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1 Hilbert space.

1.1 Scalar products.

V is a complex vector space. A rule assigning to every pair of vectors f,g € V
a complex number (f, g) is called a semi-scalar product if

1. (f, g) is linear in f when g is held fixed.

2. (9, f) = (f,9)- This implies that (f,g) is anti-linear in g when f is held
fixed. In other words. (f,ag + bh) = a(f,g) + b(f,h). It also implies that

(f, f) is real.
3. (f,f)y>0foral feV.
If 3. is replaced by the stronger condition
4. (f,f) > 0 for all non-zero f € V

then we say that (, ) is a scalar product.

Examples.

e V =C", so an element z of V is a column vector of complex numbers:

and (z,w) is given by
n
(z,w) := Zz,w_,
1

e V consists of all continuous (complex valued) functions on the real line
which are periodic of period 27 and

(f.9): L f(z)g(z)dz.

T o -

We will denote this space by C(T). Here the letter T stands for the one
dimensional torus, i.e. the circle. We are identifying functions which are
periodic with period 27 with functions which are defined on the circle
R/27Z.

e V consists of all doubly infinite sequences of complex numbers

a=...,0-2,0-1,00,01,02,--.

Z la;|? < oo.
(a,b) := Zazl_)z >

All three are examples examples of scalar products.

which satisfy

Here



1.2 The Cauchy-Schwartz inequality.

This says that if (, ) is a semi-scalar product then

(f,9)] < (f, )?(g,9)*. (1)

Proof. For any real number ¢ condition 3. above says that (f —tg, f —tg) > 0.
Expanding out gives

0 < (f —tg, f—tg) = (f, ) —tl(f.9) + (9, )]+ t*(9,9)-

Since (g, f) = (£, 9), the coefficient of ¢ in the above expression is twice the real
part of (f,g). So the real quadratic form

Q(t) = (f: f) - 2Re(fvg) + t2(g'g)

is nowhere negative. So it can not have distinct real roots, and hence by the
b2 — 4ac rule we get

(Re(f,9))* < (£, )(9,9)- (2)

This is useful and almost but not quite what we want. But we may apply this
inequality to h = e g for any #. Then (h,h) = (g, g). Choose 8 so that

(f.g) =re”
where r = |(f, g)|. Then
(f,h) = (f.€"9) = e7(f.9) = (£, 9)|
and the preceding inequality with g replaced by h gives
(£, 91 < (f, /)9, 9)

and taking square roots gives (1).

1.3 The triangle inequality

For any semiscalar product define

£l := (f, £)2

so we can write the Cauchy-Schwartz inequality as

(£ 91 < I fIIllgll-

The triangle inequality says that

If+gll < II£11+ llgll- 3)



Proof.

IF+9lP = (f+9,f+9
= (f,f) +2Re(f,9) + (9,9)
< (£, ) +2lflllgll + (g,9) by (2)
= I/ +2lfNllgll + gl
= (171 + llglh>.
Taking square roots give the triangle inequality (3). Notice that
llef1l = lelllf1] (4)

since (cf, cf) = ce(f, f) = |eP[I£11*-

Suppose we try to define the distance between two elements of V' by

d(f,g) = If —gll-
Notice that then d(f, f) =0, d(f,g) = d(g, f) and for any three elements

d(f,h) <d(f,g)+d(g,h)

by virtue of the triangle inequality. The only trouble with this definition is that
we might have two distinct elements at zero distance, i.e. 0 =d(f,g) = ||f —gll-
But this can not happen if (, ) is a scalar product, i.e. satisfies condition 4.

A complex vector space V endowed with a scalar product is called a pre-
Hilbert space.

Let V be a complex vector space and let || - || be a map which assigns to any
f € V a non-negative real number such that ||f|| > 0 for all non-zero f, and
which satisfies the triangle inequality (3) and condition 4) is called a norm. A
vector space endowed with a norm is called a normed space. The pre-Hllbert
spaces can be characterized among the normed by the parallelogram law which
we will discuss below.

Later on, we will have to weaken condition (4) in our general study. But it
is too complicated to give the general definition right now.

1.4 Hilbert and pre-Hilbert spaces.

The reason for the prefix “pre” is the following: The distance d defined above
has all the desired properties we might expect of a distance. In particular, we
can define the notions of “limit” and of a “Cauchy sequence” as is done for the
real numbers: If f, is a sequence of elements of V, and f € V we say that f is
the limit of the f, and write

lim f,=f, or fo—f
n—ro0
if, for any positive number € there is an N = N(e) such that

d(fn,f) <e foralmn>N.



If a sequence converges to some limit f, then this limit is unique, since any
limits must be at zero distance and hence equal.
We say that a sequence of elements is Cauchy if for any § > 0 there is an
K = K(6) such that
d(fm, fn) <6 Y,m,n> K.

If the sequence f, has a limit, then it is Cauchy - just choose K(§) = N(36)
and use the triangle inequality.

But it is quite possible that a Cauchy sequence has no limit. As an example
of this type of phenomenon, think of the rational numbers with |r — s| as the
distance. The whole point of introducing the real numbers is to guarantee that
every Cauchy sequence has a limit.

So we say that a pre-Hilbert space is a Hilbert space if it is “complete” in
the above sense - if every Cauchy sequence has a limit.

Since the complex numbers are complete (because the real numbers are),
it follows that C™ is complete, i.e. is a Hilbert space. Indeed, we can say
that any finite dimensional pre-Hilbert space is a Hilbert space because it is
isomorphic (as a pre-Hilbert space) to C™ for some n. (See below when we
discuss orthonormal bases.)

