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1 Hilbert space.

1.1 Scalar products.

V is a complex vector space. A rule assigning to every pair of vectors f,g € V

a complex number (f,g) is called a semi-scalar product if

1. (f,g) is linear in f when g is held fixed.

2. (g9, f) = (f,9)- This implies that (f,g) is anti-linear in g when f is held
fixed. In other words. (f,ag + bh) = a(f,g) + b(f,h). It also implies that

(f, f) is real.
3. (f,f)>0forall feV.
If 3. is replaced by the stronger condition
4. (f,f) > 0 for all non-zero f € V

then we say that (, ) is a scalar product.

Examples.

e V =C", so an element z of V is a column vector of complex numbers:

and (z,w) is given by

n
(z,w) := Z 2iW;.
1

e V consists of all continuous (complex valued) functions on the real line
which are periodic of period 27 and
(f.0)= 5 [ I)o@)d

,9) i= — x)g(z)dx.

9):=5. | [@g
We will denote this space by C(T). Here the letter T stands for the one
dimensional torus, i.e. the circle. We are identifying functions which are
periodic with period 27 with functions which are defined on the circle
R/27Z.



e V consists of all doubly infinite sequences of complex numbers
a=...,a_92,0_1,00,01,02,--.

which satisfy

Z\a,~|2 < 0.
(a, b) = Zazg,

All three are examples examples of scalar products.

Here

1.2 The Cauchy-Schwartz inequality.

This says that if (, ) is a semi-scalar product then

(£, 9)| < (£, 1)%(g,9)*. (1)

Proof. For any real number ¢ condition 3. above says that (f —tg, f —tg) > 0.
Expanding out gives

0 < (f —tg,f—tg) = (f,f)—tl(f,9) + (9, )]+ t(9,9)-

Since (g, f) = (£, 9), the coefficient of ¢ in the above expression is twice the real
part of (f,g). So the real quadratic form

Q(t) := (f, f) — 2Re(f, 9)t + t*(9.9)

is nowhere negative. So it can not have distinct real roots, and hence by the
b? — 4ac rule we get

or

(Re(£,9))* < (£, )(9,9)- (2)

This is useful and almost but not quite what we want. But we may apply this
inequality to h = e g for any 6. Then (h,h) = (g,g). Choose 6 so that

(f,9) =re”
where r = |(f, g)|. Then
(f,h) = (f.e’g) = e "(f.9) = |(f,9)]
and the preceding inequality with g replaced by h gives
(£, 9)1> < (£.£)(9:9)

and taking square roots gives (1).



1.3 The triangle inequality

For any semiscalar product define

Ifll == (£, f)?

so we can write the Cauchy-Schwartz inequality as

(£ 91 < I fIIllgll-

The triangle inequality says that

I+ gl < II£11+ llgll- 3)

Proof.

£+ gll?

(f+9,f+9)

(f, f) + 2Re(f,9) + (9, 9)

(£, ) +2(flllgll + (g,9) Dby (2)
= 7P+ 207 Nlgll + llglI?

= (71l + llgll)?.

Taking square roots gives the triangle inequality (3). Notice that
llefll = lelll 1l (4)
since (cf,cf) = ce(f, f) = |/’ | f1I-

Suppose we try to define the distance between two elements of V' by

d(f,g) = IIf — gll-
Notice that then d(f, f) =0, d(f,g) = d(g, f) and for any three elements

d(f,h) <d(f,g)+d(g,h)

by virtue of the triangle inequality. The only trouble with this definition is that
we might have two distinct elements at zero distance, i.e. 0 =d(f,9) = ||f —9g||-
But this can not happen if (, ) is a scalar product, i.e. satisfies condition 4.

A complex vector space V endowed with a scalar product is called a pre-
Hilbert space.

Let V be a complex vector space and let || - || be a map which assigns to any
f € V a non-negative real || f|| number such that || f|| > 0 for all non-zero f. If
|| - || satisfies the triangle inequality (3) and condition 4) it is called a norm. A
vector space endowed with a norm is called a normed space. The pre-Hllbert
spaces can be characterized among all normed spaces by the parallelogram law
as we will discuss below.

Later on, we will have to weaken condition (4) in our general study. But it
is too complicated to give the general definition right now.

IN



1.4 Hilbert and pre-Hilbert spaces.

The reason for the prefix “pre” is the following: The distance d defined above
has all the desired properties we might expect of a distance. In particular, we
can define the notions of “limit” and of a “Cauchy sequence” as is done for the
real numbers: If f, is a sequence of elements of V, and f € V we say that f is
the limit of the f, and write

lim fn:f7 or fn_)f
n—oo
if, for any positive number € there is an N = N(e) such that
d(fn,f) <e foralmn>N.

If a sequence converges to some limit f, then this limit is unique, since any
limits must be at zero distance and hence equal.
We say that a sequence of elements is Cauchy if for any § > 0 there is an
K = K () such that
d(fm, fn) <0 Y,m,n> K.

If the sequence f, has a limit, then it is Cauchy - just choose K (8) = N(36)
and use the triangle inequality.

But it is quite possible that a Cauchy sequence has no limit. As an example
of this type of phenomenon, think of the rational numbers with |r — s| as the
distance. The whole point of introducing the real numbers is to guarantee that
every Cauchy sequence has a limit.

So we say that a pre-Hilbert space is a Hilbert space if it is “complete” in
the above sense - if every Cauchy sequence has a limit.

Since the complex numbers are complete (because the real numbers are),
it follows that C™ is complete, i.e. is a Hilbert space. Indeed, we can say
that any finite dimensional pre-Hilbert space is a Hilbert space because it is
isomorphic (as a pre-Hilbert space) to C™ for some n. (See below when we
discuss orthonormal bases.)

The trouble is in the infinite dimensional case, such as the space of continuous
periodic functions. This space is not complete. For example, let f,, be the
function which is equal to one on (—7 + L, —1) equal to zero on (L, — 1)
and extended linearly —% to L and from 7 — % to m+ L so as to be continuous
and then extended so as to be periodic.(Thus on the interval (7 — %, ™+ %) the
function is given by fn(z) = 2n(z— (r—1).) If m < n, the functions fn, and f,
agree outside two intervals of length 2 and on these intervals | fin () — fn(z)| <
1. So [|[fm — fall* < 3= - 2/m showing that the sequence {f,} is Cauchy. But
the limit would have to equal one on (—7,0) and equal zero on (0,7) and so
be discontinuous at the origin and at 7. Thus the space of continuous periodic
functions is not a Hilbert space, only a pre-Hilbert space.

But just as we complete the rational numbers (by throwing in “ideal” el-
ements) to get the real numbers, we may similarly complete any pre-Hilbert

space to get a unique Hilbert space. See the section Completion in the chapter



on metric spaces for a general discussion of how to complete any metric space.
In particular, the completion of any normed vector space is a complete normed
vector space. A complete normed space is called a Banach space. The general
construction implies that any normed vector space can be completed to a Ba-
nach space. From the parallelogram law discussed below, it will follow that the
completion of a pre-Hilbert space is a Hilbert space.

The completion of the space of continuous periodic functions will be denoted
by L?(T).

1.5 The Pythagorean theorem.
Let V be a pre-Hilbert space. We have

17+ glI” = [I£I* + 2Re(f, 9) + llglI*.

So

If + gl = IFII* + llgll* < Re (f,9) =0. ()

We make the definition

flg e (f,9)=0

and say that f is perpendicular to g or that f is orthogonal to g. Notice that this
is a stronger condition than the condition for the Pythagorean theorem, the right
hand condition in (5). For example || f +if||> = 2||f||? but (f,if) = —i||f]|> #0
if | £]| # 0.

