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Solutions to Final Exam

Math 20
Introduction to Linear Algebra
and Multivariable Calculus

21 May 2004

Show all of your work. Full credit may not be given for an answer alone.
You may use the backs of the pages or the extra pages for scratch work. Do not
unstaple or remove pages.

This is a non-calculator exam.

Students who, for whatever reason, submit work not their own will
ordinarily be required to withdraw from the College.
—Handbook for Students
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1. (20 Points) For this and the next three problems, let
-1 -1 1
A=1[-2 0 2
-1 1 1

(a) Find the reduced row echelon form of A. Label each operation to receive
partial credit in case of arithmetic mistakes.

Solution. We have

1 -1 1 1 1 -1 < (~1)-rowl
A=1]-2 0 2({~ |0 2 0| «—row2+(—2)-rowl
-1 1 1 0 2 0] «row3+(—1)-rowl
11 —1]
~ 10 1 0 <—%row2
0 0 0] «row3+(—1)-row?2
(1 0 —1] «rowl+(=1)-row2
~10 1 0
0 0 0]

(b) Find each of the following numbers. Ezplain your answers.

(i) rank A

Solution. The rank is the dimension of the column space, or
the number of columns of the RREF which are standard basis
vectors, or the number of leading entries in the RREF. This

number is apparently 2. O
(%) null A

Solution. The rank plus the nullity is the number of columns

in a matrix. In our case, this is 1. O
(iii) det A

Solution. Since the nullity is positive, the matrix is not invert-

ible, so its determinant is zero. O

1
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2. (15 Points) Remember,

-1 -1 1
A=|-2 0 2
-1 1 1
Let
1
b= |2
1

Find the parametric form of the general solution to the system of linear equations
Ax =b.

Solution. We form the augmented matrix and find its RREF.

-1 -1 1 1] [t 0o -1 -1
[A bl=[-2 0 2 2/~[01 0 0
-1 1 11 |00 0 o0

Therefore we can read off the general solution: z3 is free, x5 = 0, and xz; =
—1+ x3. Thus

X1 —1+z3 -1 1
To| = 0 =10]+4+x3]|0
T3 T3 0 1
O
2
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3. (15 Points) Continuing to let

-1 -1 1
A=1|-2 0 2f,
-1 1 1
let
1
c= |2
2

Find the parametric form of the general least-squares solution to the system of
linear equations Ax = c.

Solution. A least-squares solution to Ax = c is a solution to AT Ax = ATc. We
have

6 0 —6 -7
ATA=10 2 o0 |; Ale= |1
-6 0 6 7
Using Gaussian Elimination,
6 0 —6 —7 10 -1 -1
[ATA AT¢]=]0 2 0 1|~|0 1 0 3
-6 0 6 7 0 0 O 0
The general solution is z3 free, x5 = —5, T1 = —% + x3, so
—% + X3 —% 1
X = —% =|—35| +x3|0
I3 0 1
]
3
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4. (20 Points) Don’t forget,

-1 -1 1
A=1[-2 0 2
-1 1 1

Find a diagonal matriz D and an invertible matriz P such that
A=PDpP".

Solution. First we have to find the eigenvalues of A. The are the roots A of the
polynomial

-1-X -1 1

det(A—AD)=| -2 —x 2
11 1-2A

“1 1] |=1-x 1 “1-A -1

_(_1)‘—)\ 2’_‘ —2 2‘+(1_A)‘ —9 —/\’

=(D[2+AN-[20+D+2/+ 1 =N [(A+1)A-2]
=4\ -\ = A\ —4).
So the eigenvalues of A are 0 and +2. To find eigenvectors, we look for a basis

to the null space of each A—AI. A—0[ = A has already be reduced in Problem
1.

