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Let M be a compact space and let Cr (M) denote the algebra of continuous
real valued functions on M. We let || - || = || - ||oo denote the uniform norm on
Cr(M). More generally, for any closed set F' C M, we let

Ifllr = sup |f(z)|
zeEF

so [ [| =1l - lat-

If A C Cr(M) is a collection of functions, we will say that a subset E C M
is a level set (for A) if all the elements of A are constant on the set E. Also,
for any f € Cr(M) and any closed set F' C M, we let

4s(F) = inf [1f = gl

So df(F') measures how far f is from the elements of A on the set F. (I have
suppressed the dependence on A in this notation.) We can look for “small”
closed subsets which measure how far f is from A on all of M; that is we look
for closed sets with the property that

dp(B) = dg(M). (1)

Let F denote the collection of all non-empty closed subsets of M with this
property. Clearly M C F so this collection is not empty. We order F by the
reverse of inclusion: Fy; < Fy if F; D F». Let C be a totally ordered subset
of F. Since M is compact, the intersection of any nested family of non-empty
closed sets is again non-empty. We claim that the intersection of all the sets in
C belongs to F, i.e. satisfies (1). Indeed, since d¢(F) = dp(M) for any F' € C
this means that for any g € A, the sets

{z € Fl|f(2) — 9(z)| = ds (K)}

are non-empty. They are also closed and nested, and hence have a non-empty
intersection. So on the set
E=(\F

FeC

we have
Ilf — glle > ds (K).



So every chain has an upper bound, and hence by Zorn’s lemma, there exists
a maximum, i.e. there exists a non-empty closed subset F satisfying (1) which
has the property that no proper subset of E satisfies (1). We shall call such a
subset f-minimal.

Theorem 0.1 [Machado.] Suppose that A C Cr(M) is a subalgebra which
contains the constants and which is closed in the uniform topology. Then for
every f € Cr(M) there exists an A level set satisfying(1). In fact, every f-
minimal set is an A level set.

Proof. Let E be an f-minimal set. Suppose it is not an A level set. This
means that there is some h € A which is not constant on A. Replacing h by
ah + ¢ where a and c are constant, we may arrange that

minh =0 and maxh =1.
T€EE z€EE

Let
1
Ey :={z € E|0 < h(z) <|frac23} and E;:{z € E|§ <z <1}

These are non-empty closed proper subsets of E, and hence the minimality of
E implies that there exist gg, g1 € A such that

If = gollms < dy(K) and ||If —gillm, <ds(K).

Define
hp =1 —h"2" and kp = hngo + (1 — hn)gs.

Both A, and k, belong to A and 0 < h, < 1 on E, with strict inequality on
Eo N E;. On this intersection we have

”hnf - hngo + (1 - hn)f - (1 - h")gllEoﬁEH
hn”f - 90|E00E1 + (1 - hn)”f - gl|EoﬁE1
hollf = 9)llEo + (1 = ha)llf — g1l B, < df (K).

We will now show that h, = 1 on Ey \ E; and h, — 0 on E; \ Ey. Indeed, on

Ey \ E; we have
1 n
h™ —
< (3)

hn:(l—h")2"21—2"h”21—(§> =1

”f _k"“EoﬁEl

<
<
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since the binomial formula gives an alternating sum with decreasing terms. On
the other hand,
hn(14+ 0" =1-1p*% <1

or

1
< — .
hn — (]_ + hn)Z"



Now the binomial formula implies that for any integer k and any positive number
a we have ka < (1 +a)* or (1+a) k <1/(ka). So we have

1
"= onpn’

On Eq \ E; we have h" > (2)" so there we have

3 n
<[l - .
hn < ( 4) =0
Thus k, — go uniformly on Fy \ E; and k, — g¢1 uniformly on E; \ Ey. We
conclude that for n large enough

If = knlle < ds(K)
contradicting our assumption that dy¢(K) = df(K). QED

Corollary 0.1 [The Stone-Weierstrass Theorem.] If A is a uniformly
closed subalgebra of Cr(M) which contains the constants and separates points,

then A = Cr(M).

Proof. The only A-level sets are points. But since ||f — f(a)|lf,3 = 0, we
conclude that df(§f =0, i.e. f € A for any f € Cr(M). QED



