Solutions: Problem Set 7
1. Integrating by parts k times, we see that

d*g & d*f
/ (Ek f ( ) / gwa
and so the kth derivative of § is given by
00 f = (1" (0.

2. The derivative of zf;_ is given by the integrals

(@) f) = — / () de = — / A(f () — £(0)) d = / A () — £(0)) d,

0

where the integration by parts is permissible because the boundary terms vanish and the resulting integral
converges for —1 < R(A) < 0.

3. When R()\) < —1, we have [ 2*f(0)dx = %((1)). Thus it is clear that equation (4) from the problem
set says that

A = Ooa,)‘ x) — x
<x+>f>—/0 (f(x) - (0)) dr,

in the region —2 < ®(A) < —1.
This formula is the same as

DAL ) — /O T AP (f () — 1(0) de,

in the range —1 < R(\) < 0, and so this and problem 2 show that (27 )’ = Az2~" in this range.
4. For any n > 0, and R(\) > —1, we can write

/Ooosckf(m)dxz/leAf(:U)da:—F/loox)‘f(x)da:

_ 1 n f(k)( F%*(0) oo
—/OxA<f(x)—kZ_o >dx+zk')\+k+1)+/ 2 f(z) da.

This last expression is well-defined whenever #(A) > —n — 2 and X is not a negative integer. Moreover, if
n' > n, the corresponding formula with n’ agrees with the formula for n in the entire range R(\) > —n — 2.
Thus we can define

1 (k) (k) o0
(xi7f>:/0 ) (f(m)—zf k!(O) ) dﬂc—l—Z#]ﬂl)ﬁ-/ 2 f(z) da,

in the region ®(\) > —n — 2. Given this definition, we can now note that for —n — 2 < R(\) < —n — 1, we

have
1 n o e(k) oo (k)
(@}, f) :/0 z* (f(x)— > ! k!(o)xk> da?—I—/1 T ( E f )




From the results of the last paragraph, we see that

0 n (k+1)
(@) === [ o (f’(a:) ZfT(%> dn
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in the region —n — 2 < R(A\) < —n — 1. Thus (z3}) = /\xi_l in each band —n — 2 < R(A) < —n — 1, for
n > 0.

5. The problem requires us to differentiate the function g(x) which is equal to (7 — z) on [0,27] and
periodic of period 27. This will be accomplished by computing — fR g(x) f'(z) dz for Schwartz functions f.

We have
. B ) 2,,‘.1 - / o
*/Rg(x)f (z) dw—k;m/o 5 (@ —m)f'(z + 2rk) de

_ k_f: <gf(27r(k +1)+ gf(m) - /:ﬂ %f(x + 2rk) dx)
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Thus we see that the derivative, in the generalized sense, of g(x) is

Since we also have

we see from term by term differentiation that, as distributions,

1,1 S
kr — —— - zka:.
Zcos T =3 2 Z e
k=—oc0
Equating these two expressions for ¢’'(z), we see that, as distributions,
o0 o0
Z et = on Z 0(x — 27k).
k=—o0 k=—o00
We can now note that if we apply the map defined by each side of this last equation to a Schwartz

function f, we obtain
Y fky=2m Y f(amk),

k=—o00 k=—o0

which is the Poisson summation formula.



6. We have

and

Thus it follows that
ﬁ _ 8_2 v= 0
ot 0x2 -

For any Schwartz function f(x), we have

711_1)1(1)/}" xtdxfil_r%z\/_/ 4td:v

= lim — oVt e_T dx
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where the last line follows by Lebesgue’s dominated convergence theorem. Since ors fR e

equal to f(0), and so
tliH(l) v(x,t) =4,

as desired.

.172 . .
2 dxr =1, this is



