
Chapter 6 

Real Vector Spaces 

Section 6.1, p. 278 

2. Closed uiider @; closed under O. 

4. Closed under @; closed under a. 
8. Properties ( a ) ,  (a),  (b),  (c), (d) follow as for R3. 

Regardillg ( P ) :  (ex, y ,  z) is a triple of real nunlbers, so it lies ill V. 

Regarding (g): c (d @ (x, y ,  z) )  = c O (dz, 9, z) = (cd.r, y, a )  = (cd) (3 (x, y, z). 

Regarding (h): 1 (x, y ,  z) = (1 . X,  y ,  z )  = (x, 9, z). 

10. P is a vector space. Let p(t) be a polynorllial of degree n and q(t) a polyiioniial of degree ,rrl, 
and r = max(n, nz). Then inside the vector space P,, addition of p(t) and q(t) is defined aiid 
multiplication of p(t) by a scalar is defined, and these operations satisfy the vector space axioms. 
P, is contained in P. Thus the additive inverse of p(t),  zero polynomial, etc. all lie in P. Hence P 
is a vector space. 

12. Not a vector space; (e), (f),  and (h) do not hold. 

14. Vector space. 

16. Not a vector space; (h) does not hold. 

18. No. For example, (a) fails since 2u - v # 2v - u. 

20. (a) Infiilitely iriany. 

, (b) The only vector space having a finite nuirlber of vectors is (0) 
! 
6 T.1. cu = c(u + 0)  = cu f cO = cfi + cu by Definition l(c) ,  (e) and (a). Add the negative of cu to both 
1 sides of this equation to get 0 = cO + cu + (-cu) = cO + 0 = cO. 
I 

T.2. -(-u) is that unique vector which when added to u gives 0. But u added to -u gives 0. Thus 
( - u )  = u.  

T.3. (c:ancellation): If u + v = u + w, then 
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T.4. If u # 0 and a u  = bu, then (a  - b)u = a u  - bu = 0. By Theorem 6.l(c), a - b = 0, a = b. 

T.5. Let 01 and 02 be zero vectors. Then 01 8, O2 = 0 ,  and 0 ,  @ 02 = 02. SO 01 = 02.  

T.6. Let ul and u2 be negatives of u. Then u 8, ul  = 0 and u 8, ua = 0.  So u 8, ul  = u Bi uz. Then 

T.7. The sum of any pair of vectors from B n  is, by virtue of entry-by-entry binary addition, a vector ill 

Bn. Thus B n  is closed. 

T.8. For v any vector if B n ,  we have Ov = 0 and l v  = v.  Both 0 and v are in Bn,  so Bn  is closed under 
scalar multiplication. 

T.9. Let v = (bl, b2,. . . , b,) be in Bn.  Then l v  = ( lbl ,  lbz, .  . . , lb,) = v.  

(a) P  + q 
ans = 

3 5 4 3  

which is 3t" 5t2 + 4t + 3. 

(b) 5 * P 
ans = 

10 25 5  -10 

which is lot" 25t2 + 5t - 10. 

(c) 3 * p - 4 * q  

ans = 
2 15 -9 -26 

which is 2t" 15t2 - 9t - 26. 

Section 6.2, p. 287 

2. Yes. 

4. No. 

6. (a) and (b). 

8. (a). 

lo. (a) and (b). 

12. Since Pn is a subset of P and it is a vector space with respect to the operations in P, it is a subspace 
of P .  
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Since the system is consistent, p(t) is in span S. 

Section 6.3, p. 301 

2. (c) and (d). 

4. (a) and (c). 

8. No. 

10. (b) (2,6, -5) = (4,2,1) - 2(1, -2,3). 

(c) (3,6,6) = 2(1,1,0) + (0,2,3) + (1,2,3). 

12. (c) 3t + 1 = 3(2t2 + t + 1) - 2(3t2 + 1). 

(d) 5t2 - 5t - 6 = 2(t2 - 4) + (3t2 - 5t + 2). 

14. Only (d) is linearly dependent: cos 2t = cos2 t - sin". 

16. x # *2. 

18. Yes. 

20. Yes. 

22. V l  + v2 = vy. 

T.1. I fc1e l+c2e2+. . .+c ,e , ,  = (cl,ca , . . . ,  c,) = ( 0 , 0  , . . . ,  0) = O  in Rn, thenel  = c 2  = . . . = c , , = O  . 

T.2. (a) Since S1 is linearly dependent, there are vectors v l ,  v2, . . . , vk in S1 and constants cl ,  c2, . . . , ck 
not all zero such that c l v l +  c2v2 + . . . + ckvk = 0. Those v,'s also lie in S2, hence S2 is linearly 
dependent. 