If u; is some finite collection of mutually orthogonal vectors, then so are z;u;
where the z; are any complex numbers. So if

i
then by the Pythagorean theorem

llull® =zl fluil .
i

In particular, if the u; # 0, then u = 0 = 2; = 0 for all . This shows that any
set of mutually orthogonal (non-zero) vectors is linearly independent.
Notice that the set of functions
einO

is an orthonormal set in the space of continuous periodic functions in that not
only are they mutually orthogonal, but each has norm one.



1.6 The theorem of Apollonius.
Adding the equations

I +9l* = IfI”+2Re (£,9) + llglI” (6)

If=gll* =[£I = 2Re (£,9) + llg|l” (7)
gives

1f+ gl + 11 = gll* = 2 (IF11* + llg]I*) - (®)

This is known as the parallelogram law. It is the algebraic expression of the
theorem of Apollonius which asserts that the sum of the areas of the squares on
the sides of a parallelogram equals the sum of the areas of the squares on the
diagonals.

If we subtract (7) from (6) we get

(I1F + gl = If = gll*) - 9)

Now (if,g) = i(f,g) and Re{i(f,9)} = —Im(f, g) so
Im(f7 g) = _Re(if7 g) = Re(fa lg)

-

Re(f,9) =

SO

(f,9) = % (I1f +gll* = lf — gll* +ill £ + gl = dllf —igl?) . (10)

If we now complete a pre-HlIlbert space, the right hand side of this equation
is defined on the completion, and is a continuous function there. It therefore
follows that the scalar product extends to the completion, and, by continuity,
satisfies all the axioms for a scalar product, plus the completeness condition for
the associated norm. In other words, the completion of a pre-Hilbert space is a
Hilbert space.

1.7 The theorem of Jordan and von Neumann.

This is essentially a converse to the theorem of Apollonius. It says that if || - ||
is a norm on a (complex) vector space V' which satisfies (8), then V is in fact
a pre-Hilbert space with ||f||> = (f, f). If the theorem is true, then the scalar
product must be given by (10). So we must prove that if we take (10) as the
definition, then all the axioms on a scalar product hold. The easiest axiom to
verify is

(g,f) = (f,9)

Indeed, the real part of the right hand side of (10) is unchanged under the
interchange of f and g (since g— f = —(f —g) and || — h|| = ||h]| for any h is one
of the properties of a norm). Also g +if = i(f —ig) and ||ih]| = [|h|| so the last
two terms on the right of (10) get interchanged, proving that (g, f) = (f, 9)-



It is just as easy to prove that

(if,9) =i(f,9)

Indeed replacing f by if sends ||f + ig||? into ||if +ig]|?> = ||f + ¢||* and sends
If + gll? into [lif + glI* = [li(f —ig)* = IIf — igll* = i(illf — igl|* so has the
effect of multiplying the sum of the first and fourth terms by ¢, and similarly
for the sum of the second and third terms on the right hand side of (10).

Now (10) implies (9). Suppose we replace f,g in (8) by fi + g, f2 and by
f1 — g, f> and subtract the second equation from the first. We get

I+ fatglP =i+ fo—glP+lfs—Fo+ gl —IIfi — f2—gll

=2(f + 9l = lf1 = 9l) -

In view of (9) we can write this as

Re (fi + f2,9) + Re (fi = f2,9) = 2Re (f1,9)- (11)

Now the right hand side of (9) vanishes when f = 0 since ||g|| = || — g||- So if
we take f1 = fo = fin (11) we get

Re (2f,9) = 2Re (£, 9).
We can thus write (11) as

Re (fi + f2,9) + Re (fi — f2,9) = Re (2f1,9)-

In this equation make the substitutions

fi— %(fl +f2), farr %(fl - f2).

This yields
Re (fi + f2,9) =Re (f1,9) + Re (f2,9).
Since it follows from (10) and (9) that

we conclude that
(fl + f?ag) = (flag) + (f2ag)
Taking fi = —fo shows that
(_fag) = _(fag)

Consider the collection C of complex numbers a which satisfy

(af,g9) = a(f,9)



(fOI‘ all f:g) We know from (fl + f2ag) = (flag) + (f27g) that
a,BeC=a+peC.

So C contains all integers. If 0 # 3 € C then

(f,9) = (8- (1/B)f,9) = B((1/B)f,9)

so 37! € C. Thus C contains all (complex) rational numbers. The theorem
will be proved if we can prove that (af,g) is continuous in a. But the triangle
inequality

If +all <N+ llgll

applied to f = f2,9 = f1 — f2 implies that
IA1ll < [1f1 = Fall + NI 2]

or

Il = 1 f2ll < M fall = Foll-

Interchanging the role of f; and fo gives

LA = Nfll | < Nlf = foll-

Therefore

| llaf £ gll = 18f £ gll | < [I(a = B)SII-

Since [|[(a — B)f|| = 0 as @ — [ this shows that the right hand side of (10)
when applied to af and ¢ is a continuous function of a. Thus C = C. We have
proved

Theorem 1 [P. Jordan and J. von Neumann] IfV is a normed space whose
norm satisfies (8) then V is a pre-Hilbert space.

Notice that the condition (8) involves only two vectors at a time. So we conclude
as an immediate consequence of this theorem that

Corollary 1 A normed vector space is pre-Hilbert space if and only if every
two dimensional subspace is a Hilbert space in the induced norm.

Actually, a weaker version of this corollary, with two replaced by three had
been proved by Fréchet, Annals of Mathematics, July 1935, who raised the
problem of giving an abstract characterization of those norms on vector spaces
which come from scalar products. In the immediately following paper Jordan
and von Neumann proved the theorem above leading to the stronger corollary
that two dimensions suffice.



1.8 Orthogonal projection.

We continue with the assumption that V is pre-Hilbert space. If A and B are
two subsets of V', we write A | Bifu € A and v € B = u L v, in other words
if every element of A is perpendicular to every element of B. Similarly, we will
write v L A if the element v is perpendicular to all elements of B. Finally, we
will write A+ for the set of all v which satisfy v L A. Notice that A+ is always
a linear subspace of V', for any A.

Now let M be a (linear) subspace of V. Let v be some element of V', not
necessarily belonging to M. We want to investigate the problem of finding a
w € M such that (v —w) L M. Of course, if v € M then the only choice is to
take w = v. So the interesting problem is when v ¢ M. Suppose that such a w
exists, and let « be any (other) point of M. Then by the Pythagorean theorem,

llo = 2l* = l[(v - w) + (w = 2)|]* = [Jv — w|* + lw — 2|
since (v —w) L M and (w —x) € M. So
o —wll < lv— ]

and this inequality is strict if # # w. In words: if we can find a w € M such
that (v — w) L M then w is the unique solution of the problem of finding the
point in M which is closest to v. Conversely, suppose we found a w € M which
has this minimization property, and let z be any element of M. Then for any
real number ¢ we have

v = wl? < (v = w) + tz|* = [lv = w||* + 2tRe (v — w, ) + |]*.

Since the minimum of this quadratic polynomial in ¢ occurring on the right is
achieved at t = 0, we conclude (by differentiating with respect to ¢ and setting
t = 0, for example) that

Re (v —w,z) =0.

By our usual trick of replacing = by e?x we conclude that
(v —w,z) =0.

Since this holds for all z € N, we conclude that (v — w) L M. So to find w we
search for the minimum of |jv — z||, z € M.

Now |[|lv — z|| > 0 and is some finite number for any x € M. So there will be
some real number m such that m < ||v—z|| for z € M, and such that no strictly
larger real number will have this property. (m is known as the “greatest lower
bound” of the values |[v — z||, € M.) So we can find a sequence of vectors
T, € M such that

[lv — zp|| = m.

We claim that the z,, form a Cauchy sequence. Indeed,

2 = 2l1* = (v — 2;) = (v = 23)|I”

10



and by the parallelogram law this equals
2 (Jlo = @ill* + llv = z;1I*) = [12v = (@i + z)|1*.

Now the expression in parenthesis converges to 2m?2. The last term on the right
is
1 2
=112(v = 5 (@i + 2"

Since 3 (z; + z;)€ M, we conclude that
|20 = (i + z;)||* > 4m?

