Name: Class, Date:
B f(zy)=yhz
(a) VS(z,y) = (folz.v), fulz.p)) = {y/z,Inz) () V(1 -3) = (F.Inl) = (-3.0)
(¢) By Equation 9, Dy, (1, -3} = Vf{1.-3) u=(-3.0)-{—2.2) =

=
""1|H =

0. f(x,y.2) = VT +yz = (z+yz)'"?
(a) Vf(z,y.2) = {%Em Fyz) R, S 4 pz) Y (2) A yz}"l’““{y}}
={1/(2r+yz).2/ (2T tuz).u/ (2T +yz)}
(b) Vf(13,1)=(3.4.2)
(¢) Duf(1,3,1) = V{L3.1)-u= (3,

d R eRtRtR=F

e

2. flp.g)=qe " +pe™? = Vipq)={(—ge " +e e F—pe 7).

T (0,0) = {1, 1) is the direction of maximum rate of change and the maximum rate is |V f(0,0)| = 2.

30. z = f{z,y) = 1000 — 0.005z% — 0.01y* = ¥ f(z,y)={—-0.0lr, —0.02y} and V{60, 40) = (0.6, —0.8)
{a) Due south 15 in the direction of the unit vector u = —j and
Dy f(60. 40) = V (60, 40) - {0, -1} = {—0.6, —0.8) - {0, —1} = 0.8, Thus, if you walk due south from (60, 40, 966)
you will ascend at a rate of (0.8 vertical meters per honzontal meter.

(b} Northwest is in the direction of the unit vector u —?1; {—1,1} and
D f(60,40) = V[ (60,40) - == (—1, 1} = (—0.6, —0.8) - == (—1,1} = —

0.2
2 2 Wl

= =~ —(.14. Thus, if you walk northwest
from (60, 40, 966) vou will descend at a rate of approximately 00.14 vertical meters per horizontal meter,

(¢} Vf(60.40) = {—0.6, —0.8} is the direction of largest slope with a rate of ascent
|V (80, 40)| = +/(—0.6)2 + (—0.8)2 = L. The angle above the horizontal in which the path begins is given by
tanfl =1 = =457

2. (a) D = gax(0,2) guul0, 2) — [9=4(0.2)]* = (= 1)(1) — (6)" = —37. Since ) < 0, g has a saddle point at (0, 2) by the
Second Derivatives Test.
(b) 1 = g2 (0,2) 2, (0, 2) — [g,,(0.2)]* = (—1)(—8) — (2)* = 4. Since D = Oand g,.(0,2) < 0, g has a local
maximum at (0, 2) by the Second Derivatives Test,
(©) D = g:2(0,2) 9,50, 2) — lg2(0.2)]* = (4)(9) — (6)* = 0. In this case the Second Derivatives Test gives no
information about g at the point (0, 2).
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4. In the figure, points at approximately {—1, 1) and {—1. —1) are enclosed by oval-shaped level curves which indicate that as we
move away from either point in any direction, the values of f are increasing. Hence we would expect local minima at or near
(—1,+1). Similarly, the point {1, 0) appears to be enclosed by oval-shaped level curves which indicate that as we move away
from the point in any direction the valoes of [ are decreasing, so we should have a local maximuom there. We also show
hyperbola-shaped level curves near the points (—1,0), (1, 1), and (1, —1). The values of f increase along some paths leaving
these points and decrease in others, so we should have a saddle point at each of these points,

To confirm our predictions, we have f(z,y) = 3z — 2" — 24" +9* =  folo.y) =3 - 327 fu(z.0) = —dw + 4.
Setting these partial derivatives equal to O, we have 3 — 32?2 =0 = r=fland —dy+ 47 =0 =
:ﬂ_.l'{‘]fj —1} =0 = y =0+l Soour critical points are (£1,0), (=1, +1). The second partial derivatives
are fee(x.y) = —6x, foy(z.y) = 0, and fyu(z.u) = 125° — 4, s0
D{zx.y) = feel{z.y) fuu(z.y) — [feu(z, v)]* = (—62)(12y° — 4) — (0)* = —T2xy* + 24, We use the Second Derivatives

Test to classify the 6 critical points:

