Problem Set 6

Math 212a
November 29, 2001, Due Dec. 11

In problem set 2 we developed a lot of probability theory using purely Hilbert

space methods, i.e. no measure theory. Now that we have studied measure the-
ory, we can go back and combine Hilbert space and measure theoretic methods
to get some powerful results. I will try to develop some of these techniques in
this problem set. There are nine problems scattered through the text.
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1 Expected time until a pattern.

This is a problem of some theological importance. It is often said that if a
“billion” monkeys sit in front of a typewriter each typing a letter at random
once a second, “eventually” one will type out the text of Shakespeare’s Julius
Caeser. The question is - how long should we expect to wait until this happens?



1.1 The geometric distribution.

As a warm up question, one might ask the following: Suppose an experiment is
repeated indefinitely and independently, and there are two possible outcomes:
“A” with probability ¢ and “B” with probability p =1 — q.

1. What is the probability that B will occur for the first time on the k-th trial,
where k = 1,2,...7 What is E(k), the expected time until the first B appears?

1.2 The pattern matters.

When we ask how long should we expect to wait until a given pattern appears,
the answer is more tricky. For instance, suppose that p = ¢ = %, in the previous
example.

What is the expected waiting time until the pattern AAAAAA appears?
Answer: 126.

What is the expected waiting time until the pattern AABBAA appears?
Answer: 70.

So we have to wait a shorter time for AABBAA on average than for AAAAAA
even though the probability of the actual occurrence of these sequences in six
consecutive trials is the same. For a purely combinatorial (but complicated)
explanation of this computation, see Feller Introduction to Probability Theory
and its Applications, I page 304.

1.3 Stopping time.

I want to show (following Ross Stochastic Processes, 2nd ed. page 301) how this

kind of problem can be solved in a very elementary and conceptual way using

Doob’s “Martingale stopping theorem”. I will try to give an intuitive statement

of the conclusion of this theorem. I will defer the statement of the hypotheses.
Suppose that X,,, n > 1 is a sequence of random variables with

E(|Xn]) < oo (1)

for all n. Recall that F(X) is just another way of writing [, XdP, so the above
condition says that X, € L'.

For example, X,, might represent the fortune of a gambler after the n-th
gamble in a casino. The gambler might have a strategy as to when to quit
playing. (This strategy might be more sophisticated than to simply quit when
he runs out of money.) His strategy must not, however, involve a foreknowledge
of the future. So let 7 denote this stopping time. Since 7 might depend on
the outcome of some of the gambles, 7 itself is a random variable, taking on
the possible values 1,2,3,...,00. We will make two conditions on 7. The first
is that the probability that 7 < oo is one. The second condition - that no
foreknowledge of the future is allowed - says that the event

{r=n}



is determined by the random variables X7, ..., X,,. Let me phrase this condition
in terms of measure theory. A (real valued) random variable is a real valued
function on our underlying probability space ({2, A, P). Here Q is a set, Ais a
o-field, and P is a measure on A with P(Q2) = 1. For example,  might be the
unit interval with A the Lebesgue measurable sets and P Lebesgue measure.
A function X on ) is called measurable, if X ~!(B) € A for any Borel subset
of R, and any finite or countable collection of measurable functions determines
a sub-o-field of A generated by all these inverse images. Thus the collection
Xy,..., X, of functions determines a sub-o-field B,, with

BiCcByC---CB,C---.
Our second condition on 7 says that
71 ({n}) € B,.

We can consider the random variable X .. Explicitly, X, is the function on
Q given by
Xr(w) = X‘r(w) (w)

Since X is itself a random variable, i.e. a measurable function on 2, and
we can consider its expectation

E(X,) = /Q X, dP.

This represents the expected fortune of the gambler if he plays according to his
strategy of stopping at time 7.