The trouble is in the infinite dimensional case, such as the space of continuous
periodic functions. This space is not complete. For example, let f, be the
function which is equal to one on (—7 + £, —1) equal to zero on (L,m — 1)
and extended linearly —% to L and from 7 — % to m+ L so as to be continuous
and then extended so as to be periodic.(Thus on the interval (7 — %, ™+ %) the
function is given by fn(z) = 2n(z — (v —1).) If m < n, the functions fn, and fn
agree outside two intervals of length 2 and on these intervals | () — fn(z)| <
1. So || fm — fall* € 5 - 2/m showing that the sequence {f,} is Cauchy. But
the limit would have to equal one on (—,0) and equal zero on (0,7) and so
be discontinuous at the origin and at 7. Thus the space of continuous periodic
functions is not a Hilbert space, only a pre-Hilbert space.

But just as we complete the rational numbers (by throwing in “ideal” ele-
ments) to get the real numbers, we may similarly complete any pre-Hilbert space
to get a unique Hilbert space. See the file [Completion|for a general discussion
of how to complete any metric space.

The completion of the space of continuous periodic functions will be denoted
by L*(T).

A complete normed space is called a Banach space. The general construc-
tion implies that any normed vector space can be completed to a Banach space.

1.5 The Pythagorean theorem.
Let V be a pre-Hilbert space. We have
I+ glI> = [I£1I” + 2Re(f, 9) + llgll*.

So
If+gll> = I+ llgll” < Re(f,9)=0. (5)
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We make the definition

flg & (f,9)=0

and say that f is perpendicular to g or that f is orthogonal to g. Notice that
this is a stronger condition than the condition for the Pythagorean theorem, the
right hand condition in (5). For example ||f +if||*> = 2| f||*.

If u; is some finite collection of mutually orthogonal vectors, then so are z;u;
where the z; are any complex numbers. So if

i
then by the Pythagorean theorem
llull® = [z |l .
i

In particular, if the u; # 0, then w = 0 = 2; = 0 for all ¢. This shows that any
set of mutually orthogonal (non-zero) vectors is linearly independent.
Notice that the set of functions

eznﬂ

is an orthonormal set in the space of continuous periodic functions in that not
only are they mutually orthogonal, but each has norm one.

1.6 The parallelogram law.
Adding the equations

If+gll> = [IfI°+ 2Re (£,9) + llg|l”

If=gl> = [IfI> - 2Re (f,9) + gl
gives

If+gll* +11f = gll* =2 (IF1* + llgll*) - (6)
this is known as the parallelogram law. In fact, a little bit of algebra shows that
if any norm || - || on a vector space satisfies the parallelogram law, then

1 ) . ) .

(£:9) = 7 (Ilf +9l” = 1If = glI” +illf + iyll” = illf —igl”)

is a scalar product whose associated norm is || - ||.But we will not make use of
this fact.



1.7 Orthogonal projection.

We continue with the assumption that V is pre-Hilbert space. If A and B are
two subsets of V', we write A | Bifu € A and v € B = u L v, in other words
if every element of A is perpendicular to every element of B. Similarly, we will
write v L A if the element v is perpendicular to all elements of B. Finally, we
will write A+ for the set of all v which satisfy v L A. Notice that A+ is always
a linear subspace of V', for any A.

Now let M be a (linear) subspace of V. Let v be some element of V', not
necessarily belonging to M. We want to investigate the problem of finding a
w € M such that (v —w) L M. Of course, if v € M then the only choice is
to take w = v. So the only interesting problem is when v € M. Suppose that
such a w exists, and let x be any (other) point of M. Then by the Pythagorean
theorem,

llo = 2l* = l[(v = w) + (w = 2)|I* = [Jv — w||* + lw — 2|
since (v —w) L M and (w —x) € M. So
llv—wll < lv -zl

and this inequality is strict if # # w. In words: if we can find a w € M such
that (v — w) L M then w is the unique solution of the problem of finding the
point in M which is closest to v. Conversely, suppose we found a w € M which
has this minimization property, and let z be any element of M. Then for any
real number ¢ we have

llo = wl® < [l(v — w) + ta]* = [lv - w||* + 2tRe (v — w, ) + *[J2]*.

Since the minimum of this quadratic polynomial in ¢ occurring on the right is
achieve at t = 0, we conclude (by differentiating with respect to ¢t and setting
t = 0, for example) that

Re (v —w,z) =0.

By our usual trick of replacing = by e’z we conclude that
(v—w,z)=0.

Since this holds for all z € N, we conclude that (v —w) L M. So to find w we
search for the minimum of ||v — z||, z € M.

Now ||lv — || > 0 and is some finite number for any z € M. So there will be
some real number m such that m < ||v— z|| and such that no strictly larger real
number will have this property. (m is known as the “greatest lower bound” of
the values ||v — z||, z € M.) So we can find a sequence of vectors z, € M such
that

[|lv — zn|| = m.

We claim that the z,, form a Cauchy sequence. Indeed,

”mm - xn||2 = ||(U - xn) - (U - xm)llz



and by the parallelogram law this equals
2(Ilv = zmll* + llv = zal?) = 120 = (@m + z)|I*.
Now the expression in parenthesis converges to 2m2. The second term on the
right is
20 = 3 (m + 7).
Since 3 (m + z,)€ M, we conclude that

120 = (@ + )| > 4m?

SO
|Zm — zn||? < 4(m? + €%) — 4m?

for m and n large enough that ||[v — z,,|| < m + € and ||v — z,|| < m + €. This
proves that the sequence z, is Cauchy.

Here is the crux of the matter of completeness: If M is complete, then we
can conclude that the x,, converge to a limit w which is then the unique element
in M such that (v —w) L M. It is at this point that completeness plays such
an important role.