1 0 -1
A~ 10 1 0
0 0 O

From there, we have the general solution to Ax = 0 as z3 free, zo =0, 1 = x3.
Therefore a vector spanning the null space of A is

1
Vo = 0
1
For the eigenvalue 2,
-3 -1 1 -1 1 —1] «—row3
A-2I=|-2 -2 2|~ |-2 =2 2
-1 1 -1 -3 -1 1 «— row 1

1
~10 0 O —row2+2-rowl
2 2| «<—rowd+3-rowl

I -1 17 «(=1)-rowl
~ 10 1 —1| «(3) -row2

0 0 0|

[1 0 0] «rowl+row?2
~ 10 1 -1

0 0 0
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The general solution to Ax = 2x is therefore z3 free, o = z3, 1 = 0. So a
vector spanning this eigenspace is

0
Vo = 1
1
For the last eigenvalue, we have
1 -1 1 1 —1 1]
A+2I=(-2 2 2|~ |0 0 4| <—row2+2-rowl
-1 1 3 0 0 4| < row3+rowl
1 —1 1]
~ (0 0 1| « % - row 2
0 0 0] «—row3+(—1)-row2
[1 -1 0] «rowl+(—1) -tow2
~ 10 0 1
0 0 0]
So the general solution to Ax = —2x is x3 = 0, z2 free, x1 = x2. Therefore a
vector spanning this eigenspace is
1
V_o = 1
0
Assembling this all into matrices, we set
0 0 O
D=0 2 0]; (1)
0 0 -2
1 0 1
P = [VO Vo V—Z] = 0 1 1]. (2)
1 10
You may check for yourself that AP = PD, which means A = PDP~!. O
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5. (15 Points) Now let
-1 -1 0
B=1|-2 2 4
-1 1 2

Find an orthonormal basis for Col B.

Solution. First we have to find any basis for Col B. Since

1 0 -1
B~ |0 1 1
0 0 0
Since the first columns of the RREF span its column space, the first two columns

of B span Col B. This basis can be orthogonalized through the Gram-Schmidt
process:

-1 -1
u; = b1 = |-2| = [-2 ;
-1 -1
bQ - Uup 1 —5
Ug = b2 — Uy = — 2
U - Ug 3 1

O

We can normalize the basis by dividing each vector by its length, and scaling
u by —1:

—uq 1

W= —— = —
Tl = V6 |

N =

)

U 1 —5

Wy= ——=— | 2 |;
* T fluall ~ VB0 | ]

/15
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6. (15 Points) Let T be the linear transformation which reflects the plane
through the line y = x. Give the eigenvalues and eigenvectors of this transfor-
mation.

Hint. You could find a matrix for this linear transformation and then diagonalize
it; however, it might be easier to think about what this linear transformation
does and what eigenvectors/eigenvalues are.

Solution. Vectors parallel to the line y = x are not going to be changed by T'.

1] . . . .
Therefore, L] is an eigenvector with eigenvalue 1. On the other hand, vectors

1 ] is an eigenvector

orthogonal to the line y = = will be exactly flipped, so [

with eigenvalue —1.

/15
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7. (15 Points) Let C be a matriz whose columns are linearly independent, so
that CTC' is invertible. Let

pP=ccTo)tct
Show:
(i) P> =P.
Solution. We write down P? and follow our nose:

Pi=c(cTo) tcteccte)y et =cctey et = p.

O
(ii)) Pv =v for all v e ColC.
Hint. If v € Col C, there exists w such that v = C'w.
Solution. Starting with the hint, we have
Pv=cCccTo) et (Cw)=Cw=v.
O

(iii) Pv =0 for all v € (ColC)*.
Solution. Remember that (Col ') = NullCT, so if v € (Col C)*, then

Pv=ccTc)y"lctv=ccTc)" o =o.

/15
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8. (10 Points) Show that the function u(z,y) = e~ '3 sin 22 cos 3y satisfies the

heat equation
0%u n 0%u _ Ou
oz oy ot

Solution. We only have to take partial derivatives and compare:

0 .
T4 9713t o5 2 cos 3y;
Ox

82

87; = —4e 13 sin 22 cos 3y;
0
e _ —3e 713t cos 2z sin 3y;
dy

0%u

— = —9¢ 3% sin 2 cos 3y;

Oy?
0
a—? = —13e~ 13 5in 2z cos 3y.

0? 0?
Now 2 o Y can be easily verified. U

02 "o~ ot

/10
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9. (20 Points) Let f(z,y) = 3z%y + > — 322 — 3y®> + 2. Find and describe all
critical points of f.

Solution. We have

of
%—ny

0
— 6x; —f =322 4 3y — 6y.
Ay

To see when these two equations are simultaneously zero, we first solve
0 = 6zy — 6z = 6z(y — 1),

which is zero exactly when x = 0 or y = 1. In the first case, substituting z = 0
. Of .
into == = 0 gives
dy
0=3y* — 6y = 3y(y — 2)
which means y = 0 or y = 2. Thus (0,0) and (0, 2) are two critical points for f.