1.4 Martingales.

The casino is “fair” if the expected value of the gambler’s fortune after the
(n + 1)st gamble is equal to his fortune after the nth gamble. We can try to
phrase this mathematically by saying that

E(Xn+1|X1,,Xn) =Xn (2)

The symbol on the left is the conditional expectation of X1 given (the outcome
of) Xi,...,X,. We gave a definition of this concept in the Hilbert space setting
in Problem Set 2, and part of our task will be to generalize this definition. But
let us assume that we can use the Hilbert space definition as applied to L»[0, 1])
for example. In other words, replace condition (1) by the stronger condition:

X,eL? Y n

and use the results of Problem set 2, or look ahead to the next section where
the concept of conditional expectation is developed from scratch, first for L2
and then for all L, 1 < p < oo.



We can now state the conclusion of the Martingale Stopping Theorem which
says that no stopping time strategy (under suitable technical hypotheses called
“regularity”) can change the expected outcome of the game. In symbols

E(X;) = E(Xo)- 3)

We can see that some condition on the stopping time is needed by looking
at the example of random walk on the integers: Let B,, n = 1,2,--- be a
collection of independent random variables taking on the values 1 and —1 each
with probability £, and let

Xo=0, Xi:=8B1, Xo:=X3 +BQ,...,X"+1 =X, +Bn+1.
Then
E(Xnir| X1,y Xn) = B(Xp| X1, -, Xn) + E(Bupr| X1, - -, Xn) = Xn

since B,y is independent of Xi,...X,, so its conditional expectation is the
same as its ordinary expectation which is zero, and E(X,|Xy,...,X,) = X,.
So the X,,, which represent the positions at time n of a particle undergoing
a random walk, form a martingale. Equally well, we can think of this as the
fortune (positive or negative) at time n of a gambler with unlimited credit who
starts at zero and bets according these Bernoulli trials.

Suppose the gambler decides to stop as soon as he is one dollar ahead. So

T(w) =inf{n: X,(w) =1}

It is not hard to prove that P(7 < oo) = 1. It is clear that the decision whether
or not to stop at n depends only on the outcomes of the first n trials. So 7 is a
stopping time. By its very definition,

X, =1

SO
E(X,) =1.

But E(Xy) = 0. This fact, that E(X,;) # E(Xy), is one way of formulating
Bernoulli’s famous “St. Petersburg paradox”. The trouble with this particular
T is that E(1) = oo.

1.5 Application to our problem.

I will illustrate how to apply this to our problem of waiting for a pattern.
Suppose that a letter L can appear with probability p. A fair reward for betting
one dollar correctly on the appearance of L is % since the expected gain on such
a bet is

p- I _g.1=0.
b



Suppose that there are only the letters A,B, and C with probabilities 3, + and &
respectively. The payoffs for guessing these letters correctly are then 1,2 and 5.
I want to compute the expected waiting time for the first appearance of AC A.
Here is how Ross (page 301) does this problem. Consider the following game
from the point of view of the casino: A player arrives on day one and bets one
dollar that A will appear. If he wins, he bets his entire fortune, consisting of two
dollars, on C on day two. If he loses, he quits. In either event, a second player
comes in on day two and bets his entire fortune of one dollar on A. If the first
player won on day two, he will have 2+ 5-2 = 12 dollars, which he bets on day
three. In the meanwhile, either the second player loses and quits on day two or
continues to day three, and a third player comes in to bet on A on day three. If
the first player loses on the third day he quits. Also, if he wins on day three he
will have 12 4+ 12 = 24 dollars, and he takes his winnings and goes home. The
casino agrees to play this game until the first appearance of the pattern ACA,
i.e the first winner. This is its chosen stopping time. Let X,, represent the
winnings of the casino on day n. It is a martingale with E(X,,) = 0. Therefore
E(X,) = 0 by the Martingale Stopping Theorem. Now the value of X, can be
computed as follows: All gamblers betting on days 1,...7 — 3 will have lost one
dollar. The gambler betting on day 7 — 2 will have won 23 dollars. The gambler
betting on A on day 7 — 1 will have lost one dollar, and the gambler betting on
A on day 7 will have won one dollar. So

X,=7-3-23+1—1=r1—2.
Since E(X,) = 0 we conclude that
E(r) = 26.