SO
[|lz; — ;1cj||2 < 4(m+€)? — 4m?

for ¢ and j large enough that ||v — z;|| < m + € and |lv — z;|| < m + €. This
proves that the sequence z, is Cauchy.

Here is the crux of the matter: If M is complete, then we can conclude that
the z,, converge to a limit w which is then the unique element in M such that
(v—w) L M. It is at this point that completeness plays such an important role.

Put another way, we can say that if M is a subspace of V' which is complete
(under the scalar product ( , ) restricted to M) then we have the orthogonal
direct sum decomposition

V=MoM*

which says that every element of V' can be uniquely decomposed into the sum
of an element of M and a vector perpendicular to M.

For example, if M is the one dimensional subspace consisting of all (complex)
multiples of a non-zero vector y, then M is complete, since C is complete. So
w exists. Since all elements of M are of the form ay, we can write w = ay for
some complex number a. Then (v — ay,y) =0 or

(v,9) = ally|l”
SO
a:m@_
llyll

We call a the Fourier coefficient of v with respect to y. Particularly useful is
the case where ||y|| = 1 and we can write

a=(v,y) (12)
Getting back to the general case, if V = M @ M~ holds, so that every v

corresponds to a unique w € M satisfying (v — w) € M+ the map v — w is
called orthogonal projection of V' onto M and will be denoted by 7.

11



1.9 The Riesz representation theorem.

Let V and W be two complex vector spaces. A map
T:V->W

is called linear if

Tz + py) = XT(x) +pT () Va,yeV, \ueC
and is called anti-linear if

Tz +py) = AXT(z) +aT(Y) Vaz,yeV \u€C.
If £: V — Cis a linear map, (also known as a linear function) then

ker £:={z € V| £(z) = 0}

has codimension one (unless £ = 0). Indeed, if

£y) #0

then

1
{(x) =1 where z = —
(z) WY

and for any z € V,
z—L(2)x € ker £.

If V is a normed space and £ is continuous, then ker (£) is a closed subspace.

The space of continuous linear functions is denoted by V*. It has its own norm
defined by

el == sup [€(x)|/l|]l.
z€V,|z[#0

Suppose that H is a pre-hilbert space. Then we have an antilinear map

¢:H— H", (6(9)(f):=(f,9)

The Cauchy-Schwartz inequality implies that

llo(Il < llgll
and in fact

(9,9) = llglI”
shows that

lle(a)ll = llgll-

In particular the map ¢ is injective.
The Riesz representation theorem says that if H is a Hilbert space, then this
map is surjective:

12



Theorem 2 FEvery continuous linear function on H is given by scalar product
by some element of H.

The proof is a consequence of the theorem about projections applied to

N :=ker ¢ :

If £ = 0 there is nothing to prove. If £ # 0 then N is a closed subspace of
codimension one. Choose v € N. Then there is an z € N with (v—2z) L N. Let

1
Y = o=l (v — ).
Then
yLlN
and
llyll = 1.
For any f € H,
[f = (Fwyl Ly
S0
f=(f9)yeN
or
U(f) = (f,9)ty),
so if we set
9:=Ly)y
then
(f,9) =)

for all f € H. QED

1.10 What is L*(T)?

We have defined the space L?(T) to be the completion of the space C(T) under
the Ly norm ||f||2 = (f, f)2. In particular, every linear function on C(T) which
is continuous with respect to the this L» norm extends to a unique continuous
linear function on Ly(T. By the Riesz representation theorem we know that
every such continuous linear function is give by scalar product by an element
of Ly(T). Thus we may think of the elements of L2(T) as being the linear
functions on C(T) which are continuous with respect to the L. An element of
L(T) should not be thought of as a function, but rather as a linear function
on the space of continuous functions.

13



1.11 Projection onto a direct sum.

Suppose that the closed subspace M of a pre-Hilbert space is the orthogonal
direct sum of a finite number of subspaces

M= Mm;

meaning that the M; are mutually perpendicular and every element z of M can
be written as
xr = Z T;, xT; € M;.

(The orthogonality guarantees that such a decomposition is unique.) Suppose
further that each M; is such that the projection m,, exists. Then my; exists
and

7I'M(’U) = Zﬂ'Mi(’U). (13)

Proof. Clearly the right hand side belongs to M. We must show v— )", 7 (v)
is orthogonal to every element of M. For this it is enough to show that it is
orthogonal to each M since every element of M is a sum of elements of the M.
So suppose z; € M;. But (mp,v,z;) =0if i # j. So

(v— ZWMi(v)axj) =(v— 7‘—MJ'(/U)axj) =0

by the defining property of myy;, .

1.12 Projection onto a finite dimensional subspace.

We now will put the equations (12) and (13) together: Suppose that M is a
finite dimensional subspace with an orthonormal basis ¢;. This implies that M
is an orthogonal direct sum of the one dimensional spaces spanned by the ¢;
and hence 7y exists and is given by

(V) = Za,«bi where a; = (v, ¢;). (14)

1.13 Bessel’s inequality.

We now look at the infinite dimensional situation and suppose that we are given
an orthonormal sequence {¢;}$°. Any v € V has its Fourier coefficients

a; = (1}7 ¢z)

relative to the members of this sequence. Bessel’s inequality asserts that

> ail* < loll?, (15)
1

14



in particular the sum on the left converges.

Proof. Let .
vn =Y aidi,
i=1

so that v, is the projection of v onto the subspace spanned by the first n of the
¢;- In any event, (v — v,) L v, so by the Pythagorean Theorem

n
19112 = llo = vl + [loall® = [l = vall? + 3 lasf?.
=1

This implies that
n
> lail < Jlolf?
i=1

and letting n — oo shows that the series on the left of Bessel’s inequality
converges and that Bessel’s inequality holds.

1.14 Parseval’s equation.

Continuing the above argument, observe that
lo=wall® =0 & D Jail® = [Jv]|*.

But ||v —vy,||? = 0 if and only if ||[v — vy,|| — 0 which is the same as saying that
vp, — v. But vy, is the n-th partial sum of the series ) a;¢;, and in the language
of series, we say that a series converges to a limit v and write Y a;¢; = v if and
only if the partial sums approach v. So

Yagi=v & Ylaf =l (16)

In general, we will call the series ). a;¢; the Fourier series of v (relative
to the given orthonormal sequence) whether or not it converges to v. Thus
Parseval’s equality says that the Fourier series of v converges to v if and only if

2 laif? = o]

1.15 Orthonormal bases.

We still suppose that V' is merely a pre-Hilbert space. We say that an orthonor-
mal sequence {¢;} is a basis of V if every element of V is the sum of its Fourier
series. For example, one of our tasks will be to show that the exponentials
{en®}% _  form a basis of C(T).

If the orthonormal sequence ¢; is a basis, then any v can be approximated
as closely as we like by finite linear combinations of the ¢;, in fact by the partial
sums of its Fourier series. We say that the finite linear combinations of the ¢;
are dense in V. Conversely, suppose that the finite linear combinations of the

15



¢; are dense in V. This means that for any v and any € > 0 we can find an n
and a set of n complex numbers b; such that

o= bigill < e.

But we know that v, is the closest vector to v among all the linear combinations
of the first n of the ¢;. so we must have

llv—vn|l <e

But this says that the Fourier series of v converges to v, i.e. that the ¢; form
a basis. For example, we know from Fejer’s theorem that the exponentials e**
are dense in C(T). Hence we know that they form a basis of the pre-Hilbert
space C(T). We will give some alternative proofs of this fact below.

