If Ax = Ax, then, for any scalar T ,  

Thus X + T is an eigerivalue of A + TI, with associated eigenvector x. 

T.12. (a) Since A u  = 0 = 00, it follows that 0 is an eigenvalue of A with associated eigenvector u. 

(b) Since Av = Ov = 0, it follows that Ax = 0 has a nontrivial solution, namely x = v.  

T.13. We have 

(a) (A + B ) x  = Ax + Bx = AX + ILX = ( A  + p ) ~ .  

(b) (AB)x = A(Bx) = A(px) =  AX) = (pX)x = (Xp)x. 

T.14. Let 

The product 

so X = 1 is an eigeilvalue of A ~ .  By Exercise T.4, X = 1 is also an eigenvalue of A. 

T.15. Let W be the eigelispace of A with associated eigenvalue A. Let w be in W. Then L(w) = Aw = Xw. 
Therefore L(w) is in W since W is closed under scalar multiplication. 

ML.l. Enter each rnatrix A into MATLAB arid use command poly(A). 
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(a) A = [l 2; - 1 41; 
M = (3 * eye(size(A)) - A) 
rref([M [0 01'1) 

ans = 

I I 0  

0  0 0  

The general solution is x l  = xz, x2 = r . Let T = 1 and we have that [l 11' is an eigenvector. 

(b) A = [ 4  0 0;l  3 0;2 1 -11; 
M = (- 1 * eye(size(A)) - A) 
rref([M [0 0 01'1) 

ans = 

I 0 0 0  

0 1 0 0  

0 0 0 0  

The general solution is s.3 = r, x2 = 0, x l  = 0. Let r = 1 and we have that [0 0 11' is an 
eigenvector . 

(c) A = [2 1 2;2 2 - 2;3 1 I.]; 

M = (2 * eye(size(A)) - A) 
rref([M [0 0 01'1) 

ans = 

0  - 0  

0  2 0  

0 0  0 0  

The general solution is x3 = r ,  xz = -2x3 = -2r, z l  = x3 = r .  Let r = 1 and we have that 
[I -2 1] ' is an eigenvector. 

1.0536 
ML.4. Approximately 

Section 8.2, p. 431 

2. Not diagonalizable. The eigenvalues of A are X I  = X2 = 1. Associated eigenvectors are x l  = xa = 

r [:I, where r is any nonzero real number. 

4. Diagonalizable. The eigenvalues of A are X1 = 1, X2 = -1, arid Xg = 2. The result follows by 
Theorem 8.5. 

6. Diagonalizable. The eigenvalues of A are X1 = -4 and X2 = 3. Associated eigenvectors are, 
respectively, 

X I  = [-:I and xz = [z] . 
8. Not diagonalizable. The eigenvalues of A are X I  = 5, X2 = 2, Xg = 2, X4 = 5. An eigenvector 

associated with X I  is 
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eigenvectors associated with Xy = Xg are [-;I . 

Since we cannot find two linearly indepeilderlt eigenvectors associated with X2 = Xy we coilclude 
that A is not diagonalizable. 

. The eigenvalues of A are XI = 1, Xa = 1, and Xy = 3. Associated eigenvectors 

are the columns of P. ( P  is not unique.) 

14. P  ;- [ '1 The eigenvalues of A are hl = 1, Xz = 2. Associated eigenvectors are the columns -1 -2 ' 

of P. ( P  is not unique.) 

16. Not possible. 

-1 -1 
18. P  = [ !] . The eigenvalues of A are Xl = 0, X2 = 0, X3 = 6. Associated eige~~vectors are 

the columns of P. ( P  is not unique.) 

20. Not possible. 

22. Not possible. 

-2 0 
26. [3 0 -2 and [ 

3]. 

. Other answers are possible. 

30. No. 

32. No. 

34. The eigenvalues of the given matrix are Xi = 0 and X2 = 7. By Theorern 8.5, the given rnatrix is 

diagonalizable. D = [: i] is similar to the given matrix. 

36. The eigenvalues of the given matrix are X1 = 1, Xz = 1, Xy = 2. Associated eigenvectors are, 
respectively, 

By Tlieorem 8.4, the given nlatrix is diagonalizable. D = 0 1 0 is similar to the given matrix. [:, r :] 
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38. A is upper triangular with multiple eigeilvalue A 1  = A2 = 2 and associated eigenvector !I 
40. A has the multiple eigenvalue A1 = A2 = 2 with associated eigenvector [(I 
42. Not defective. 