On average it will take 26 days for the pattern ACA to occur for the first time.

Let us compute how long it takes for AABBAA to appear when the only
outcomes are A with probability p and B with probability ¢ = 1 — p. For a
correct bet on A of a dollar, the gambler wins % dollars and has a fortune of

1+ % = 11—) dollars. So the winner who started at day 7 — 5 has p~4¢~2 dollars.
The casino will have gained 7 — 6 dollars from the players betting before time
7—5, and will have lost p~*¢—2—1 dollars to the winner who started on day 7—35,
will have gained one dollar each from the players starting on days 7 — 4,7 — 3
and 7 — 2, will have lost p~2 — 1 dollars to the player starting on day 7 — 1 and

p~! — 1 dollars to the player who entered on day 7. So
X,=7-6+6-p g ?—p2-pl

Therefore
E(r)=p~ ¢ > +p 7 +p "
If p=q =% this is 64 + 44+ 2 = 70 as claimed.
If we are waiting for the pattern AAAAAA then the same computation yields

-1_ -1 1—p*

plH+p T Hp 4 p P p T =p St




If p = § this is 2- 63 = 126.

2. Monkeys type one of the 26 capital letters every minute, each with the same
probability 1/26. On average, how long with it take a monkey to type until
“ABRACADABRA” appears?

1.6 The stopped process.

Let us call 7 a random time if we drop the condition P(7 < o0) = 1 in the
definition of stopping time, but retain the condition that the event

is determined by the random variables X1, ..., X,,. Suppose that the X,, form
a martingale, and define the stopped process as

X'r/\n-
In more detail: the value of Y,, = XA, at a point w is

Xp(w) if n<7(w)

Yalw) = { Xow(@) i n>7(w)

Proposition 1 The stopped process is also a martingale and E(X nn) = E(X1).
Proof. [Ross page 298.] Let the random variables I, be defined by

1 if r(w)>n
In(w) = { 0 if 71lw)<n
So I, = 1 if we haven’t yet stopped after observing Xi,...,X,_1 and is zero

otherwise. We claim that if we set Y;, = X, A, then
Yo=Y, 1+ In(Xn - anl)-

Indeed consider separately the two possibilities 7 > n and 7 < n: If at w, Tgeqn
then Y, = X,,, Y,—1 = X,,_1, and I, = 1 so the equation is true. If 7(w) < n
then at w we have Y,, =Y,,_1 = X, and I,, = 0. So

E(Yo|X1,.. ., Xno1) = E(V_1| X1, o, Xne )+ EIn (Xn—Xn_1)|X1, -, Xn_1).

Since Y,,—1 depends only on Xi,...,Xp_1 we have E(Y,_1|X1,...,Xpn_1) =
Y,—1. As to the second term in the above displayed equation, since I,, depends
only on Xy,---,X,_1 we can pull it out of the conditional expectation sign -
see Problem 7 below for a review of this fact. So

E(I,(Xp = Xpn-1)| X1, Xno1) = LE(Xp — Xpn-1)||1 X1, -, Xn1) =0
since the X, form a martingale. Thus

E(Yp|X1,..., Xn_1) = Yp_1.



But the o-field determined by the Xi,..., X,,_1 contains the o-field generated
by the }/1, ey Yn,1 so if E(Yn|X1, ey anl) = Yn,1 then

E(anfla .. 'aYn—l) = Yn—l

proving that the Y,, form a martingale. (If you have forgotten this property of
conditional expectation, again look at the next section.) Since Y7 = X; we have

E(XT/\TL) = E(Xl) (4)

for all n, which was the last assertion of the proposition. QED

1.7 Doob’s Stopping Time Theorem.

Suppose we let n — 0o in X,a-. If w is a point such that 7(w) < oo then

nlgr;g Xonr (W) = X (w).
In fact if n > 7(w) then X, rn(w) = X, (w). So the condition that 7 be a
stopping time asserts that the above limit holds almost everywhere. So the
question of whether (4) implies (3) is reduced to a familiar type of problem in
measure theory: can we pass to the limit under the integral sign? For example,
suppose that 7 is bounded, i.e. that there exists a constant C' such that

T(w) < C VY w. (5)

Then the limit process is eventual equality, so there is no problem in passing to
the limit.

