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e Completion. Any metric space X can be completed to yield a complete
metric space. More precisely, there is a metric space Xcompiete, Unique up
to isometry, which is complete, and a isometry ¢ : X — X ompiete such
that ¢(x) is dense in Xcomprete: See completion in the folder for Lecture
1 for details. If X is a normed vector space, then X ompiete inherits the
structure of a normed vector space. A pre-Hilbert space is characterized
among all normed spaces by the fact that it satisfies the parallelogram law
(see below). Hence, if X is a pre-Hilbert space, then X ompiete is a Hilbert
space.

e The Cauchy-Schwartz inequality. This says that
1 1
(£, 9 < (£, )2 (9,9)*

for any elements f, g in a space with a positive semi-definite scalar product.
See hilbertspace in the folder for Lecture 1 for details.

e The Pythagorean theorem. This says that in a pre-Hilbert space

If+9ll> = IFIP +llgll*  if (f,9) = 0.
See hilbertspace in in the folder for Lecture 1 for details.

e The parallelogram law. This says that in a pre-Hilbert space

If +gll* +11f = gll* =2 (IF1* + 1lg]1?) -
See hilbertspace in the folder for Lecture 1 for details.

e Orthogonal projection. If M is a complete subspace of a pre- Hilbert
space H, then for any v € H there is a unique w € M such that (v —w) L
M. This w is characterized as being the unique element of M which
minimizes ||[v—z||,z € M. The idea of the proof is to use the parallelogram
law to conclude that if {z,} is a sequence of elements in M for which |jv—
Zm || approaches the greatest lower bound of ||[v—z||, z € M, then {z,,} is
a Cauchy sequence. Then the assumption that M is complete guarantees
that this sequence has a limit w € M which minimizes ||v — z||,z € M.
See hilbertspace in the folder for Lecture 1 for details. The unique w € M
so obtained is denoted by m s (v).



e The Riesz representation theorem. This says that any bounded linear
function on a Hilbert space H is given by scalar product with an element
of H. That is, every bounded linear function £ is given by

f=(f9

where ¢ is a (unique) element of H. If the linear function is identically
zero, we may take g = 0. Otherwise, the codimension of the kernel of /,
the space of all f such that £(f) = 0, has codimension one. Let N denote
this kernel which is a closed (hence complete) subspace. Via orthogonal
projection, thereisay € H withy L N and ||y|| =1. So (f—(f,v)y) Ly,
and the set of all elements perpendicular to y is a subspace of codimension
1 which contains N, and so must coincide with N. Thus (f —(f,y)y) € N.
The decomposition

shows that £(f) = (f,y)¢(y) so

£(f) = (f,g9) where g ={(y)y.

e Description of Ly(T) as a space of linear functions. Lo(T) is defined
as the completion of the pre-Hilbert space C(T), the space of continuous
functions on the circle T under the scalar product

(19) = 55 [ 1070

Any bounded linear function on this pre-Hilbert space extends uniquely
to a bounded linear function on its completion, Ls(T). Hence by the
Riesz representation theorem is given by scalar product with an element
of Ly(T). In other words, we should regard an element of L2(T) not as a
function on the circle, but as a linear function on the space of continuous
functions on the circle which is continuous relative to the norm || - ||5.



