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Real Vector Spaces
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Closed under &; closed under ©.
Closed under @; closed under ©.

Regarding (8

Properties (o), (a), (b), (c), (d) follow as for R®.
): (cx,y,z) is a triple of real numbers, so it lies in V.

Regarding (g): ¢ © (d6 (.9, 2)) = ¢© (dz,4,2) = (e, y, =) = (ed) & (2,7, 7).
Regarding (h): 10 (z,y,2) =(1-z,y,2) = (z,¥, 2).

P is a vector space. Let p(t) be a polynomial of degree n and ¢(t) a polynomial of degree m,
and r = max(n,m). Then inside the vector space P,, addition of p(t) and ¢(t) is defined and
multiplication of p(t) by a scalar is defined, and these operations satisfy the vector space axioins.
P, is contained in P. Thus the additive inverse of p(t), zero polynomial, ete. all lie in P. Hence P
is a vector space.

Not a vector space; (e), (f), and (h) do not hold.
Vector space.

Not a vector space; (h) does not hold.

No. For example, (a) fails since 2u — v # 2v — u.

(a) Infinitely many.

(b) The only vector space having a finite numnber of vectors is {0}.

cu = ¢(u+0) = cu + c0 = 0 + cu by Definition 1(c), (e) and (a). Add the negative of cu to both
sides of this equation to get 0 = c0 + cu+ (—cu) = c0 + 0 = ¢0.

—(—u) is that unique vector which when added to —u gives 0. But u added to —u gives 0. Thus
—(-u) =u :

(cancellation): If u + v = u + w, then

() +(u+v)=(-u) +(utw)
(—u+u)+v=(—ut+u)+w
O+v=0+w

V=W
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If u # 0 and au = bu, then (¢ — b)u = au — bu = 0. By Theorem 6.1(c), a —b=0,a = b.
Let 0, and 0, be zero vectors. Then 0; & 0, = 0; and 0, ¢ 03 = 02. So 0, = 05.

Let u; and u; be negatives of u. Then u u; =0 and u®u; =0. Soudu;, = u@uy. Then

mEudbuw) =u E(udu)
(u®u)dBu; = (u; Gu)du,
0®Bu; =0Huy

u; = us.

The sum of any pair of vectors from B™ is, by virtue of entry-by-entry binary addition, a vector in
B™. Thus B" is closed.

For v any vector if B™, we have Ov = 0 and 1v = v. Both 0 and v are in B", so B™ is closed under
scalar multiplication.

Let v = (by,ba,...,b,) be in B™. Then 1v = (1b;,1b,,...,1b,) = v.

p=[2 51 —2,g=[1 0 3 5]

p:
2 5 1 —2
q:
1 0 3 5
(a) p+aq
ans —
3 5 4 3
which is 3t3 + 5t% + 4t + 3.
(b) 5%p
ans =

10 26 5 -—10
which is 10¢3 + 25¢? + 5¢ — 10.
(¢c) 3sp—4xq
ans =
2 15 -9 -—26
which is 2¢3 + 15t%2 — 9t — 26.
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Since P, is a subset of P and it is a vector space with respect to the operations in P, it is a subspace
of P.




Chapter 6

Since the system is consistent, p(t) is in span S.
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(¢) and (d).
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(b) (2,6,-5) = (4,2,1) — 2(1,-2,3).
(c) (3,6,6) =2(1,1,0) + (0,2,3) + (1,2,3).

(c) 3t+1 =322 +t+1)—2(3t2+1).
(d) 5t2 — 5t — 6 = 2(t2 — 4) + (3t> — 5t + 2).

Only (d) is linearly dependent: cos?2t = cos®t — sin”¢.
A £ 42,

Yes.

Yes.

v+ vy = vs.

If cre; + coer + -+ cpe, = (c1,62,...,¢,) =(0,0,...,0) =0in R*, thenc; =cp=---=¢, =0.
(a) Since S is linearly dependent, there are vectors v, vy,..., vy in S1 and constants ¢y, c2, ...,k
not all zero such that ¢ vy +cova+-- -+ vy = 0. Those v;’s also lie in S3, hence S is linearly
dependent.
(b) Suppose S; were linearly dependent, then by part (a), S» would be linearly dependent. Con-
tradiction.
Assume that S = {vy,va,..., vy} is linearly dependent. Then there are constants ¢;, not all zero,
such that

civi+ceavo+ -+ epve = 0.