In the case that V is actually a Hilbert space, and not merely a pre-Hilbert
space, there is an alternative and very useful criterion for an orthonormal se-
quence to be a basis: Let M be the set of all limits of finite linear combinations of
the ¢;. Any Cauchy sequence in M converges (in V') since V is a Hilbert space,
and this limit belongs to M since it is itself a limit of finite linear combinations
of the ¢; (by the diagonal argument for example). Thus V = M & M*, and
the ¢; form a basis of M. So the ¢; form a basis of V if and only if M+ = {0}.
But this is the same as saying that no non-zero vector is orthogonal to all the
¢;- So we have proved

Proposition 1 In a Hilbert space, the orthonormal set {¢;} is a basis if and
only if no non-zero vector is orthogonal to all the ¢;.

2 Self-adjoint transformations.

We continue to let V denote a pre-Hilbert space. Let T be a linear transfor-
mation of V into itself. This means that for every v € V the vector Tv € V
is defined and that T'v depends linearly on v : T'(av + bw) = aTv + bTw for
any two vectors v and w and any two complex numbers a and b. We recall
from linear algebra that a non-zero vector v is called an eigenvector of T if Tw
is a scalar times v, in other words if Tw = Av where the number ) is called the
corresponding eigenvalue.

A linear transformation T on V is called symmetric if for any pair of
elements v and w of V we have

(Tv,w) = (v, Tw).

Notice that if v is an eigenvector of a symmetric transformation 7 with
eigenvalue A, then

A(v,0) = (M, v) = (Tv,v) = (v,Tv) = (v, \v) = A(v,v),

so A = X. In other words, all eigenvalues of a symmetric transformation are
real.
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We will let S = S(V') denote the “unit sphere” of V, i.e. S denotes the set
of all ¢ € V such that ||¢|| = 1. A linear transformation T is called bounded
if |T'¢|| is bounded as ¢ ranges over all of S. If T is bounded, we let

T|| := Tq||.
17| Igggll |

Then
1Tl < (|T||[]v]]

for all v € V. A linear transformation on a finite dimensional space is automat-
ically bounded, but not so for an infinite dimensional space.
Also, for any linear transformation T', we will let N(T") denote the kernel of
T, so
NT)={veV|Tv=0}

and R(T) denote the range of T, so
R(T) := {vl[v=Tw for some w € V}.

Both N(T') and R(T) are linear subspaces of V.

For bounded transformations, the phrase “self-adjoint” is synonymous with
“symmetric”. Later on we will need to study non-bounded (not everywhere
defined) symmetric transformations, and then a rather subtle and important
distinction will be made between self-adjoint transformations and those which
are merely symmetric. But for the rest of this section we will only be con-
sidering bounded linear transformations, and so we will freely use the phrase
“self-adjoint”, and (usually) drop the adjective “bounded” since all our trans-
formations will be assumed to be bounded.

We denote the set of all (bounded) self-adjoint transformations by .4, or by
A(V) if we need to make V explicit.

2.1 Non-negative self-adjoint transformations.

If T is a self-adjoint transformation, then

(Tv,v) = (v, Tv) = (Tv,v)

so (Tw,v) is always a real number. More generally, for any pair of elements v
and w,
(Tv,w) = (Tw,v).

Since (Tw,w) depends linearly on v for fixed w, we see that the rule which
assigns to every pair of elements v and w the number (Tv,w) satisfies the first
two conditions in our definition of a semi-scalar product. Since (Tw,v) might
be negative, condition 3. of the definition need not be satisfied. This leads to
the following definition:

A self-adjoint transformation 7 is called non-negative if

(Tv,v) >0 VoveV.
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So if T is a non-negative self-adjoint transformation, then the rule which
assigns to every pair of elements v and w the number (Tv,w) is a semi-scalar
product to which we may apply the Cauchy-Schwartz inequality and conclude
that

1

|(Tv,w)| < (Tw,v)? (Tw,w)?.

Now let us assume in addition that T" is bounded with norm ||T||. Let us take
w = T'v in the preceding inequality. We get

ITo||? = |(Tv, Tv)| < (Tw,v)? (TTv, Tv)?.

Now apply the Cauchy-Schwartz inequality for the original scalar product to
the last factor on the right:

(TTv,Tv)? < ||TTo||?||Tv||2 < ||T||Z[|T||2||Twl|* = ||T||2||Toll,

where we have used the defining property of ||T|| in the form ||TTv|| < ||T||[|Tv]]-
Substituting this into the previous inequality we get

1
ITo|? < (Tw,v) 3| T||To].
If ||Tv|| # 0 we may divide this inequality by ||Tv|| to obtain
| To|| < ||T[|% (T, )%, (17)

This inequality is clearly true if ||Tv|| = 0 and so holds in all cases.
We will make much use of this inequality. For example, it follows from (17)
that

(Tv,v) =0 = Tv=0. (18)

It also follows from (17) that if we have a sequence {v, } of vectors with (T'vy,,v,) —
0 then ||Tv,|| = 0 and so

(Tvg,v,) =0 = Tv, —0. (19)

Notice that if T" is a bounded self adjoint transformation, not necessarily non-
negative, then rI — T is a non-negative self-adjoint transformation if r > ||T°||:
Indeed,

((rl = T)v,v) =r(v,v) = (Tv,v) > (r = ||IT|)(v,v) >0

since, by Cauchy-Schwartz,
(Tw,v) < [(Tw,v)| < |Tolllloll < [ITNIwII* = [ITl(v, ).

So we may apply the preceding results to r1 — T

18



3 Compact self-adjoint transformations.

We say that the self-adjoint transformation 7" is compact if it has the following
property: Given any sequence of elements u, € S, we can choose a subsequence
Uy, such that the sequence T'u,,; converges to a limit in V.

Some remarks about this complicated looking definition: In case V is finite
dimensional, every linear transformation is bounded, hence the sequence Tu,,
lies in a bounded region of our finite dimensional space, and hence by the com-
pleteness property of the real (and hence complex) numbers, we can always find
such a convergent subsequence. So in finite dimensions every T is compact.
More generally, the same argument shows that if R(T) is finite dimensional and
T is bounded then T is compact. So the definition is of interest essentially in
the case when R(T) is infinite dimensional.

Also notice that if T is compact, then T' is bounded. Otherwise we could
find a sequence u,, of elements of S such that ||Tu,|| > n and so no subsequence
Tu,,; can converge.

We now come to the key result which we will use over and over again:

Theorem 3 Let T be a compact self-adjoint operator. Then R(T) has an or-
thonormal basis {¢;} consisting of eigenvectors of T and if R(T) is infinite
dimensional then the corresponding sequence {r,} of eigenvalues converges to
0.

Proof. We know that T is bounded. If 7" = 0 there is nothing to prove. So
assume that T' # 0 and let
my = ||T|| > 0.

By the definition of ||T'|| we can find a sequence of vectors u, € S such that
[|Tunl| = ||T|]- By the definition of compactness we can find a subsequence
of this sequence so that Tu,, = w for some w € V. On the other hand, the
transformation T2 is self-adjoint and bounded by ||T'||?>. Hence ||T||?I — T? is
non-negative, and

((ITIPI = T*)un, un) = ITI* = | Tunll* = 0.
So we know from (19) that
1T |1un — T?u, — 0.

Passing to the subsequence we have T%u,,, = T(Tu,,) — Tw and so

I[P un, — Tw
or

1
Up;, = — 1w

i m%

Applying T to this we get
1
Tup;, — —2T2w
my
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or
T?w = miw.

Also ||w|]| = ||IT|| = m1 # 0. So w # 0. So w is an eigenvector of T2 with
eigenvalue m?. We have

0= (T? = mi)w = (T +m1)(T —ma)w.

If (T — mi)w = 0, then w is an eigenvector of T' with eigenvalue m; and we
normalize by setting

1
¢1 = mw
Then ||¢1]| =1 and
T¢1 = mld)l.

If (T —my1)w # 0 then y := (T — my)w is an eigenvector of T' with eigenvalue
—my and again we normalize by setting

1
b1 = Ty
llyll
So we have found a unit vector ¢; € R(T') which is an eigenvector of T with
eigenvalue r; = +m;.
Now let

Vo = ér.
If (w,¢1) =0, then

(Tw,¢1) = (w, Tp1) = r1(w,p1) = 0.