Put another way, we can say that if M is a subspace of V' which is complete
(under the scalar product ( , ) restricted to M) then we have the orthogonal
direct sum decomposition

V=MoM:

which says that every element of V' can be uniquely decomposed into the sum
of an element of M and a vector perpendicular to M.

For example, if M is the one dimensional subspace consisting of all (complex)
multiples of a non-zero vector y, then M is complete, since C is complete. So
w exists. Since all elements of M are of the form ay, we can write w = ay for
some complex number a. Then (v — ay,y) = 0 or

(v,9) = ally|l”
SO
. (v,y2)_
llyll

We call a the Fourier coefficient of v with respect to y. Particularly useful is
the case where ||y|| = 1 and we can write

a=(v,y). (7)

Getting back to the general case, if V = M @ M holds, so that every v
corresponds to a unique w € M satisfying (v — w) € M+ the map v — w is
called orthogonal projection of V onto M and will be denoted by mxs.



1.8 The Riesz representation theorem.

Let V and W be two complex vector spaces. A map
T:V->W

is called linear if

TOzpy) =XT(x) +pT(Y) Vz,yeV, \LpueC
and is called anti-linear if

T(Azpy) = AT (z) +aT(Y) Vz,yeV \peC.
If £: V — Cis a linear map, (also known as a linear function) then

ker £ :={z € V| {(z) =0}

has codimension one (unless £ = 0). Indeed, if

Ly) #0

then

1
l(z) =1 where z = —
(z) W

and for any z € V,
z—L(2)x € ker £.

If V is a normed space and/ is continuous, then ker (¢) is a closed subspace.
The space of continuous linear functions is denoted by V*. It has its own norm
defined by

el :== sup el (z)|/[]]
z€V,||z||#0

Suppose that H is a pre-hilbert space. Then we have an antilinear map

¢:H— H", (6(9)(f):=(f,9)

The Cauchy-Schwartz inequality implies that

lphi(g)|l < llgll
and in fact
(9,9) = llgll?
shows that
o(9)ll = llgll-

In particular the map ¢ is injective. The Riesz representation theorem says
that if H is a Hilbert space, then this map is surjective: Every continuous linear



function on H is given by scalar product by some element of H. The proof is a
consequence of the theorem about projections applied to

N :=ker £.

If £ = 0 there is noting to prove. If £ # 0 then M is a closed subspace of
codimension one, so there is a unique vector y which is perpendicular to NV and
such that ||y|| = 1. Then for any f € H,

f=(fy)lyeN
or
e((f) = (f,9)y),
so if we set
g9:=Ly)y
then
(f,9) =£(f)

for all f € H. QED

1.9 What is L?(T)?

We have defined the space L2(T) to be the completion of the space C(T) under
the Ly norm ||f||2 = (f, f)2. In particular, every linear function on C(T) which
is continuous with respect to the this L» norm extends to a unique continuous
linear function on Ly(T. By the Riesz representation theorem we know that
every such continuous linear function is give by scalar product by an element
of Ly(T). Thus we may think of the elements of L»(T) as being the linear
functions on C(T) which are continuous with respect to the L. An element of
L(T) should not be thought of as a function, but rather as a linear function
on the space of continuous functions.

1.10 Projection onto a direct sum.

Suppose that the closed subspace M of a pre-Hilbert space is the orthogonal
direct sum of a finite number of subspaces

M= M;
i

meaning that the M; are mutually perpendicular and every element z of M can
be written as

IZZIL’,', x; € M;.

(The orthogonality guarantees that such a decomposition is unique.) Suppose
further that each M; is such that the projection mas, exists. Then mps exists

and
mar(v) = 3 mar, (v). (®)

10



Proof. Clearly the right hand side belongs to M. We must show v -3, 7 (v)
is orthogonal to every element of M. For this it is enough to show that it is
orthogonal to each M since every element of M is a sum of elements of the M.
So suppose x; € M;. But (mav,z;) =0if i # j. So

(v — ZWM,-(U),%‘) =(v- TFMJ-(U):-TJ) =0

by the defining property of maz;.

1.11 Projection onto a finite dimensional subspace.

We now will put the equations (7) and (8) together: Suppose that M is a finite
dimensional subspace with an orthonormal basis ¢;. This implies that M is
an orthogonal direct sum of the one dimensional spaces spanned by the ¢; and
hence 7 exists and is given by

mm(v) = Zami where a; = (v, ¢;)- 9)

1.12 Bessel’s inequality.

We now look at the infinite dimensional situation and suppose that we are given
an orthonormal sequence {¢;}$°. Any v € V has its Fourier coefficients

a; = (U7 ¢’L)

relative to the members of this sequence. Bessel’s inequality asserts that
oo
Dl <ol (10)
1

in particular the sum on the left converges.

Proof. Let "
vn =Y aidi,
i=1

so that v, is the projection of v onto the subspace spanned by the first n of the
¢;- In any event, (v — v,) L v, so by the Pythagorean Theorem

n
[0l = llo = val® + lloall® = llo = vall* + Y |ail*.
i=1

This implies that

n

> lail” < [l

i=1
and letting n — oo shows that the series on the left of Bessel’s inequality
converges and that Bessel’s inequality holds.

11



1.13 Parseval’s equation.

Continuing the above argument, observe that
v =vall> =0 & > Jail” = [lol|*.