44. Not defective. 

T.1. (a) A = P-'AP for P = I,. 

(b) If B = PP'AP,  then A = PBP-' and so A is similar to B. 

(c) If B = P-'AP and C = Q-'BQ then C = Q-' P-' APQ = (PQ)-'A(PQ) with PQ nonsin- 
gular. 

T.2. If A is diagonalizable, then there is a norlsingular matrix P so that P-'AP = D, a diagonal matrix. 
Then A-l = PDP1P-l = (P-l)- 'D-'P-' .  Since D-' is a diagonal matrix, we conclude that A-' 
is diagonalizable. 

T.3. Necessary and sufficient conditions are: (a - d)' + 4bc > 0 for b = c = 0. 

For the characteristic polynomial of 

A - a 
- 1 = A2 + A(-a - d )  + ad - bc. ] is f ( A ) = l  - A - d  

Then f ( A )  has real roots if and only if (a + d ) 2  - 4(ad - bc) = (a - d)' + 4bc 2 0. If (a - d)' + 4bc > 0, 
then the eigenvalues are distinct and we can diagonalize. On the other hand, if (a - d)" 4bc = 0, 
then the two eigenvalues A1 and A2 are equal and we have A1 = A2 = y. To find associated 
eigenvectors we solve the homogeneous system 

In this case A is diagonalizable if and only if the solution space has dimension = 2; that is, if and 
only if the rank of the coefficiellt matrix = 0, thus, if and only if b = c = 0 so that A is already 
diagonal. 

T.4. We show that the characteristic polynomials of ABP1 and B- lA  are the same. The characteristic 
polynomial of AB-' is 

which is the charcteristic polynomial of B-' A. 

-3 2 
T.5. A = [-2 has eigenvalues A1 = -1, A2 = -1, but all the eigenvectors are of the form r . [:I 

Clearly A has only one linearly independent eigenvector and is not diagonalizable. However, det(A) # 
0, so A is nonsingular. (See also Example 6 in Section 8.2.) 



T.6. We liave BA = A-'(AB)A, so AB and BA are similar. By Theorem 8.3, AB and BA have the 
same eigenvalues. 

T.7. (a) If P- 'AP = D, a diagonal ~natrix, then P T A T ( ~ - l ) T  = ( P - ~ A P ) ~  = DT is diagonal, and 
PT = ((Pp')T)- ' ,  SO A is similar to a diagonal matrix. 

(b) P-'A" = (P-~AP)" Dk is diagonal. 

T.8. Suppose that A and B are similar, so that B = P-'AP. Then it follows that B" p p l A q P ,  for 
any nonnegative i~iteger k. Hence, Ak and B~ are similar. 

T.9. Suppose that A and B are similar, so that B = P-' AP. Then 

1 
det(B) = d e t ( P - ' ~ P )  = det(PP') det(A) det(P)  = - det (A) det ( P )  = det (A). 

det (P) 

T.10. We have B = P- 'AP and Ax = Ax. Therefore BP-' = P-'APP-' = P-'A and hence 

which shows that Pp 'x  is all eigenvector of B associated with the eigenvalue A. 

T.11. The proof proceeds as in the proof of Theorem 8.5, with k = ,n. 

T.12. The result follows at once from Theorems 8.2 and 8.3. 

ML.l. (a) A = [0 2; - 1 31; 
r = roots(poly(A)) 

r = 

2  

I 

The eigenvalues are distinct so A is diagonalizable. We find the corresponding eigenvectors. 

M = ( 2 * eye(size(A)) - A) 
rref([M [0 01'1) 

ans = 

I -1 0 

0 0 0  

The general solution is xl  = 2 2 ,  x2 = r .  Let r = 1 and we have that [l 11' is an eigenvector. 

M = (1 * eye(size(A)) - A) 
rref([M [0 O]']) 

ans = 

1 2  0 

0 0 0  

The general solution is xl = 2x2, 2 2  = r.  Let r = 1 and we have that [2 11' is an eigenvector 

P = [ l  1;2 .I.]' 

P = 

1 2  

I I  

invert(P) * A * P 

ans = 

2  0 

0 I 


