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1 Conventions, especially about 2.

The space S consists of all functions on R which are infinitely differentiable and
vanish at infinity rapidly with all their derivatives in the sense that

The || - ||m,» give a family of semi-norms on S making S into a Frechet space -
that is, a vector space space whose topology is determined by a countble family
of semi-norms. More about this later in the course We use the measure

| £l == sup{|z™ f™(z)|} < oo.
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on R and so define the Fourier transform of an element of S by

£ 1 —iz
f(§) = E/Rf(ﬂ?)e *dr

and the convolution of two elements of S by

(f*9)(x) == ﬁ /R Fa - Dg(t)dt.

The Fourier transform is well defined on S and

[(%)m ((—i:z:)"f)]A: (—ie)™ (d%) f,

as follows by integration by parts. This show that the Fourier transform maps
StoS.

2 Convolution goes to multiplication.

(frg)(&) = %//f(m—t)g(t)dte_iwgdx
= %//f(u)g(t)e_i(””)gdudt

- L —iug g, L —ite
= ﬁﬂ/Rf(u)e duﬁﬁ/Rg(t)e dt

(f xg) = fg.

SO

3 Scaling.

For any f € S and a > 0 define S, f by (S,) f(z) := f(az). Then setting u = ax
so dz = (1/a)du we have

(Saf)(E)

1 —iz€
Tor /R flaz)e "™ dx
1

= 7 / (1/a) f (u)e™ &/ dy
™ JR

SO

(Saf Y= (1/a)S1/0f-



4 Fourier transform of a Gaussian is a Gaussian.

The polar coordinate trick evaluates

—2 /20 = 1.
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converges for all complex values of 7, uniformly in any compact region. Hence
it defines an analytic function of 5 that can be evaluated by taking 1 to be real
and then using analytic continuation. For real 7 we complete the square and
make a change of variables:

The integral

1 2 1 2 2
—— | e ®/2-ang, — _/ e~ (@+m)*/24+n°/2 4.
\/§W~/R V2r Jr

2 1 2
— T /2 e~ @+m*/2 4,
V2r /R
— /2,

Setting n = i€ gives
z?/2

A=n ifn(z):=e”
If we set a = ey/2 in our scaling equation and define
Pe =N /3
S0
then 1
(pe)(z) = Vo

Notice that for any g € S we have
| as.o©d = [ s
R R

so setting a = ev/2 we conclude that

- | (e =1

for all e.
Let
Y =11 = (p)
and
Ve = (pe)-



Then
1 1 n
ex9)(©) = 96) = 7 [ late —m) = g(@ v (L) dn =

€

- # / YRIg(€ — €¢) — g(EJ(Q)dC.

Since g € S it is uniformly continuous on R, so that for any 6 > 0 we can find
€0 so that the above integral is less than ¢ in absolute value for all 0 < € < €.
In short,

e x g —gllc = 0, ase—0.

5 The multiplication formula.

This says that
/ f@)g(@)de = / f(@)i(@)de
R R

for any f,g9 € S. Indeed the left hand side equals

—= | | s@e=rayg(ayas.

We can write this integral as a double integral and then interchange the order
of integration which gives the right hand side.

6 The inversion formula.

This says that for any f € S

1 7 iz
f@) = <= /R f(&)eede.

To prove this, we first observe that for any h € S the Fourier transform of
x = e h(z) is just & — h(€ —n) as follows directly from the definition.
Taking g(x) = ei1?e=¢’=” in the multiplication formula gives

1 ¢ ite ,—e2t? _ L . _ -
\/T—W/Rf(t)e e dt—m/Rf(t)zﬁe(t Yt = (f %) (3).

We know that the right hand side approaches f(z) as € — 0. Also, e=€*" — 1for
each fixed t, and in fact uniformly on any bounded ¢ interval. Also 0 < et <1
for all . So choosing the interval of integration large enough, we can take the left
hand side as close as we like to \/Lz_n i (z)e*tdt by then choosing e sufficiently
small. QED



7 Plancherel’s theorem

Let

f(@) = f(-2).
Then the Fourier transform of f is given by

1 F(_ N\o—ix _ L iu
\/—Z_W/Rf(—a:)e gda:—\/%/R (u)et™ du

(fr=7.

SO

Thus ~ .
(f~Fy=1f1%.