In other words,
T (Vo) C Vs

and we can consider the linear transformation T restricted to V5 which is again
compact. If we let ms denote the norm of the linear transformation T' when
restricted to V5 then mo < my and we can apply the preceding procedure to
find a unit eigenvector ¢o with eigenvalue +mso.

We proceed inductively, letting

Vo = {(251, o -a¢n—1}J_

and find an eigenvector ¢,, of T restricted to V,, with eigenvalue +m,, # 0 if the
restriction of T' to V,, is not zero. So there are two alternatives:

e after some finite stage the restriction of T to V;, is zero. In this case R(T')
is finite dimensional with orthonormal basis ¢1,...,¢,_1. Or

e The process continues indefinitely so that at each stage the restriction of
T to V, is not zero and we get an infinite sequence of eigenvectors and
eigenvalues r; with |r;| > |riy|.
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The first case is one of the alternatives in the theorem, so we need to look at
the second alternative.

We first prove that |r,| — 0. If not, there is some ¢ > 0 such that |r,| > ¢ for
all n (since the |r,| are decreasing). If ¢ # j,then by the Pythagorean theorem
we have

IT¢s — TojlI> = llrids — r;511> = 7 llsll> + 773 l|d511°.
Since ||¢;]| = [|¢;] =1 this gives
IT¢: = To;l1* = ri + 17 > 2¢%.

Hence no subsequence of the T'¢; can converge, since all these vectors are at
least a distance ¢v/2 apart. This contradicts the compactness of 7.

To complete the proof of the theorem we must show that the ¢; form a basis
of R(T). So if w = Tv we must show that the Fourier series of w with respect
to the ¢; converges to w. We begin with the Fourier coefficients of v relative to
the ¢; which are given by

an = (v, ¢n).
Then the Fourier coefficients of w are given by
bi = (w,¢:) = (Tv,¢3) = (v, T;) = (v,7:¢:) = T30
So
n n n
w=Y bigi=Tv—Y arigi=T{v - aif).
i=1 i=1 i=1

Now v — Y"1 | a;¢; is orthogonal to ¢1, ..., ¢, and hence belongs to V,11. So
n n
IT(0 =" aig)ll < Iratalll(v = D aigi)l-
i=1 i=1
By the Pythagorean theorem,
n
=" aga)ll < lo|-
i=1
Putting the two previous inequalities together we get

n n
llw =" bigill = IT(v = > aigi)ll < [rnpallloll = 0.
i=1 i=1
This proves that the Fourier series of w converges to w concluding the proof of

the theorem.

The “converse” of the above result is easy. Here is a version: Suppose that
H is a Hilbert space with an orthonormal basis {¢;} consisting of eigenvectors
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of an operator T, so T¢; = \;¢;, and suppose that A; = 0 as i — co. Then T
is compact. Indeed, for each j we can find an N = N(j) such that

1
[Ar| < 7 YV r > N(j).

We can then let H; denote the closed subspace spanned by all the eigenvectors
¢ry7 > N(j), so that
H=Hj o H;

is an orthogonal decomposition and Hj- is finite dimensional, in fact is spanned
the first N(j) eigenvectors of T'.
Now let {u;} be a sequence of vectors with ||u;|| < 1 say. We decompose
each element as
u; =u,®uf, uie€HT, u € Hj.

We can choose a subsequence so that u;_converges, because they all belong to
a finite dimensional space, and hence so does T'u;, since T' is bounded. We can
decompose every element of this subsequence into its Hy and Hy components,
and choose a subsequence so that the first component converges. Proceeding
in this way, and then using the Cantor diagonal trick of choosing the k-th
term of the k-th selected subsequence, we have found a subsequence such that
for any fixed j, the (now relabeled) subsequence, the H;)* component of T;
converges. But the H; component of T'w; has norm less than 1/j, and so the
sequence converges by the triangle inequality.

4 Fourier’s Fourier series.

We want to apply the theorem about compact self-adjoint operators that we
proved in the preceding section to conclude that the functions e® form an
orthonormal basis of the space C(T). In fact, a direct proof of this fact is
elementary, using integration by parts. So we will pause to given this direct
proof. Then we will go back and give a (more complicated) proof of the same
fact using our theorem on compact operators. The reason for giving the more
complicated proof is that it extends to far more general situations.

4.1 Proof by integration by parts.

We have let C(T) denote the space of continuous functions on the real line which
are periodic with period 27. We will let C!(T) denote the space of periodic
functions which have a continuous first derivative (necessarily periodic) and by
C%(T) the space of periodic functions with two continuous derivatives. If f and
g both belong to C1(T) then integration by parts gives
1 " 1— ]' N —!
o 77rfgda: =5 fgdx

—T
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since the boundary terms, which normally arise in the integration by parts
formula, cancel, due to the periodicity of f and g. If we take g = €i"® /(in),n # 0
the integral on the right hand side of this equation is the Fourier coefficient:
1 /7 ’
I —inz go.
Cn =5 » (z)e x
We thus obtain
11

Cn = — o=
n 2w

/ fl(w)efinwdw
so, for n # 0,
el <2 where A = = /ﬂ \f'(2)|do
n — W =
- n 2 J_,
is a constant independent of n (but depending on f).

If f € C2(T) we can take g(z) = —e!™® /n? and integrate by parts twice. We
conclude that (for n # 0)

B 1 4
leal < 2 where B:= o / ()2

is again independent of nn. But this proves that the Fourier series of f,

E cneznz

converges uniformly and absolutely for and f € C?(T). The limit of this series
is therefore some continuous periodic function. We must prove that this limit
equals f. So we must prove that at each point f

Z cne™ = f(y).

Replacing f(z) by f(xz—y) it is enough to prove this formula for the case y = 0.
So we must prove that for any f € C?(T) we have

M
lim ch — f(0).
-N

N,M—oco
Write f(z) = (f(z) — f(0)) + f(0). The Fourier coefficients of any constant
function ¢ all vanish except for the ¢y term which equals ¢. So the above limit
is trivially true when f is a constant. Hence, in proving the above formula, it is
enough to prove it under the additional assumption that f(0) = 0, and we need
to prove that in this case

lim (ec_n+c¢-nNy1+---+cm)—0.
N,M—o0

The expression in parenthesis is

e
T J—x
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where
gN,M(:L') — efiNz+efz'(N71)z+_ +esz — efz'Nz‘ (1 +eiz‘ I +61(M+N)w) —

o iN 1— ei(M—i-'N—i-l)z _ e~ Nz _ ei’(M—{—l)z7 . 7& 0
1—e= 1—e=
where we have used the formula for a geometric sum. By I’'Hépital’s rule, this
extends continuously to the value M + N + 1 for x = 0. Now f(0) = 0, and
since f has two continuous derivatives, the function

T l—ei®

defined for z # 0 (or any multiple of 27) extends, by I’'Hépital’s rule, to a func-
tion defined at all values, and which is continuously differentiable and periodic.
Hence the limit we are computing is

i " iNz 7., _ i " —i(M41)z
- /77r h(z)e*"*dx o [W h(z)e dx

and we know that each of these terms tends to zero.

We have thus proved that the Fourier series of any twice differentiable peri-
odic function converges uniformly and absolutely to that function. If we consider
the space C2(T) with our usual scalar product

K0

(f9)=5 [ foda

then the functions e?* are dense in this space, since uniform convergence implies
convergence in the || || norm associated to (, ). So, on general principles, Bessel’s
inequality and Parseval’s equation hold.