(b) Suppose S1 were linearly dependent, then by part (a), S2 would be linearly dependent. Con- 
tradiction. 

T.3. Assume that S = {vl, v2, . . . , v k )  is linearly dependent. Then there are constants c,, not all zero, 
such that 

Let cj be a nonzero coefficient. Then, solving the equation for v,, we find that 

Conversely, if 

for sonie coefficients di, then 

and the set S is linearly dependent. 
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T.4. Suppose 

C l W l  + czwz + C3W3 = c1(v1 + v2 + vg)  + c2(v2 + v3) + c3v3 

= C l V l  + (c1 + c2)vz + (c1 + C2 + c3)v3 = 0. 

Since {vl ,  vz, vg) is linearly independent,, cl = 0, cl + cz = 0 (and hence c2  = 0), and cl + Q + c3 = 0 
(and hence c j  = 0). Thus the set {wl ,  wz, w3) is linearly independent. 

T.5. For111 the linear combination 

C l W l +  czwz + c3w3 = 0 

which gives 

cl (vl + v2) + c2(vl + ~ 3 )  + C ~ ( V Z  + ~ 3 )  -- ( ~ 1  f C Z ) V ~  + ( ~ 1  + ~ 3 ) ~ 2  + ( ~ 2  + C ~ ) V S  = 0. 

Since S is linearly independent, we have 

C l  + c2 = O  

CI + c g = 0  
c2 + cy = 0 

a. liuear system whose augmented matrix is 

The reduced row echelon form is 

thus cl = cz = ~g -- 0 which implies that {wl ,  wz,  wg) is linearly independent. 

T.6. Form the 1inea.r combination 

C l W l +  C2W2 + C3W3 = 0 

which gives 

clvl  + c2(vl + v2) + ~ j ( ~ 1  + V2 + ~ 3 )  = (CI + C2 + c ~ ) v ~  + ( ~ 2  + c ~ ) v ~  + C3V3 = 0. 

Since S is linearly dependent, this la.st equation is satisfied with cl + c2 + c3, c2 + cs, and cs not 
all being zero. This implies that cl , cj, and cs are not all zero. Hence, {wl ,  w2, w3) is linearly 

T.7. Suppose {vl ,vz,v3)  is linearly dependent. Then one of the v,'s is a linear corr~bination of the 
preceding vectors in the list. It must be v3 since {vl ,  v2)  is linearly independent. Thus vs belongs 
to span {vl ,  vz}. Contradiction. 

T.8. Let al, . . . ,a,,. be the nonzero rows of the reduced row echelon form matrix A, and suppose 

c la l  + c2az + . - . + c.,.a, = 0. (6.2) 

For each j ,  1 5 j < .r, aj is the only row with a nonzero entry ill the column which holds the 
leading entry of that row. Thus, in the sunlmation (6.2), cj must be zero. Hence (6.2) is the trivial 
dependence relation, and the ai are linearly independent. 
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Section 6.4, p. 314 

2. (c). 

4. (d). 

6. If 

The first three entries iniply that c3 = -cl = c4 = -c2 The fourth entry gives c2-cz-cz = -C.L = 0. 
Thus ci = 0 for i = 1,2,3,4. Hence the set of four matrices is lir~early independent. By Theoreill 
6.9, it is a basis. 

8. (b); (2,1,3) = l ( l , 1 , 2 )  +2(2,2,0)  - 1(3,4,-1). 

10. (a) forrils a basis: 5t2 - 3t + 8 = -3(t2 + t)  + 0t2 + 8(t2 + 1). 

12. Possible answer: {vl ,  v2,  vg); dim W = 3. 

14. Possible answer: { [ A  ;I7[: A ] } .  
16. Possible answer: {cos2 t ,  sin2 t ) ;  dim W = 2. 

18. (a) {(0,1,0),  (0,0, 1)). (b) {(1,0,1,0) , (0>1,  -1, -1)). ( ~ 1  {(I ,  1,0),(-5,0,1)1. 

20. (a) 3. (b) 2. 

22. {t"t2,t+ 1) .  

24. (a) 2. (b) 3. (c) 3. (d) 3. 

26. 2. 

28. (a) Possible answer: {(1,0,2),  (1,0, 0), (0,1,0)) .  

(b) Possible answer: {(1,0,2), (0,1,3),  (1,0,0)).  

30. For a # -1,0,1. 

32,5'={! !I,! i !I}. 
34. The set of all polynomials of the form at3 + bt2 + (b - a) ,  where n and b are any real numbers. 

36. Possible answer: {(-1,1, O) ,  (3,0,1)).  

38. Yes. 

40. No. 

T.1. Since the largest number of vectors in any linearly independent set is m, dim V = r n .  The result 
follows from Theorem 6.9. 