But ||v —vy,||? = 0 if and only if ||[v — vy,|| — 0 which is the same as saying that
vp, = v. But v, is the n-th partial sum of the series Y a;¢;, and in the language
of series, we say that a series converges to a limit v and write Y a;¢; = v if and
only if the partial sums approach v. So

Sai=v & Dlal = ol (1)

In general, we will call the series ). a;¢; the Fourier series of v (relative
to the given orthonormal sequence) whether or not it converges to v. Thus
Parseval’s equality says that the Fourier series of v converges to v if and only if

> lail* = [lvll*.

1.14 Orthonormal bases.

We still suppose that V' is merely a pre-Hilbert space. We say that an orthonor-
mal sequence {¢;} is a basis of V if every element of V' is the sum of its Fourier
series. For example, one of our tasks will be to show that the exponentials
{em®}% _ form a basis of C(T).

If the orthonormal sequence ¢; is a basis, then any v can be approximated
as closely as we like by finite linear combinations of the ¢;, in fact by the partial
sums of its Fourier series. We say that the finite linear combinations of the ¢;
are dense in V. Conversely, suppose that the finite linear combinations of the
¢; are dense in V. This means that for any v and any € > 0 we can find an n

and a set of n complex number b; such that

llv— Zbi¢i|l <e

But we know that v, is the closest vector to v among all the linear combinations
of the first n of the ¢;. so we must have

[lv —vn|| <e.

But this says that the Fourier series of v converges to v, i.e. that the ¢; form
a basis. For example, we know from Fejer that the exponentials e?** are dense
in C(T). Hence we know that they form a basis of the pre-Hilbert space C(T).
We will give some alternative proofs of this fact below.

In the case that V is actually a Hilbert space, and not merely a pre-Hilbert
space, there is an alternative and very useful criterion for an orthonormal se-
quence to be a basis: Let M be the set of all limits of finite linear combinations of
the ¢;. Any Cauchy sequence in M converges (in V') since V is a Hilbert space,
and this limit belongs to M since it is itself a limit of finite linear combinations

12



of the ¢; (by the diagonal argument for example). Thus V = M & M+, and the
¢; form a basis of M. So the ¢; form a basis of V if and only if M+ = {0}. But
this is the same as saying that no non-zero vector is orthogonal to all the ¢;.
So we have proved that in a Hilbert space, the orthonormal set {¢;} is a basis
if and only if no non-zero vector is orthogonal to all the ¢;.

2 Self-adjoint transformations.

We continue to let V' denote a pre-Hilbert space. Let T be a linear transfor-
mation of V into itself. This means that for every v € V the vector Tv € v is
defined and that T'v depends linearly on v : T'(av + bw) = aTv + bTw for any
two vectors v and w and any two complex numbers a and b.

We recall from linear algebra that a non-zero vector v is called an eigenvector
of T if Tv is a scalar times v, in other words if Tv = Av where the number A is
called the corresponding eigenvalue.

A linear transformation 7" on V is called self-adjoint if for any pair of
elements v and w of V' we have

(Tv,w) = (v, Tw).

We denote the set of all self-adjoint transformations by A, or by A(V) if we
need to make V explicit.

Notice that if v is an eigenvector of a self-adjoint transformation 7" with
eigenvalue A, then

A(v,v) = (Av,v) = (Tv,0) = (v,Tv) = (v, \v) = A(v, ),

so A = X. In other words, all eigenvalues of a self adjoint transformation are
real.

We will let S = S(V') denote the “unit sphere” of V, i.e. S denotes the set
of all ¢ € V such that ||¢|| = 1. A linear transformation T is called bounded
if [|T¢|| is bounded as ¢ ranges over all of S. If T' is bounded, we let

Tl .= To||.

17| Igggll |
Then

1Tl < IT||[]v]f

for all v € V. A linear transformation on a finite dimensional space is automat-
ically bounded, but not so for an infinite dimensional space.
Also, for any linear transformation T, we will let N(T') denote the kernel of
T, so
N(T)={veV|Tv=0}

and R(T) denote the range of T', so
R(T) := {vlv=Tw for some w € V}.
Both N(T') and R(T) are linear subspaces of V.

13



2.1 Non-negative self-adjoint transformations.

If T is a self-adjoint transformation, then

(Tw,v) = (v,Tv) = (Tv,v)

so (Twv,v) is always a real number. More generally, for any pair of elements v
and w,
(Tv,w) = (Tw,v).

Since (Tw,w) depends linearly on v for fixed w, we see that the rule which
assigns to every pair of elements v and w the number (T, w) satisfies the first
two conditions in our definition of a semi-scalar product. Since (T'w,v) might
be negative, condition 3. of the definition need not be satisfied. This leads to
the following definition:

A self-adjoint transformation 7 is called non-negative if

(Tv,v) >0 YwveV.

So if T is a non-negative self-adjoint transformation, then the rule which
assigns to every pair of elements v and w the number (Tv,w) is a semi-scalar
product to which we may apply the Cauchy-Schwartz inequality and conclude
that

|(Tv,w)| < (Tv,0)% (Tw, w)*.

Now let us assume in addition that T is bounded with norm ||T'||. Let us take
w = T'v in the preceding inequality. We get

ITo||? = |(Tv, Tv)| < (Tw,v)? (TTv, Tv)>.