It is not true in general that the Fourier series of a continuous function
converges uniformly to that function (or converges at all in the sense of uniform
convergence). However it is true that we do have convergence in the Ly norm,
i.e. the Hilbert space || || norm on C(T). To prove this, we need only prove that
the exponential functions e are dense, and since they are dense in C?(T), it is
enough to prove that C2(T) is dense in C(T). For this, let ¢ be a function defined
on the line with at least two continuous bounded derivatives with ¢(0) = 1 and
of total integral equal to one and which vanishes rapidly at infinity. A favorite
is the Gauss normal function

Equally well, we could take ¢ to be a function which actually vanishes outside
of some neighborhood of the origin. Let



Ast — 0 the function ¢; becomes more and more concentrated about the origin,
but still has total integral one. Hence, for any bounded continuous function f,
the function ¢; x f defined by

(@*fxm:zjfiﬁw—ywxmwu;[mf@ﬁﬂm—uﬂw

satisfies ¢y * f — f uniformly on any finite interval. From the rightmost expres-
sion for ¢; x f above we see that ¢; x f has two continuous derivatives. From
the first expression we see that ¢; x f is periodic if f is. This proves that C2(T)
is dense in C(T). We have thus proved convergence in the Ly norm.

4.2 Relation to the operator %.
Each of the functions e™®is an eigenvector of the operator

d

D=—
dz

in that
D (eznw) — zneznw

So they are also eigenvalues of the operator D? with eigenvalues —n?. Also, on
the space of twice differentiable periodic functions the operator D? satisfies

(01,9 = o [ 7@ = )

™

1 (" —
-5 [ F@i@
™ 27 —r
by integration by parts. Since f' and g are assumed to be periodic, the end
point terms cancel, and integration by parts once more shows that

(D*f,9) = (f,D*9) = —(f',9").

But of course D and certainly D? is not defined on C(T) since some of the func-
tions belonging to this space are not differentiable. Furthermore, the eigenvalues
of D? are tending to infinity rather than to zero. So somehow the operator D?
must be replaced with something like its inverse. In fact, we will work with the
inverse of D? — 1, but first some preliminaries.

We will let C?([—m, 7]) denote the functions defined on [—.7] and twice dif-
ferentiable there, with continuous second derivatives up to the boundary. We
denote by C([—m,w]) the space of functions defined on [—, ] which are continu-
ous up to the boundary. We can regard C(T) as the subspace of C([—m, 7]) con-
sisting of those functions which satisfy the boundary conditions f(7) = f(—)
(and then extended to the whole line by periodicity).

We regard C([—m,n]) as a pre-Hilbert space with the same scalar product
that we have been using:

1

(f,9) = o _ﬁ f(x)g(z)dz.
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If we can show that every element of C([—m,]) is a sum of its Fourier series
(in the pre-Hilbert space sense) then the same will be true for C(T). So we will
work with C([—m,7]).

We can consider the operator D? — 1 as a linear map

D? —1:C*([—m, 7)) = C([~m,7]).

This map is surjective, meaning that given any continuous function g we can
find a twice differentiable function f satisfying the differential equation

f'=f=g9

In fact we can find a whole two dimensional family of solutions because we can
add any solution of the homogeneous equation

R"—h=0

to f and still obtain a solution. We could write down an explicit solution for the
equation f"” — f = g, but we will not need to. It is enough for us to know that
the solution exists, which follows from the general theory of ordinary differential
equations.

The general solution of the homogeneous equation is given by

h(z) = ae® + be™°.

Let
M c C*([-m, 7))

be the subspace consisting of those functions which satisfy the “periodic bound-

ary conditions”
f(m) = f(=m), f'(7) = f'(-m).

Given any f we can always find a solution of the homogeneous equation such
that f — h € M. Indeed, we need to choose the complex numbers a and b such
that if h is as given above, then

h(m) = h(=m) = f(m) — f(=), and h'(7) = h'(=7) = f'(7) = f'(=7).

Collecting coefficients and denoting the right hand side of these equations by ¢
and d we get the linear equations

(e"—e M(a—b)=c,(e"—e ™) (a+b)=d

which has a unique solution.
So there exists a unique operator

T:C([-m,7]) > M
with the property that
(D*~1)oT=1.
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We will prove that
T is self adjoint and compact. (20)

Once we will have proved this fact, then we know every element of M can
be expanded in terms of a series consisting of eigenvectors of T' with non-zero
eigenvalues. But if

Tw = \w

then

D2w=(D2—I)w+w=;[(D2—I)0T]w+w: (;+1>w.

So w must be an eigenvector of D?; it must satisfy

w'" = pw.

So if w = 0 then w = a constant is a solution. If y = r2 > 0 then w is
a linear combination of e and e " and as we showed above, no non-zero
such combination can belong to M. If u = —r2 then the solution is a linear
combination of e and e~* and the above argument shows that 7 must be
such that ™™ = e~¥7 5o r = n is an integer.

Thus (20) will show that the e?"® are a basis of M, and a little more work that
we will do at the end will show that they are in fact also a basis of C([—n,]).
But first let us work on (20).

It is easy to see that T is self adjoint. Indeed, let f = Tu and g = Tv so
that f and g are in M and

(u, Tv) = ([D* = 1]f,9) = —(f',9") = (f,9) = (f,[D* = 1]g) = (Tu,v)
where we have used integration by parts and the boundary conditions defining
M for the two middle equalities.

4.3 Garding’s inequality, special case.

We now turn to the compactness. We have already verified that for any f € M
we have

(D* =11, ) == f) = (. )-
Taking absolute values we get

117+ IAI7 < 1(D* = 11, H)I. (21)

(We actually get equality here, the more general version of this that we will
develop later will be an inequality.)
Let u = [D? — 1]f and use the Cauchy-Schwartz inequality

((D* =11, = [(w, I < Ilullll f]
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on the right hand side of (21) to conclude that

A1 < Mlullll £l

or
1< [l
Use (21) again to conclude that

1£17 < el £1] < Mlulf?

by the preceding inequality. We have f = Tu, and let us now suppose that u
lies on the unit sphere i.e. that ||u|| = 1. Then we have proved that

IfI<1, and [fl <1 (22)

We wish to show that from any sequence of functions satisfying these two condi-
tions we can extract a subsequence which converges. Here convergence means,
of course, with respect to the norm given by

1917 = 55 [ @)

In fact, we will prove something stronger: that given any sequence of functions
satisfying (22) we can find a subsequence which converges in the uniform norm

lflloo :== max [f(z)|
z€[—m,m]

Notice that

1

11= (5 / ZIf(w)l"’dw)% < (55 [ 1ida)” =11

so convergence in the uniform norm implies convergence in the norm we have

been using.
To prove our result, notice that for any 7 < a < b < 7 we have
b b
|F(0) — f(a)| = / f(@)dz| < / |f'(@)|dz = 27 (|f'], 1[a,p)
a a

where 1(, ) is the function which is one on [a,b] and zero elsewhere. Apply
Cauchy-Schwartz to conclude that

(£ L) S AT g, 1]-
But 1
2 _ - —_
1a5]l° = 27T|b al

and

1AM =11 < 1
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We conclude that

1 1

|£(0) = f(a)| < (2m)7|b—al>. (23)
In this inequality, let us take b to be a point where |f| takes on its maximum
value, so that |f(b)| = || fllco- Let a be a point where |f| takes on its minimum

value. (If necessary interchange the role of a and b to arrange that a < b or
observe that the condition a < b was not needed in the above proof.) Then (23)
implies that ) .

I/ lloc — min|f| < (2m)=[b — a|=.

12 0f1= (5 [ 7;|f|2(x)dar)% > (55 [ uin|f)2dz) " =min g

and |b—a| < 27 so

But

||f||oo <1+ 2m.

Thus the values of all the f € T[S] are all uniformly bounded - (they take values
in a circle of radius 1+ 27) and they are equicontinuous in that (23) holds. This
is enough to guarantee that out of every sequence of such f we can choose a
uniformly convergent subsequence.