In the second case, substituting y = 1 into 5 = 0 gives
Y
0=32>-3=3(x+1)(z—1),

so ¢ = £1. Therefore (1,1) and (—1,1) are critical points, too.
The nature of the critical points can be determined by the Hessian matrix

f f 6y —6 6] y—1 =z
H(x,y) = [ m wy} = 6x .=6| =
We have )
H(O,O)G[_Ol _01 ,

which has positive determinant and negative trace. Hence (0,0) is a local max-
imum.

H(0,2) =6

o]
0 1’

which has positive determinant and positive trace. Hence (0, 2) is a local mini-
mum.

H(1,1) =6

0 1]
11 0]’
which has negative determinant. So (1, 1) is a saddle point. Finally,

H(-1,1)=6 [01 01} ,

which also has negative determinant. So (—1,1) is a saddle point, too.
Some graphs of f might clarify:

10
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10. (20 Points) Let a, b, and c be positive constants. Find (x,y,z) such that
t+y—+z=1 and 2%y’z° is mazimized.

Solution. Let f(z,y,z) = 2%y’z° and g(x,y, z) = x+y+2. We want to maximize
f subject to g = 1. Then there should exist A such that

Vi(x,y,2) = AVg(z,y,2).

By taking the derivatives, this vector equation becomes the system

a—1,_b_c .
ax® Yy 2¢ = A
bxayb_lzc =\
ca:aybzC L=

Dividing the second of these by the first gives

1 brtyb—12¢ bz

al‘aflybzc G,y’

b
so y = —x. Dividing the third by the first gives
a

cx®ybze! cx

1 = —
aro~lybze  qz’

& . . . . . .
80 z = —x. Substituting both of these into the equation of constraint gives
a

1:(1+b+6>m:a+b+c$
a a

a

This gives us

a .
a+b+c’
b

a—|—b+c;
c

a+b+c

12
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11. (15 Points) Label the following statements as true or false. Justify your
answers. If true, cite appropriate facts or theorems. If false, give a counterex-
ample, i.e., an example in which the hypothesis (the “if” part of the proposition)
is satsified, but not the conclusion (“then”).

(i)

(ii)

(iii)

(i)

(v)

If B is a matriz with characteristic polynomial A\*> — 3\ + 2, then
B is diagonalizable.

Solution. This polynomial factors as (A — 2)(A — 1). Therefore B
has two distinct eigenvalues and therefore two linearly independent
eigenvectors. So B is diagonalizable; the statement is true. O

If three vectors are linearly dependent, one must be a multiple of
another.

1 0
Solution. The statement is false. Let u = |0|, v = [1|, w =
0 0
1
u+v = |1|. Then {u,v,w} are linearly independent but none of
0

the vectors is a multiple of another.

If u is a differentiable function of several variables, then Vu points
in the direction of greatest change.

Solution. This statement is true. O
Two planes in R? intersect in a line.

Solution. This statement is false. Consider the parallel planes z =
0 and z = 1. These do not intersect. O

If S is a finite set of vectors in R™, then (ST)*+ = S.
Solution. If S is any set, then S+ is a subspace of R™. If S = {e; },

then (S1)% is the subspace spanned by e;, not e; alone. The
statement is false. O

13
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12. (20 Points) State as many conditions as you can think of for a square

matriz to be invertible (2 points each, mazimum of 10).

Solution. Here are many equivalent conditions as outlined in Lay.

The equation Ax = 0 has only the trivial solution x = 0.

The columns of A are linearly independent.

The linear transformation x — Ax is one-to-one.

The equation Ax = b has at least one solution for each b in R".
The columns of A span R".

The linear transformation x — Ax maps R" onto R".

There is an n x n matrix C such that CA = 1.

There is an n X n matrix D such that AD = I.

The columns of A form a basis of R™.
Col A = R™.
dim Col A = n.

rank A = n.

)
)
)
)
)
)
)
)
)
)
)
) AT is invertible.
)
)
)
)
)
)
)
)
)
)
)

14

/20



(This page intentionally left blank.)

15