Now apply the Cauchy-Schwartz inequality for the original scalar product to
the last factor on the right:

(TTv,Tv)* < ||TTo||?||Tv|| < ||T||2||T0||2||To]|2 = |T||2||T0].

where we have used the defining property of ||T|| in the form ||TTv|| < ||T||[|Tv]]-
Substituting this into the previous inequality we get

1
ITv||” < (Tw,v)2||T||[|T]|.
If || Tv|| # 0 we may divide this inequality by ||Tv|| to obtain
IToll < IT)|% (T, v)=. (12)

This inequality is clearly true if ||Tv|| = 0 and so holds in all cases.
We will make much use of this inequality. For example, it follows from (12)
that
(Tv,v) =0 = Tv=0. (13)

14



It also follows from (12) that if we have a sequence {v,,} of vectors with (Tvy,,v,) —
0 then ||Tv,|| — 0 and so

(Tvp,vn) >0 = Tv, = 0. (14)

Notice that if T is a bounded self adjoint transformation, not necessarily non-
negative, then I — T' is a non-negative self-adjoint transformation if r > ||T|
since

((rl = T)v,v) = r(v,v) = (Tv,v) > (r = [|T[|){v,v) > 0

since, by Cauchy-Schwartz,
(Tw,v) < |(Tv, )| < ||Tolllloll < IT(lll0ll” = 1T (v, v).

So we may apply the preceding results to 1 — T'.

3 Compact self-adjoint transformations.

We say that the self-adjoint transformation 7" is compact if it has the following
property: Given any sequence of elements u,, € S, we can choose a subsequence
Uy, such that the sequence T'u,,; converges to a limit in V.

Some remarks about this complicated looking definition: In case V is finite
dimensional, every linear transformation is bounded, hence the sequence Tu,,
lies in a bounded region of our finite dimensional space, and hence by the com-
pleteness property of the real (and hence complex) numbers, we can always find
such a convergent subsequence. So in finite dimensions every T is compact.
More generally, the same argument shows that if R(T) is finite dimensional and
T is bounded then T is compact. So the definition is of interest essentially in
the case when R(T) is infinite dimensional.

Also notice that if T is compact, then T is bounded. Otherwise we could
find a sequence ., of elements of S such that ||T'u,|| > n and so no subsequence
Tuy, can converge.

We now come to the key result which we will use over and over again:

Theorem 1 Let T be a compact self-adjoint operator. Then R(T) has an or-
thonormal basis {¢;} consisting of eigenvectors of T and if R(T) is infinite
dimensional then the corresponding sequence {r,} of eigenvalues converges to
0.

Proof. We know that T is bounded. If T = 0 there is nothing to prove. So
assume that 7" # 0 and let
mi = ||T|| > 0.

By the definition of ||T'|| we can find a sequence of vectors u, € S such that
|Tunl| = ||T|]- By the definition of compactness we can find a subsequence
of this sequence so that Tu,, = w for some w € V. On the other hand, the
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transformation T2 is self-adjoint and bounded by ||T'||2. Hence ||T||?I — T? is
non-negative, and

((ITIPI = T*)un, un) = |T1* = [|Tunll* — 0.
So we know from (14) that
171wy, — T, — 0.
Passing to the subsequence we have T%u,,, = T(Tu,,) — Tw and so
TP tp; — Tw

or 1
Up,; — —2Tw
my
Applying T to this we get
1
Tup;, = —2T2w
my
or
T?w = mijw.
Also ||w|]| = ||IT|| = m1 # 0. Sow # 0. So w is an eigenvector of T2 with
eigenvalue m?. We have

0= (T* = mi)w = (T +m1)(T —ma)w.

If (T —mi)w = 0, then w is an eigenvector of T' with eigenvalue m; and we
normalize by setting

1
¢1 = mw
Then ||¢1]| =1 and
T¢1 = mld)l.

If (T —m1)w # 0 then y := (T — mq)w is an eigenvector of T' with eigenvalue
—my and again we normalize by setting

1
P1 = Y.
llyll

So we have found a unit vector ¢; € R(T') which is an eigenvector of T' with
eigenvalue 1 = £m;.
Now let
Vo= ¢

If (w,¢1) =0, then

(Tw,¢1) = (w,Tp1) = r1(w,$1) = 0.
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In other words,
T(Va) C Vs

and we can consider the linear transformation T restricted to V5 which is again
compact. If we let ms denote the norm of the linear transformation T' when
restricted to V5 then my < my and we can apply the preceding procedure to
find a unit eigenvector ¢, with eigenvalue +ms.

We proceed inductively, letting

Vn = {¢1: . '7¢n71}J_

and find an eigenvector ¢, of T restricted to V,, with eigenvalue +m,, # 0 if the
restriction of T to V,, is not zero. So there are two alternatives:

e after some finite stage the restriction of T to V;, is zero. In this case R(T')
is finite dimensional with orthonormal basis ¢1,...,¢,_1. Or

e The process continues indefinitely so that at each stage the restriction of
T to V,, is not zero and we get an infinite sequence of eigenvectors and
eigenvalues r; with |r;| > |riy1].

The first case is one of the alternatives in the theorem, so we need to look at
the second alternative.

We first prove that |r,| — 0. If not, there is some ¢ > 0 such that |r,| > ¢
for all n (since the |r,| are decreasing). Then, if i # j,then by the Pythagorean
theorem we have

IT¢i = T¢;lI* = llrcps — riill = r¥llgall® + 7115511
Since ||¢;|| = ||¢;| =1 this gives
1T i — Tyl =i + 17 > 2.

Hence no subsequence of the T'¢; can converge, since all these vectors are at
least a distance 2c? apart. This contradicts the compactness of T'.

To complete the proof of the theorem we must show that the ¢; form a basis
of R(T). So if w = Tv we must show that the Fourier series of w with respect
to the ¢; converges to w. We begin with the Fourier coefficients of v which are
given by

an = ('l), ¢n)

Then the Fourier coefficients of w are given by
bn = (w,¢:) = (T, ¢;) = (v, T¢i) = (v,1i¢hi) = ria;.
SO n n n
w=Y bigi=Tv—Y arigi=T{w—Y_ aips).
i=1 i=1 i=1
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Now v — Z?:l a;¢; is orthogonal to ¢1,. .., ¢, and hence belongs to V,, 1. So
IT(0 =" aig)ll < Iragalll(w =D aig)|l-
i=1 i=1
By the Pythagorean theorem,
n
I =" aigs)ll < IIvll.
i=1

Putting the two previous inequalities together we get

lw =" biill = IT(0 = Y aig)l| < [rnsallloll = 0.