(We recall how the proof of this goes: Since all the values of all the f are
bounded, at any point we can choose a subsequence so that the values of the
f at that point converge, and, by passing to a succession of subsequences (and
passing to a diagonal), we can arrange that this holds at any countable set of
points. In particular, we may choose say the rational points in [—7, 7]. Suppose
that f, is this subsequence. We claim that (23) then implies that the f, form a
Cauchy sequence in the uniform norm and hence converge in the uniform norm
to some continuous function. Indeed, for any € choose § such that

1 1 ].
(2m)262 < 36

choose a finite number of rational points which are within § distance of any
point of [—m, 7] and choose N sufficiently large that |f; — f;| < %e at each of
these points, r. when ¢ and j are > N. Then at any z € [—m, 7]

|fi(2) = fi(@)| <|fi(z) = fi(r)| + |F5(2) = fi(@)] + [ filr) = fi(r)| < e

since each of the three terms is < %e)

5 The Heisenberg uncertainty principle.
In this section we show how the arguments leading to the Cauchy-Schwartz in-

equality give one of the most important discoveries of twentieth century physics,
the Heisenberg uncertainty principle.
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Let V be a pre-Hilbert space, and S denote the unit sphere in V. If ¢ and ¢
are two unit vectors (i.e. elements of S) their scalar product (¢, ) is a complex
number with 0 < |(¢,%)|?> < 1. In quantum mechanics, this number is taken as
a probability. Although in the “real world” V is usually infinite dimensional,
we will warm up by considering the case where V is finite dimensional.

Given a ¢ € S and an orthonormal basis ¢y, ..., ¢, of V, we have

L=lgl* = (¢, p1)[* + -+ + (&, ¢

The says that the various probabilities |(¢, #;)|> add up to one. We recall some
language from elementary probability theory: Suppose we have an experiment
resulting in a finite number of measured numerical outcomes );, each with prob-
ability p; of occurring. Then the mean () is defined by

(A) = p1 +- -+ A
and its variance (A))?
(AN? = (A = (A)?pr+ -+ + (A = () ?n
and an immediate computation shows that
(AXN)? = (N%) — (W2

The square root AX of the variance is called the standard deviation. The vari-
ance (or the standard deviation) measures the “spread” of the possible values of
A. To understand its meaning we have Chebychev’s inequality which estimates
the probability that Ay can deviate from (\) by as much as rA\ for any posi-
tive number r. Chebychev’s inequality says that this probability is < 1/r2. In
symbols

1

Prob (|Ax — (\)| > rA)) < 2

Indeed, the probability on the left is the sum of all the py such that [y — (A)| >
rA. Denoting this sum by > we have

A — ()2

ZTpk < erki(ﬁ(g/\;g

n)? 1

Zpk 2(AN2 A)\ 72 (A Tz

all & all &
Replacing A; by A; + ¢ does not change the variance.
Now suppose that A is a self-adjoint operator on V, that the A; are the
eigenvalues of A with eigenvectors ¢; constituting an orthonormal basis, and
that the p; = |(¢, ¢;|? as above.

IA

1. Show that {\) = (A¢, ) and that (AN)? = (429, ¢) — (A9, d)>.
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We will write the expression (A¢, ¢) as (A)4, In quantum mechanics a unit
vector is called a state and a self-adjoint operator is called an observable
and the expression (A4), is called the expectation of the observable A in the

state ¢. Similarly we denote ((A%¢, ¢) — (Ag, <;5)2)1/2 by AgzA. It is called the
uncertainty of the observable A in the state ¢. Notice that

(ApA)* = (A= (A)D)*)
where I denotes the identity operator. Indeed

(A= (A9, 9)1)* = A* — 2(A¢, 9)A + (Ag, 9)*1
so
(A= (4)p)")s = (A%0,0) — 2(A)] + (A)] = (4%)y — (A)3.
When the state ¢ is fixed in the course of discussion, we will drop the sub-

script ¢ and write (A) and AA instead of (4), and AyA. For example, we
would write the previous result as

AA = (A= (A)I)?).
If A and B are operators we let [A, B] denote the commutator:
[4,B] := AB — BA.

Notice that [A, B] = —[B, 4] and [I, B] = 0 for any B. So if A and B are
self adjoint, so is i[4, B] and replacing A by A — (A)I and B by B — (B)I does
not change AA, AB or i[A, B].

The uncertainty principle says that for any two observables A and B we
have

(AA)(AB) > L[4, Blg.
Proof. Set A; := A— (A), B;:= B — (B) so that
[A1,B1] = [4, B].
Let
b= A1+ izBi ¢,
Then

(¥,9) = (AA)” — z(i[4, B]) + (AB).
Since (1,1) > 0 for all z this implies that (b < 4ac) that
(i[A, B))” < 4(AA)*(AB)?,

and taking square roots gives the result.

The purpose of the next few sections is to provide a vast generalization of
the results we obtained for the operator D?. We will prove the corresponding
results for any “elliptic” differential operator (definitions below).
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I plan to study differential operators acting on vector bundles over manifolds.
But it requires some effort to set things up, and I want to get to the key analytic
ideas which are essentially repeated applications of integration by parts. So I will
start with elliptic operators L acting on functions on the torus T = T", where
there are no boundary terms when we integrate by parts. Then an immediate
extension gives the result for elliptic operators on functions on manifolds, and
also for boundary value problems such as the Dirichlet problem.

The treatment here rather slavishly follows the treatment by Bers and Schechter
in Partial Differential Differential Equations by Bers, John and Schechter AMS
(1964).

6 The Sobolev Spaces.

Recall that T now stands for the n-dimensional torus. Let P = P(T) denote
the space of trigonometric polynomials. These are functions on the torus of the

form .
u(zx) = Z acet?

where

0= (b, )

is an n-tuplet of integers and the sum is finite. For each integer ¢ (positive, zero
or negative) we introduce the scalar product

(u,v)s == Z(l +0-0)agh,. (24)
¢

For t = 0 this is the scalar product

1
(u,v)o = W/ru(w)v(m)dx.

This differs by a factor of (27)~™" from the scalar product that is used by Bers
and Schecter. We will denote the norm corresponding to the scalar product

(5 )s by [l [ls-
It 52 52
A= " 4.4
(o +++ sor)
the operator (1 + A) satisfies
1+ A= (1+L-H)ae"”

and so
((1 + A)tua v)s = (ua (1 + A)tv)s = (u; 'U)s+t

and

(1 + &) ulls = flullss2e (25)
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We then get the “generalized Schwartz inequality”
[(w,v)s| < |lulls+ellvlls— (26)

for any t, as a consequence of the usual Cauchy-Schwartz inequality. Indeed,
(2m)™ Z(l +20-0)%aby = (2m)" Z(l F0-0)F a1+ -0

‘ ‘
(1+A)=u,(1+A) = v)
st s—t

11+ A)= ulloll(1 + A) = vllo

llullstellvfls—s-

s+t s—t

IN

The generalized inequality reduces to the usual Cauchy-Schwartz inequality

when ¢t = 0.
Clearly we have
llulls < [lulle if s <.

If DP denotes a partial derivative,

olrl

P —
D A(z1)pr - - - 9(xm)Pm

then .
DPy = Z(i@)”age'f'””.

In these equations we are using the following notations:

e If p = (p1,dots, p,,) is a vector with non-negative integer entries we set

lpl:=p1+ -+ Pn-

o If £ = (&,...,&) is a (row) vector we set

=g

It is then clear that

IDPulle < [|ullep| (27)
and similarly
|u|ls < (constant depending on t) Z || DPullo if t > 0. (28)
IpI<t

In particular,
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Proposition 2 The norms

u > [ulle
t >0 and
wes 3107
lp|<t

are equivalent.