Suppose that the X, are uniformly bounded in absolute value, i.e. there
is a constant K such that

| Xn(w)] < K (6)

for all n» and w. Since P(Q) = 1, in particular is finite, we can apply the
dominated convergence theorem to conclude (3).
Suppose that that

E(r) < 0o and 3 K > 0 such that | X, (w) — X, 1(w)] < K (7

for all n and w. Then

TAND
|Xrnn — X1| <D 1Xk — X 4| < KT
k=2

and E(K7) = KE(1) < 0o. So by the dominated convergence theorem we can
pass to the limit and obtain (3).

The content of Doob’s stopping time theorem is what we have just proved:
that any one of the above three conditions is enough to justify (3).



In the case of our problem of the waiting time until a pattern appears, the
number of players in play on a given day is at most £, the length of the pattern, so
the second of the two conditions in (7) - that the total possible winnings or losses
of the casino on a given day be bounded is satisfied. As to the first condition,
let w represent the probability of occurrence of the pattern in £ successive trials.
Then E(r) is finite: in fact, consider the geometric distribution with parameter
w. By problem 1, E(7) < £-(1/w) < oo verifying the first condition.

2 Conditional Expectation.

In this section I will deal with a fixed probability space (2,4, P) but with
varying sub-o fields B. Unless otherwise specified, I will assume that every such
B contains all the sets of P-measure zero in A. I will let

LP=LP(QA,P), 1<p<oo

denote the space of spaces of measurable functions f such that |f|? is integrable
(for p < 00), or which are essentially bounded (for p = 0c0) and only at the very
beginning will I distinguish between these spaces and LP where we identify two
functions which are equal except on a set of measure zero.

2.1 Convergence in LP.

Here is a theorem which I may have forgotten to do in class: Its purpose is to
describe what it means for a sequence in £P, 1 < p < oo to be convergent.

Theorem 1 Suppose fr, = f in LP, 1 < p < co. Then there is a subsequence
which converges to f almost everywhere, and such that for any € > 0 there is a
set Z with P(Z) < € such that the convergence is uniform outside of Z.

Proof. Replacing f, by f, — f we may assume that f, — 0. Passing to a
subsequence we may assume that

1
fallp < 53-

Changing the f, on a set of measure zero we may assume that the f, are
measurable. Let

Y, o= o] |fal@)] > =}

Z 5n
SO
1 1 » B 1
P (Yn)? < g [fa@)PdP ) < lfally < 557
SO . )
Set

Zp =Y UV  U---



SO

and if ¢ Z,, then
1
k>n = |fr(z)] < oF
so fr converges to zero uniformly outside Z,, and pointwise on the complement

of
Z:=()Za

and Z has measure zero. QED
Corollary 1 f € LP has ||f|l, =0 if and only if f =0 almost everywhere.

Proof. If [|f||, = 0, then the sequence {0,0,...} converges in L; to f and
hence almost everywhere by the theorem. Hence f = 0 a.e. Conversely, if f =0
a.e., then {0,0,...} is a sequence which converges in L, norm to f. QED

In particular, if || f — g|| = 0, then f = g a.e. and conversely. In other words,
the projection from £, to L, consists in identifying two functions which agree
almost everywhere.

Corollary 2 If f, — f a.e. and also is Cauchy in the LP norm, then f € LP
and is the LP limit of the f,.

Proof. By the completeness of £LP we know that f,, converges to some g €
LP and hence some subsequence converges almost everywhere to g. We also
know that this subsequence (in fact we are assuming that the original sequence)
converges a.e. to f. Hence f = g a.e. and hence f € £,. QED

In the above arguments we did not make use of the fact that P is a probability
measure. All statements are true for an arbitrary measure space. But for the
rest of this section, it will be simpler to assume that the constant 1 is integrable.
So we will only deal with a probability measure. But we will drop the distinction
between (£)? and LP.