The inversion formula applied to f x f and evaluated at 0 gives

(1250 = o= [ 1

The left hand side of this equation is

1 . 1 )
o= | t@i0 -0 = o [ (1@

Thus we have proved Plancherel’s formula

%27 /R If(w)|2dw=\/%—7r /R (@) d.

Since S is dense in Ly(R) we conclude that the Fourier transform extends to
unitary isomorphism of Ly (R) onto itself.
8 The Poisson summation formula.

This says that for any g € S we have
1
27k) = — g(m).
Xk:g( )= 7o zm:g( )

To prove this let

h(z) == Zg(m + 27k)

k
so h is a smooth function, periodic of period 27 and

h(0) = g(2rk).
k



We may expand h into a Fourier series
h(z) = Z ame'™
m

where

1 ; 1 1
- h —imz g
m = 5 | (z)e T= o . o

Setting £ = 0 in the Fourier expansion
gives

9 The Shannon sampling theorem.

Let f € S be such that its Fourier transform is supported in the interval [—, 7].
Then a knowledge of f(n) for all n € Z determines f. More explicitly,

sinm(n — t)

=1 3 feTresl (1)

n=—oo

Proof. Let g be the periodic function (of period 2r) which extends f, the
Fourier transform of f. So

g9(r) = f(r), T€[-mn]

and is periodic.
Expand ¢ into a Fourier series:

_ inT
9= E Cn€ ",

nez
where 1 g | oo
Cn = — g(T)e ™ dr = —/ f(r)e ™ dr,
2 J_, 21 J_o
or
L f(=n)
Cp = —
" (2n)s
But




ﬁ /* 2 (271)% f(=n)e'™ 7 dr.

Replacing n by —n in the sum, and interchanging summation and integration,
which is legitimate since the f(n) decrease very fast, this becomes

1 L
- i(t—n)T .
) 27r;f(n)/_we dr
But

™ (t—n)T
(t—n)T — €
lw e dr =

It is useful to reformulate this via rescaling so that the interval [—m, ] is
replaced by an arbitrary interval symmetric about the origin: In the engineering
literature the frequency A is defined by

w _ ei(tfn')‘ir _ e’i(tfn)w _ 2sin7r(n _ t) ‘ QED
i(t —n) n—t

-7

E=2mA.

Suppose we want to apply (1) to g = S, f. We know that the Fourier transform
of g is (1/a)S1/qf and

supp Si/af = asupp f.
So if )

supp f C [—27)A., 2wA\]

we want to choose a so that a27x )\, < 7 or

1
a < T (2)
For a in this range (1) says that
Z f(n sm;r ic T—L n) 7
or setting t = ax,
Z f(na) sm t—na)_ (3)

This holds in Ly under the assumption that f satisfies supp f C [-27mA¢, 2mAc)-
We say that f has finite bandwidth or is bandlimited with bandlimit A..
The critical value a, = 1/2), is known as the Nyquist sampling interval
and (1/a) = 2. is known as the Nyquist sampling rate. Thus the Shannon
sampling theorem says that a band-limited signal can be recovered completely
from a set of samples taken at a rate > the Nyquist sampling rate.



10 The Heisenberg Uncertainty Principle.

JU

We can think of |f|?> as giving a “probability density” and then would define
the mean of this probability density as

Suppose that f € S(R) satisfies

T ::/R:I:|f(x)|2d;c.

Similarly, we would define the variance as

/ (@ — 2m)?| f (&) Pdz.
R

The Heisenberg uncertainty principle asserts that the product of the variance
of | f|? and that of |f|? cannot get below a certain bound.
Let us first treat the case where the mean of |f|? and of |f|*> are both zero.

Then
([1es@pas) ([ ieferrae) > .

Proof. Write —i{f(§) as the Fourier transform of f' and use Plancherel to
write the second integral as [ |f’(z)|*dz. Then Cauchy-Schwartz says that the
left hand side is > the square of

/|a:f |d:c>‘/Re:cf VT @))dz| = & ‘/ + T@) f (2)do

_1 d oo, | 1 2, |1
3| [2alitas| = 5| [ -1spas] -

If z,, or &, the mean of | f |? are not necessarily zero. the Heisenberg
uncertainty principle says that

([16-zms@pa) ([ 1€-eni@ra) > 5.

where, we recall
ni= [ €1FP(©)de

The general case is reduced to the special case by replacing f(z) by

»Jkli—‘

flx+ z,)e® ",