=1 i=1

This proves that the Fourier series of w converges to w concluding the proof of
the theorem.

4 Fourier’s Fourier series.

We want to apply the theorem about compact self-adjoint operators that we
proved in the preceding section to conclude that the functions e form an
orthonormal basis of the space C(T). In fact, a direct proof of this fact is
elementary, using integration by parts. So we will pause to given this direct
proof. Then we will go back and give a (more complicated) proof of the same
fact using our theorem on compact operators. The reason for giving the more
complicated proof is that it extends to far more general situations.

4.1 Proof by integration by parts.

We have let C(T) denote the space of continuous functions on the real line which
are periodic with period 27. We will let C!(T) denote the space of periodic
functions which have a continuous first derivative (necessarily periodic) and by
C2(T) the space of periodic functions with two continuous derivatives. If f and
g both belong to C1(T) then integration by parts gives

1 /7 1 /7

— "gdr = —— g'd

o _wfgw o _ﬂfg T

since the boundary terms, which normally arise in the integration by parts
formula, cancel, due to the periodicity of f and g. If we take g = €'™* /(in) the

integral on the right hand side of this equation is the Fourier coefficient:
1

Cn = — f(z)e™ ™ dy.

“or _r
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We thus obtain
— 7znzd
“in 27r / f v

A 1 [
n| < — where A= — !
len| < — where 27r/_ﬁ|f(;v)|d:v

so, for n # 0,

is a constant independent of n (but depending on f).
If f € C%(T) we can take g(z) = —e"®/n? and integrate by parts twice. We
conclude that (for n # 0)

B 1 4
lenl < where B = Zw/ (@)

is again independent of n. But this proves that the Fourier series of f,

E cneznz

converges uniformly and absolutely for and f € C?>(T). The limit of this series
is therefore some continuous periodic function. We must prove that this limit
equals f. So we must prove that at each point f

> cne™ = f(y).

Replacing f(z) by f(xz—y) it is enough to prove this formula for the case y = 0.
So we must prove that for any f € C?(T) we have

lim ch%f

N,M—oc0o

Write f(z) = (f(z) — f(0)) + f(0). The Fourier coeflicients of any constant
function c¢ all vanish except for the ¢y term which equals ¢. So the above limit
is trivially true when f is a constant. Hence, in proving the above formula, it is
enough to prove it under the additional assumption that f(0) = 0, and we need
to prove that in this case

limN,M—)oo(ch—i—chH +"'+CM) — 0.

The expression in parenthesis is

1 -
2 | f( )gn,m (z)dz

Y3
where
gn.u(z) = e~ iNT { o—iN-D)z 4 iMz _ —iNz (1 Ly ei(M+N)z) _
i(M+N+1)z e~ Nz _ pi(M+1)z
1—et® - 1—et®

_inzgl—€
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where we have used the formula for a geometric sum. Now since f(0) = 0 and
since f has two continuous derivatives, the function

f(=z)
o)==
defined for  # 0 (or any multiple of 27) extends, by I’'Hopital’s rule, to a func-
tion defined at all values, and which is continuously differentiable and periodic.
Hence the limit we are computing is

1 [" ; 1 [" ,
— h(z)eN*de — — h(z)e M+1)2 4y
2 J_, 2 J_,
and we know that each of these terms tends to zero.
We have thus proved that the Fourier series of any twice differentiable peri-
odic function converges uniformly and absolutely to that function. If we consider
the space C%(T) with our usual scalar product

1 ™
(f9)=5- [ fgde
™ —T
then the functions e?"® are dense in this space, since uniform convergence implies
convergence in the || || norm associated to (, ). So, on general principles, Bessel’s
inequality and Parseval’s equation hold.

It is not true in general that the Fourier series of a continuous function
converges uniformly to that function (or converges at all in the sense of uniform
convergence). However it is true that we do have convergence in the || || norm
on C(T). To prove this, we need only prove that the exponential functions ei"®
are dense, and since they are dense in C?(T), it is enough to prove that C2(T)
is dense in C(T). For this, let ¢ be a function defined on the line with at least
two continuous bounded derivatives with ¢(0) = 1 and of total integral equal
to one and which vanishes rapidly at infinity. A favorite is the Gauss normal
function

W) = eV

Equally well, we could take ¢ to be a function which actually vanishes outside
of some neighborhood of the origin. Let

au@) =76 ().

As t — 0 the function ¢; becomes more and more concentrated about the origin,
but still has total integral one. Hence, for any bounded continuous function f,
the function ¢; x f defined by

Gix ) = [ " fa— 9)bely)dy = / ™ Hw)y(e — udu.

satisfies ¢y« f — f uniformly on any finite interval. From the rightmost expres-
sion for ¢, x f above we see that ¢; x f has two continuous derivatives. From
the first expression we see that ¢; x f is periodic if f. This proves that C2(T) is
dense in C(T).
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4.2 Relation to the operator %.
Each of the functions e™®is an eigenvector of the operator

d

D=—
dx

in that
D (eznz) — Zneznz

So they are also eigenvalues of the operator D? with eigenvalues —n2. Also, on
the space of twice differentiable periodic functions the operator D? satisfies

"L g @

- 27 —r

(05,9 = o [ @@ = )@

by integration by parts. Since f' and g are assumed to be periodic, the end
point terms cancel, and integration by parts once more shows that

(D*f,9) = (f,D%9) = —(f',4).

