Problem set 4

Math 212a
October 12, 2000, Due October 24

1 The Hausdorff dimension of the Sierpinski gas-
ket.

The purpose of the problems in this problem set is to walk through part of
the computation of the Hausdorff dimension of the Sierpinski gasket, and some
related notions, all extracted from Edgar Measure, Topology and Fractal Geom-
etry.

Let F denote the set of (half)-infinite sequences from a 3 letter alphabet.
Say the letters are L,U, and R. For each 0 < r < 1 we can put a metric on F'
just as in the two letter case:

dr(z,y) =rl®l, where z = az', y = ay’
and the initial letters of ' and y' are different. As in the two letter case, the

sets [a] of all sequences with initial string « form a basis of the open sets. For

reasons which will soon become clear, we will take r = %

On the other hand [a] = [aL] U [aU] U [aR] so if we define

£(la)) = (é)'

t([o]) = m([aL]) + m([eU]) + m([aR]).
1. Use these facts to show that (F,d;) has Hausdorff dimension log 3/log 2.

then

The definition of Sierpinski gasket is that it is the compact subset of the
unit square which is the unique fixed point in the set of compact subsets of the
unit square under the map

Ko T(K)UTy(K) UTRr(K)

where the transformations Ty, Ty, Tk of the plane are given by
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Recall how this works in the MATLAB program where J stands for the unit
square (colored blue). Then

J
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where each J is now a square of half the dimensions of the original square. If
we write the first bit in the binary expansion of the points in this set we have

1
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Notice that all points whose (only) binary expansion of the z and y coordinates
have a 1 in the first position are excluded. At the next stage we have
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2. Convince yourself that the Sierpinski gasket consists of all points (;) in the

unit square where z and y have binary expansions such that a 1 never occurs
in the same position in the expansion of z and of y.

Consider the map h : F' — the unit square where the i-th letter in an element
of F' (which is a sequence of letters from the alphabet L,U, R) goes over into
the i-th position in the binary expansion of z and y according to the rule

letter bit of z bit of y

L 0 0
U 0 1
R 1 0

so, for example,

.01000. ..
KILRLUU...) = (‘00011”.) .

3 Show that
Ih(s) = h(t)I| < dy1(s,1)

where ||-|| denotes Euclidean distance in the plane, but in contrast to the Cantor
set case, we do not have bounded decrease for the map h.



4. Conclude from 3 that the Hausdorff dimension of the Sierpinski gasket is
<log3/log2.

The proof that the Hausdorff dimension of the Sierpinski gasket is exactly
log3/log?2 is a lot trickier. For a lot of extra credit you might want to try this.

Let rq,...,7, be real numbers satisfying 0 < r; < 1. We want to think of
the r; as the “ratio of contraction” of a transformation T; of a metric space X,
ie.

d(Tiz, Tiy) < rid(z,y) Vaz,y € X.

Here we are considering the transformation on compact subsets of X given by
T(K)=Ti(K)U---UT,(K).

The collection (rq,...,r,) is called the ratio list of T. For example, for the

Cantor set the ratio list is (3, %) while for Sierpinski gasket the ratio list is

(3:253)-

5. Show that for any ratio list there is a unique non-negative number s such
that
ri+---+r, =1

[Hint: Consider the function f(s) := >, r¢ so f(0) = n and f(co) = 0. Show
that f is strictly decreasing.]

The number s is called the similarity dimension of the fixed set of T'.

6. Compute the similarity dimension of the Cantor set and of the Sierpinski
gasket.