Critical Point ] - Conclusion
(1.0) 24| 6| D=0, fzx =0 = [ hasalocal maximum at (1,0)
(1.1) —48 =0 = [ hasa saddle point at (1, 1)
(1,—-1) —48 =0 = [ has a saddle point at (1, —1)
(—L1,0) —24 =0 = [ has a saddle point at (—1.0)
(—1,1) 48 6| D=0 for >0 = [ hasalocal minimumat {—1, 1)
(—1.-1) 48 6| D=0 for >0 = [ hasalocal minimumat (-1, —1)

6. flr,y) =o'y + 1202 =8y = [, = 3z%y + 24x,
fu =" — 8, fex = 6xy + 24, fzy = 32°, fyy = 0. Then f = 0 implies
r = 2, and substitution into > = 0gives 12y + 48 =0 = y= —4.
Thus, the only critical point is (2, —4).
(2, —4) = (—24)(0) — 12% = —144 =< 0,50 (2, —4) is a saddle point.
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0. f(e.y) =22" + 2y + 62 3 = fo =62 497 + 102,
fo =22y 4+ 2y, oz =120+ 10, fyy = 20 4+ 2, foy = 2y. Then
fy = 0implies y = Qor z = —1. Substituting into f,. = 0 gives the
eritical points (0,0), (—2,0), (—1, £2). Now D(0,0) = 20 = 0 and

free(0.0) = 10 = 0, 50 (0,0} = 0is a local minimum. Also

fex(—3.0) <0, D(—2.0) = 0,and D(—1.+2) < 0. Hence

f(—2.0) = 12 is a local maximum while (—1, +2) are saddle points.
45. Let the dimensions be x, y and =z, then minimize xy + 2(zz + yz) if ;yz = 32,000 m?. Then

flz,y) = =y + [64,000{z + y)/zy] = =y + 64.000(z " + 37 1), f =y — 6400022, f, = = — 64,000y *. And f. = 0

implies iy = ﬁil,{]'[}(],".::z; substituting into [, = 0 implies & = 64,000 or = = 40 and then 3 = 40, Now

D, ) = [(2)(64,000)]%2 "y — 1 = 0 for (40, 40) and f.- (40, 40) > 0 so this is indeed a minimum. Thus the

dimensions of the box are ¢ = 3y = 4l cm, =z = 20 cm.

A& f(zy)=dc+ 6y glzy)=2"+y" =13 = V[ =1{4,6), A\Vg = (2Az, 2Ay}. Then 2Az = 4 and 2Ay = 6 imply
T = E and y = i But 13 = = +y* = (3)3 + (E)j = 13= E = A= %1, so f has possible extreme values
A A A A A
at the points (2. 3), (—2, —3). We compute f{2,3) = 26 and f({—2, —3) = —26, so the maximum value of [ on
w* +y® = 13is f(2,3) = 26 and the minimum value is f(—2. —3) = —26.

12, fley.z) =" +y' + 28 gleyz2) =2+ +:2"=1 = Vf= {4:1:"5. T -1.3"5}, AVg = (2hx, 20y, 2Xz2).
Case I: Ifz # 0,y # Oand z # Othen Vf = AVg implies A = 22* = 29" = 2z% or2® = y* = z* = 3 yielding 8 points

cach with an f=value of i;
Case 20 If one of the variables is 0 and the other two are not, then the sguares of the two nonzero coordinates are equal with

cormmon valug % and the corresponding f-value is %.
Case 32 If exactly two of the vanables are (), then the third vanable has value =1 with corresponding f-value of 1. Thus on

r® 47 + 2% = 1, the maximum value of [ is 1 and the minimum value is Ls

8. flo,y)=2c"+3" —de—5 = Vf={dz—4.6y) ={0,0) = =z =1,y =0 Thus(1.0) is the only critical point
of f, and it lies in the region z° + y* < 16. On the boundary, g(z. ) = 2 +y* = 16 = AVg = (2Xx. 2Ay), s0
Gy = 2Ay = ecithery=0o0orA=3 Ify =0 thens = +4;if A =3, thendr —4 =2Ar = o= —2and
y = 423 Now f(1.0) = —7, f(4.0) = 11, f(—4.0) = 43, and I(—Z_ +2 ﬂ] = 47. Thus the maximum value of

flx, ) onthe disk 2* + y* < 16 is f(—2.x£2 v‘ﬁ}l = 47, and the minimum value is f{1,0) = —7.
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