We let L(B) denote the space of (equivalence classes of) finite B measurable
sets, and

LP(B) = L(B) N LP(Q, A, P).

Clearly
L(By) C L(B2) & B1 C B

with similar equivalences with L replaced by L? and C replaced by =.

We will (temporarily) be considering real valued functions, and want to
characterize which subspaces of L = L(A) or of L? are of the form L(B) or of
the form LP(B). Any such subspace is closed under under monotone limits. In
fact the space LP(B) is closed as a subspace of L? by the preceding theorem:
If f, € LP(B) converges in LP we can pass to a subsequence which converges
almost everywhere, and hence its limit f is in B. Any monotone sequence in
LP whose pointwise limit also belongs to LP actually converges in LP to its
pointwise limit since || f, — f||, = 0 by the dominated convergence theorem.



Also any subspace of L? of the form LP(B) contains the constant function 1
and is also closed under A and V.

3. Prove the converse: If M is a subspace of L or of LP which is closed under
monotone limits, contains 1 and is closed under A and V then M is of the form
L(B) or LP(B). To say that M is closed under monotone limits means that if
fn € M is a monotone sequence and its pointwise limit f belongs to L or to L?
then f € M. [Hint: define B:= {B: B € A, 1p € M} and show that it is a
o-field with the desired properties.]

For 1 < p < o being closed as a subspace implies being closed under
monotone limits, as we saw above by the monotone convergence theorem. So
any subspace of L? which is closed as a subspace, contains the constant 1 and is
closed under A and V must be of the form L?(B) for some B. But for p = co we
have our old friend the essentially continuous functions on [0, 1] which is closed
as a subspace of L* but is not of the form L*(B).

An important corollary of the preceding remark is:

4. Let 1 <p< oo. Let
U:LP - IP
be a linear map which satisfies:
e lUll<1
e U(1)=1
e f>20=Uf>0.

Let
M:={feLl?P.Uf=f}

be the subspace of invariant functions under U. Show that M is of the form
M = LP(B). [Hint: Show that U(f*) > (Uf)" for all f € L and conclude
from this that f € M = f* € M. From this conclude that M is closed under
A and V.]

2.2 Conditional expectation on L.

We now revisit the notion of conditional expectation in L2. The orthogonal
projection of L? onto a subspace of the form L?*(B) is called conditional ex-
pectation with respect to B and is denoted by EB. It is characterized by

1. EBf € L?(B) and
2. [E®(f)gdP = [ fgdP Y g € L*(B)

10



for all f € L2. (Recall that we are dealing with real spaces for the moment.)
In the second condition it is enough to verify the equation for a set of g’s
whose linear combinations are dense in L?(B).

5. Show that EB(f) > 0 if f > 0. [Hint: Consider g = 1p8()<o in condition
2.]

6. Show that if U is an orthogonal projection on L2 then a necessary and
sufficient condition that it be of the form U = EB is that

e f>0=Uf>0and
e U(1l)=1.

7. Show that if f € L? and h € L=(B) then
EB(hf) = hE(f).

[Hint: Show that hEP(f) — hf is orthogonal to L?(B) and use this fact to
deduce the result.]

2.3 Conditional expectation on L.

We now want to extend the notion of conditional expectation to L! and then
toall LP, 1 <p< .

Let L, denote the space of equivalence classes of measurable maps of (2, A, P)
to [0, 00]. So we are requiring a function in L, to be non-negative, but it might
take on the value +oo. Our first step will be to generalize the notion of con-
ditional expectation to this class of non-negative functions, with the possibility
that this conditional expectation might be infinite at places. So let B be a sub-
o-field of A. We let L, (B) denote the subspace of B measurable equivalence
classes in L.

