Solutions: Problem Set 2
1. The identity (¢, — Tm,Tm) = 0 means that (z,,Tm) = ||zm|?, and so

0 < f|lzn = zml* = (Zn — Tm, @ — Tm) = (Tn — Tm, Tn) = [[Ta]* = [[zm]*.

Since this identity holds for all n > m, we know that ||z,,||? < ||z,||? for all m < n.

Since the sequence of values {||z,||}» is bounded and increasing, it must converge to a limit (which is
necessarily the greatest lower bound of all the M, as defined in the problem). Thus the sequence {||z, ||} is
Cauchy, and so the sequence {z,}, is Cauchy as well, under the || - || norm, since we have the equality

12n = @m|* < llzal® = llzm|*.

In fact we know that equality holds here, but we only need the inequality to deduce that the sequence {zy},
must be Cauchy from the fact that the sequence {||z,||}» is Cauchy.

Since {z,}, is a Cauchy in a complete metric space, it has a limit, z, and from the above observations,
||z|| = L, where L is the greatest lower bound of all the M, as defined in the problem.

2. Take the inner product of
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with itself. The cross terms all cancel, since (y;,y;) = 0 for ¢ # j. Thus the inner product of this vector

with itself is just
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This last expression tends to 0 as n — oo, provided that s > %

3. From the definition of a projection we have

(14,15)

malls) = (14,14)

14.

We have )
(1a,15) = / 1a(t)15(t) dt = / dt = P(AN B),
0 AnB
and similarly (14,14) = P(A). Thus

P(ANB)

7TA(1B) = W A

as desired.

4. Following the comment after the problem, let
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Then B(X) = pl (1) = A, and var(X) = p§ (1) + 2l (1) ~ (e (1))* = A
To see why p'y (1) and p'% (1) + p'x (1) — (px (1))? give the mean and variance, respectively, note that

1) = np, = B(X)



since X takes on the value n with probability p,, and

Px(1) + % (1) = (P (1))* =D _n(n—Dpa + > npp — (B(X))?

*pn — (B(X))?

M

, X) — (B(X))? = var(X).
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5. The two functions Y,(z) and By(z) can only possibly agree when they are equal to 0 or 1, since By(z)
never takes on any greater value. The interval where Y, (z) = 0 is [0, e7?], and the interval where B,(z) =0
is [0,1 — p]. Since 1 —p < e~P, this means that they disagree on the interval [1 — p,e P]. To the right of
x = e~ P, they agree once more until Y, (x) becomes greater than 1, which happens at z = (1 + p)e?. Thus
they disagree on the union of two intervals,
A=[1-pePU[(1+p)e?1].
The sum of the lengths of these intervals is thus
e?—(1-p)+1-(1+ple?=p—pe?<p’

since 1 —p < e7P.

6. Since f A g = 0, the formulas preceding the problem indicate that f + g = |f — g|- Thus, we have

ng=%(f+g+|f—g|)=f+g,

as desired.