Let ¢; be a nonzero coefficient. Then, solving the equation for v;, we find that

(] C Cj—1 Cit1 Ck
Vi=——V]——Vy— - ————V;_ | — V4] — "~ — V.

C; C; cj Cj Cj

J J J J J

Conversely, if
vi=divi+dove+ -+ djo1vio +Hdj Vi o+ dgvi
for some coeflicients d;, then
divi+dovo+--+ (-1)v; + -+ dve =0

and the set S is linearly dependent.
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C1W)] + CoWo + C3W3 = Cl(Vl + Vv +V3) + Cg(Vz + V3) + c3v3

=cvi+ (er +e2)ve + (c1 + 2+ c3)vy = 0.

Since {v1,va,v3} is linearly independent, ¢; = 0, ¢; +¢2 = 0 (and hence ¢3 = 0), and ¢; +¢2+¢3 =0
(and hence c3 = 0). Thus the set {w;, wa, w3} is linearly independent.

Form the linear combination
C1W1 + oWy + c3w3 =0
which gives
c1(vi +va)+ea(vy +vy) +es(ve +v3) = (e +eo)vy + (€1 + e3)ve + (e + e3)vy = 0.

Since S is linearly independent, we have

) + c2 =0
Cq +C3:0
ca+c3=0

a linear system whose augmented matrix is

1 1 0.0

1 0 1:0

0 1 1.0
The reduced row echelon form is

1 0 0 b 0

0 1 0:0

0 0 1:0

thus ¢; = ¢g = ¢3 = 0 which implies that {w;, ws, w3} is linearly independent.
Form the linear combination
C1W1 + CoWg +c3w3 =0
which gives
vyt ea(vi +va)+cea(vi+va +vsy) = (o +ea+ez)vy + (e + e3)ve + eavy = 0.
Since S is linearly dependent, this last equation is satisfied with ¢; + ¢» + ¢3, ¢2 + ¢3, and ¢3 not
all being zero. This implies that ¢;, ¢z, and ¢z are not all zero. Hence, {w;,wqe, w3} is linearly

dependent.

Suppose {vi,va,v3} is linearly dependent. Then one of the v;’s is a linear combination of the
preceding vectors in the list. It must be v3 since {vi, v2} is linearly independent. Thus v; belongs
to span {vy,v2}. Contradiction.

Let ap,...,a, be the nonzero rows of the reduced row echelon form matrix A, and suppose
cia; +coas + - - +cra, = 0. (6.2)

For each j, 1 < j < 7, a; is the only row with a nonzero entry in the column which holds the
leading entry of that row. Thus, in the summation (6.2), ¢; must be zero. Hence (6.2) is the trivial
dependence relation, and the a; are linearly independent.
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(d).
If
S R P R R

then

[cl + ¢3 c)+cq ] _ [0 OJ

c+cq4 coxtestey 0 0
The first three entries imply that ¢c; = —¢; = ¢4 = —cg. The fourth entry gives co—co—~cy = —c2 = 0.

Thus ¢; = 0 for ¢ = 1,2,3,4. Hence the set of four matrices is linearly independent. By Theorem
6.9, it is a basis.

. (b); (2,1,3) =1(1,1,2) + 2(2,2,0) — 1(3,4, —1).

(a) forms a basis: 512 — 3t + 8 = —3(¢2 + t) + 02 + 8(¢t2 + 1).

Possible answer: {vy,vy,v3}; dimW = 3.

. N 1 0] |0 1
Possible answer: { [O 1] , [1 O} }

Possible answer: {cos?t,sin’t}; dim W = 2.

(a) {(0,1,0),(0,0,1)}. (b) {(1,0,1,0),(0,1,-1, -1)}. (¢) {(1,1,0),(-5,0,1)}.
(@) 3. (b) 2.

{3 +1t3t+1}.

(@) 2. (b)) 3. (¢) 3.  (d) 3.

2.

(a) Possible answer: {(1,0,2),(1,0,0),(0,1,0)}.
(b) Possible answer: {(1,0,2),(0,1,3),(1,0,0)}.

For a # —1,0,1.
S = 0 0 o0],|]0 1 o0},{0 0 O

The set of all polynomials of the form at® + bt? + (b — a), where a and b are any real numbers.
Possible answer: {(—1,1,0),(3,0,1)}.

Yes.

No.

Since the largest number of vectors in any linearly independent set is m, dimV = m. The result
follows from Theorem 6.9.