But of course D and certainly D? is not defined on C(T) since some of the func-
tions belonging to this space are not differentiable. Furthermore, the eigenvalues
of D? are tending to infinity rather than to zero. So somehow the operator the
operator D? must be replaced with something like its inverse. In fact, we will
work with the inverse of D% — 1, but first some preliminaries.

We will let C?([—m, 7]) denote the functions defined on [—.7] and twice dif-
ferentiable there, with continuous second derivatives up to the boundary. We
denote by C([—, n]) the space of functions defined on [—, 7] which are continu-
ous up to the boundary. We can regard C(T) as the subspace of C([—m,7]) con-
sisting of those functions which satisfy the boundary conditions f(w) = f(—m)
(and then extended to the whole line by periodicity).

We regard C([—m,n]) as a pre-Hilbert space with the same scalar product
that we have been using:

1 [ —
(f.9)=5- | [fl@)g(z)dz.

o -

If we can show that every element of C([—m,]) is a sum of its Fourier series
(in the pre-Hilbert space sense) then the same will be true for C(T). So we will
work with C([—m,7]).

We can consider the operator D2 — 1 as a linear map

D? —1:C*([—m, 7)) = C([~m,7]).

This map is surjective, meaning that given any continuous function g we can
find a twice differentiable function f satisfying the differential equation

f"—f=g
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In fact we can find a whole two dimensional family of solutions because we can
add any solution of the homogeneous equation

h"—h=0

to f and still obtain a solution. We could write down an explicit solution for the
equation f" — f = g, but we will not need to. It is enough for us to know that
the solution exists, which follows from the general theory of ordinary differential
equations.

The general solution of the homogeneous equation is given by

h(z) = ae® + be™".
Let
M c C*([-n,7))

be the subspace consisting of those functions which satisfy the “periodic bound-
ary conditions”

f(m) = f(=m), f'(m) = f'(-m).
Given any f we can always find a solution of the homogeneous equation such

that f — h € M. Indeed, we need to choose the complex numbers a and b such
that if h is as given above, then

h(m) = h(=m) = f(m) — f(=), and h'(w) = h'(=7) = f'(7) = f'(-7).

Collecting coefficients and denoting the right hand side of these equations by ¢
and d we get the linear equations

(e"—e M(a—b)=c,(e"—e ") a+b) =d

which has a unique solution.
So there exists a unique operator

T:C([-m,7]) > M
with the property that
(D> —I)oT =1.

We will prove that
T is self adjoint and compact. (15)

Once we will have proved this fact, then we know every element of M can be
expanded in terms of an series consisting in terms of eigenvectors of T' with
non-zero eigenvalues. But if

Tw = \w

then

D2w=(D2—I)w+w=%[(DQ—I)OT]w+w: <§+1>w.
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So w must be an eigenvector of D?; it must satisfy

w'" = pw.

So if u = 0 then w = a constant is a solution. If y = r2 > 0 then w is
a linear combination of e and e~ " and as we showed above, no non-zero
such combination can belong to M. If u = —r? then the solution is a linear
combination of e and e~ and the above argument shows that 7 must be
such that "™ = e~ ¥ 50 r = n is an integer.

Thus (15) will show that the e?™® are a basis of M, and a little more work that
we will do at the end will show that they are in fact also a basis of C([—n,7]).
But first let us work on (15).

It is easy to see that T is self adjoint. Indeed, let f = Tu and g = Tv so
that f and gare in M and

(u,Tv) = ([D* = 1]f,9) = =(f',9") = (f,9) = (£,[D? = 1]g) = (Tw, )

where we have used integration by parts and the boundary conditions defining
M for the two middle equalities.

4.3 Garding’s inequality.
We now turn to the compactness. We have already verified that for any f € M
we have
([D2 - l]faf) = _(flafl) - (f;f)
Taking absolute values we get
117 + 117 < (D% = 11, ). (16)

(We actually get equality here, the more general version of this that we will
develop later will be an inequality.)
Let u = [D? — 1]f and use the Cauchy-Schwartz inequality

(D = 11£, )l = |(w, HI < [JulllI£]
on the right hand side of (16) to conclude that

A1 < Mlullll A1

or
I£1 < ull-
Use (16) again to conclude that
AP < Mlullll£1] < [lull®

by the preceding inequality. We have f = Tu, and let us now suppose that u
lies on the unit sphere i.e. that ||u|| = 1. Then we have proved that

IfI<1, and [f <1 (17)
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We wish to show that from any sequence of functions satisfying these two condi-
tions we can extract a subsequence which converges. Here convergence means,
of course, with respect to the norm given by

117 = 5 [ 5P

In fact, we will prove something stronger: that given any sequence of functions
satisfying (17) we can find a subsequence which converges in the uniform norm

1flloo = max_|f(z)].

E€[—m,7]

Notice that

1" 1T 3
1= (5 [ W@Pa) < (5 [ 1kas)” =

so convergence in the uniform norm implies convergence in the norm we have
been using.
To prove our result, notice that for any 7 < a < b < 7 we have

/a ' f(a)da

where 1,3 is the function which is one on [a,b] and zero elsewhere. Apply
Cauchy-Schwartz to conclude that

10 L) < W IF T el

b
F0) - f(a)] = < / F@)ldz = 27 (f'], 1a)

But 1

11anll” = §|b —al
and

I 1A =171 < 1
We conclude that

1£(b) = f(a)] < (2m)% b — al?. (18)

In this inequality, let us take b to be a point where |f| takes on its maximum
value, so that |f(b)| = || f||co- Let a be a point where |f| takes on its minimum

value. (If necessary interchange the role of a and b to arrange that a < b or
observe that the condition a < b was not needed in the above proof.) Then (18)
implies that

1flloc = min|f] < (27)%[b - al>.