Proposition 2 For any f € L, there exists a unique element EP(f) € L, (B)
such that

/w EB(f)gdP = /Q fgdP (8)

for all g € L, (B) (with the understanding that both sides might be infinite). In
fact, EB(f) is already determined by the condition that the above equation hold
for g = 1g for all B € B. Also, for all h € L (B)

EB(hf) = hEP(f). (9)

Proof. If f € L%, i.e. if f is a non-negative element of L?, then the EP(f) con-
structed by orthogonal projection as above satisfies condition (8) in the propo-
sition for all g € L*(B), in particular for all g € L3 (B). We can approximate

11



any g € L, (B) from below by the monotone increasing sequence g A nl each of
whose elements belongs to L?(B)4 so (8) holds. If f € L, but does not belong
to L? we can approximate it from below by the monotone increasing sequence
f An1 whose elements do belong to L?. By Problem 5 the sequence EB(f Anl)
is monotone so we can define its pointwise limit to be EZ(f), and then (8) holds
by the monotone convergence theorem. This establishes the existence part of
the proposition.

For the uniqueness, suppose that h; and hy are two elements of L?(B) such

that
/hldP=/fdP=/h2dP V B € B.
B B B

In particular, for any pair of real numbers a,b with 0 < a < b, let
B:={w:hw)<a<b< h(w)}

Then B € B. Let p = P(B). Then

/ hidP < ap
B

/ h2 Z bp.
B

These two can only be equal if p = 0. Letting a and b range over the rationals,
this shows that h;y < ho a.e. and interchanging the roles of h; and hy we
conclude that hy = hsy a.e. This proves uniqueness.

Finally, if h € Ly (B) then hEB(f) satisfies

while

/ hEB(f)gdP = / fhgdP

for all g € L, (B) and then the uniqueness implies (9). QED
Recall that we defined L' to consist of all measurable f such that ft and
f~ have finite integrals.

Theorem 2 For all f € L' there exists a unique EB(f) € L*(B) such that

/QfgdP: /QEB(f)gdP Y g € L®(B). (10)
Furthermore
o [ EB(f) is linear,
o f— EB(f) is an idempotent,
o f>0=E"(f)>0,
o IEB(H)I < IIfllh,

12



e« EB(1)=1
and if h is a B measurable function then
ES(hf) = hE®(f)
if hf is integrable.
Proof. If f € L' is non-negative, we can apply the proposition to get f €
L (B) satisfying (8) for all g € Al (B). In particular if we take g = 1 we see

that EB(f) is integrable, and then we can extend (8) to all g € L>°(B). For a
general f € L' we define

E(f) := EP(f*) - E°(f7)

and this still satisfies (10). The same uniqueness argument we used for the
proposition shows that EB(f) is already determined by the condition

/BEB(f)sz/deP YV BeB

and this uniqueness implies that the map f — EB(f) is linear. By construction
f > 0 implies that EB(f) > 0 and EB(1) = 1. The definitions imply that

|EB(f)| < EB(f%) + EB(f7) = E®(|f))

and so
B _ B B _ _
BB = /Q BB (f)dP < /Q EP(|f|)dP = /Q \F1dP = ||l

Since EB(f) = f if f € L*(B) it follows that the operator E® idempotent.
Finally, we know that the last equation in the theorem is true when f and h
are non-negative, as this is the content of the proposition. Applying this to
the decompositions f = f* — f~ and h = h* — h™ and using the uniqueness
establishes the last assertion of the theorem. QED

2.4 Conditional expectation on LP,1 < p < oc.

Since the total measure P(Q) is finite, LP? C L' so we know that E5(f) € L! is
defined and unique by the preceding theorem. We wish to show that it belongs
to LP.

8. Show that if f € LP and g € L? then

1

|EP(f9)| < E(|fIP)7 - EB(|g|")7.

[Hint: Follow the proof of Holder’s inequality that we gave in class. Here you
have to be a bit more careful since, for example the the function E5(|f|P) might
vanish on some non-trivial set B.]

9. Show that EB maps LP to LP, and that

13



o f— EB(f) is linear,

e f— EB(f) is an idempotent,
o f>0=EP(f)>0,

o IE5(N)llp < [I£1lp:

e EB(1)=1

and if h € L9(B) then
EP(hf) = hES(f).
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