But

1=fll= (%/_ |f|2(a:)dm> > (%/_ (min|f|)2dw)2 = min |f|
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and |b—a| < 27 so
1 flloc <1+ 2m.

Thus the values of all the f € T'[S] are all uniformly bounded - (they take values
in a circle of radius 1+ 27) and they are equicontinuous in that (18) holds. This
is enough to guarantee that out of every sequence of such f we can choose a
uniformly convergent subsequence.

(We recall how the proof of this goes: Since all the values of all the f are
bounded, at any point we can choose a subsequence so that the values of the
f at that point converge, and, by passing to a succession of subsequences (and
passing to a diagonal), we can arrange that this holds at any countable set of
points. In particular, we may choose say the rational points in [—7, w]. Suppose
that f,, is this subsequence. We claim that (18) then implies that the f,, form a
Cauchy sequence in the uniform norm and hence converge in the uniform norm
to some continuous function. Indeed, for any € choose § such that

1

(27r)§5% < %e,

choose a finite number of rational points which are within § distance of any
point of [—m,m] and choose N sufficiently large that |f; — f;| < %€ at each of
these points, r. when ¢ and j are > N. Then at any z € [—m, 7]

|fi(x) = fi(@)] < [fi(x) — fi(r)] + | () — Fi(@)| + | filr) = fi(r)| < €

since each of the three terms is < %e)

5 The Heisenberg uncertainty principle.

In this section we show how the arguments leading to the Cauchy-Schwartz in-
equality give one of the most important discoveries of twentieth century physics,
the Heisenberg uncertainty principle.

Let V be a pre-Hilbert space, and S denote the unit sphere in V. If ¢ and 9
are two unit vectors (i.e. elements of S) their scalar product (¢,)) is a complex
number with 0 < |(¢,%)|?> < 1. In quantum mechanics, this number is taken as
a probability. Although in the “real world” V is usually infinite dimensional,
we will warm up by considering the case where V is finite dimensional.

Given a ¢ € S and an orthonormal basis ¢1, ..., ¢, of V, we have

1= Igl1* = (¢, 1) * + - + |(4, ¢l ™

The says that the various probabilities |(¢, #;)|> add up to one. We recall some
language from elementary probability theory: Suppose we have an experiment
resulting in a finite number of measured numerical outcomes \;, each with prob-
ability p; of occurring. Then the mean () is defined by

(AY := Aip1 + -+ + Anbn
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and its variance (A)X)?
(AN? == (A = N)?pr+ -+ (A = (V) pn
and an immediate computation shows that
(AN =(N%) = (V).

The square root AX of the variance is called the standard deviation. The vari-
ance (or the standard deviation) measures the “spread” of the possible values of
A. To understand its meaning we have Chebychev’s inequality which estimates
the probability that A; can deviate from (A) by as much as rA\ for any posi-
tive number 7. Chebychev’s inequality says that this probability is < 1/r2. In
symbols

1
T_z.

Indeed, the probability on the left is the sum of all the p;, such that |Ap — (A)| >
rA. Denoting this sum by > we have

A — ()2
erk Szrpk% <

(A —())? 1 2 1
<D ms = > = ) = 5
= AN)2 2(AN)2 2
all & AN rHAN all & ’
Replacing A; by A; + ¢ does not change the variance.
Now suppose that A is a self-adjoint operator on V, that the A; are the
eigenvalues of A with eigenvectors ¢; constituting an orthonormal basis, and
that the p; = |(¢, ¢i|? as above.

Prob ([Ac — ()] > rAN) <

1. Show that {\) = (A¢, ¢) and that (AN)? = (429, ¢) — (A9, ¢)>.

We will write the expression (A¢, ¢) as (4)y, In quantum mechanics a unit
vector is called a state and a self-adjoint operator is called an observable
and the expression (A), is called the expectation of the observable A in the

state ¢. Similarly we denote (426, ) — (A¢,$)?)""* by AyA. Tt is called the
uncertainty of the observable A in the state ¢. Notice that

(ApA)* = (A= (A)])*)s
where I denotes the identity operator. Indeed
(A~ (A, 9)I)? = A* — 2(A¢, 9)A + (A9, 9)*1

SO
(A= (4)9)") = (4%¢,0) — 2(4)5 + (4)5 = (A7) — (4);.
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When the state ¢ is fixed in the course of discussion, we will drop the sub-
script ¢ and write (A) and AA instead of (4)y and AyA. For example, we
would write the previous result as

AA = ((A - (A)D)?).
If A and B are operators we let [A, B] denote the commutator:
[A,B] == AB — BA.

Notice that [A,B] = —[B, A] and [I,B] = 0 for any B. So if A and B are
self adjoint, so is i[A, B] and replacing A by A — (A)T and B by B — (B)I does
not change AA, AB or i[A, B].

The uncertainty principle says that for any two observables A and B we
have

(AA)(AB) > L[(i[4, Bla.
Proof. Set A; := A— (A), B;:= B —(B) so that
[AlaBl] = [A,B]

Let
Y :=Ai¢p+ixBi¢.

Then
(¥, ) = (AA)? — =(i[4, B]) + (AB)*.

Since (1,1) > 0 for all z this implies that (b < 4ac) that
(i[4, B))* < 4(AA4)*(AB)?,

and taking square roots gives the result.
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