We let H; denote the completion of the space P with respect to the norm
|| [|- Each H; is a Hilbert space, and we have natural embeddings

H; — H, if s < t.
Equation (25) says that
(1 + A)t : H5+2t — H;

and is an isometry.
From the generalized Schwartz inequality we also have a natural pairing of
H; with H_; given by the extension of ( , )g, so

|(w, 0)o] < [lullellv]]—¢ (29)

In fact, this pairing allows us to identify H_; with the space of continuous linear
functions on H;. Indeed, if ¢ is a continuous linear function on H; the Riesz
representation theorem tells us that there is a w € Hy such that ¢(u) = (u, w);.
Set

vi= (14 A)fw.

Then
NS H_t

and
(uaU)O = (ua (1 + A)tw)o = (uaw)t = ¢(U)

We record this fact as

H_; = (Hy)". (30)

As an illustration of (30), observe that the series
da+e-0y°
¢

converges for

< n
s< ——.
2

This means that if define v by taking

ng]_
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then v € H, for s < —2. If u is given by u(z) = 3, a¢e*® is any trigonometric
polynomial, then

(u,v)o = sumay = u(0).
So the natural pairing (29) allows us to extend the linear function sending

u — u(0) to all of H; if t > §. We can now give v its “true name”: it is the
Dirac “delta function” ¢ (on the torus) where

(u,8)o = u(0).

Sod e H 4 fort> %2, and the preceding equation is usually written symboli-

cally as .
o /T w(@)3(z)dz = u(0);

but the true mathematical interpretation is as given above.
We set

Hw:ﬂm,ILw:UHb

The space Hy is just Lo(T), and we can think of the space H;, ¢ > 0
as consisting of those functions having “generalized Ly derivatives up to order
t”. Certainly a function of class C? belongs to H;. With a loss of degree of
differentiability the converse is true:

Lemma 1 [Sobolev.] Ifu € H; and
n
> (2

L_b}+k+1

then u € C*¥(T) and

sup [DPu(z)| < const.Jully for [p| < k. (31)
zeT

By applying the lemma to DPu it is enough to prove the lemma for £ = 0. So
we assume that u € Hy with ¢ > [n/2] + 1. Then

O lae? < (P +€-0"a?) Y1 +€-0) <ox,

since the series > (1 + £- £)~* converges for ¢t > [n/2] + 1. So for this range of
t, the Fourier series for u converges absolutely and uniformly. The right hand
side of the above inequality gives the desired bound. QED

A distribution on T" is a linear function T' on C*°(T") with the continuity
condition that

whenever
DP¢ — 0
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uniformly for each fixed p. If v € H_; we may define

(U, ¢) = (¢7ﬂ)0
and since C*°(T) is dense in H; we may conclude

Lemma 2 H_, is the space of those distributions T which are continuous in
the || ||¢ norm, i.e. which satisfy

l¢rlle =0 = (T,¢x) — 0.
We then obtain

Theorem 4 [Laurent Schwartz.] H, is the space of all distributions. In
other words, any distribution belongs to H_; for some t.

Proof. Suppose that T is a distribution that does not belong to any H_;. This

means that for any k£ > 0 we can find a C* function ¢, with

1
el < 7
and
(T, éx)| > 1.

But by Lemma 1 we know that ||¢||x < 5 implies that D¢ — 0 uniformly
for any fixed p contradicting the continuity property of . QED

Suppose that ¢ is a C*° function on T. Multiplication by ¢ is clearly a
bounded operator on Hy = Lo(T), and so it is also a bounded operator on
H;, t > 0 since we can expand DP?(¢u) by applications of Leibnitz’s rule.

For t = —s < 0 we know by the generalized Cauchy Schwartz inequality that

llpulle = sup |(v, guo|/Ilvlls = sup [(u, gv)|/l[vlls < llullell¢vlls/lv]ls-

So in all cases we have

[|pull¢ < (const. depending on ¢ and t)||ul|;. (32)
Let
L= Z ap(z)DP
[p|<m

be a differential operator of degree m with C'*° coefficients. Then it follows from
the above that

[|Lw||t—m < constant||ul|¢ (33)

where the constant depends on L and ¢.

Lemma 3 [Rellich’s lemma.] Ifs <t the embedding Hy — H; is compact.
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Proof. We must show that the image of the unit ball B of H; in H; can be
covered by finitely many balls of radius e. Choose N so large that

(1460072 < %

when £-£ > N. Let Z be the subspace of H; consisting of all u such that ay =0
when £-¢ < N. This is a space of finite codimension, and hence the unit ball
of H¢/Z can be covered by finitely many balls of radius §. On the other hand,
for u € BN Z we have

€\ 2
2 < (2 + N2 ulle < ()

So the image of BN Z is contained in a ball of radius § and so the image of B
is covered by finitely many balls of radius e. QED

7 Garding’s inequality.
Let =, a, and b be positive numbers. Then

2 +z7>1

because if > 1 the first summand is > 1 and if < 1 the second summand is
> 1. Setting = = €!/* A gives

1<eA® +eb/ag=?b

if e and A are positive. Suppose that t; > s > t; and weseta =t1—s, b= s—t5
and A=1+4/{-£. Then we get

(L4+£-0° <e(l+L-0) 4t/ =9) (1 4 p.p)t
and therefore

lulls < ellulle, + €72/ O ufly, ity >8>, >0 (34)

for all w € Hy,. This elementary inequality will be the key to several arguments
in this section where we will combine (34) with integration by parts.

A differential operator L = 3, a,(z)D? with real coefficients and m
even is called elliptic if there is a constant ¢ > 0 such that

(D)™ 3" ap(2)e” > (6 - €™, (35)
lpl=m

In this inequality, the vector £ is a “dummy variable”. (Its true invariant sig-
nificance is that it is a covector, i.e. an element of the cotangent space at z.)
The expression on the left of this inequality is called the symbol of the oper-
ator L. It is a homogeneous polynomial of degree m in the variable £ whose
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coefficients are functions of z. The symbol of L is sometimes written as o (L)
or o(L)(z,€). Another way of expressing condition (35) is to say that there is
a positive constant ¢ such that

o(L)(z,&) > ¢ for all z and & such that £-£=1.

We will assume until further notice that the operator L is elliptic and that
m is a positive even integer.

Theorem 5 [Garding’s inequality.] For every u € C*°(T) we have
(u, Lu)o > e1lull?, /5 — callullp (36)
where ¢1 and co are constants depending on L.

Remark. If u € H,, 3, then both sides of the inequality make sense, and we
can approximate u in the || [|,,/2 norm by C'* functions. So once we prove the
theorem, we conclude that it is also true for all elements of H,, /,.

We will prove the theorem in stages:

1. When L is constant coefficient and homogeneous.
2. When L is homogeneous and approximately constant.

3. When the L can have lower order terms but the homogeneous part of L
is approximately constant.

4. The general case.

Stage 1. L=} _,, apD? where the a; are constants. Then

(ua Lu)O

Zage”'z,z Z ap(if?) | aget*®

¢ \|pl=m o

> ¢ (L-0™lag* by (35)

4
= ¢ [+ - 0™ a - cllull3
> CC”U”fn/z—C”U”o

where
c 14 rm/2

This takes care of stage 1.

Stage 2. L = Lo+ L1 where Lo is as in stage 1 and Ly =}, _,, B(z)D? and

max WP(CE)' < n,
p’w
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where 7 sufficiently small. (How small will be determined very soon in the
course of the discussion.) We have

(u, Louo > c[|ull7, 2 — cllullg

from stage 1.

We integrate (u,Liu) by parts m/2 times. There are no boundary terms
since we are on the torus. In integrating by parts some of the derivatives will
hit the coefficients. Let us collect all the these terms as I>. The remain terms
we collect as I, so

I = Z/bp’+p”D”’uDP”udm
where |p'| = |p"| = m/2. We can estimate this sum by
1] < - const.||ull7, /2

and so will require that 7 - (const.) < ¢'.

The remaining terms give a sum of the form

I, = Z/bp:qD”’quudx

where p' <m/2,q' <m/2 so we have
15| < const.[Jull [[ull 3 1.

Now let us take
m

m
= -1, t1=—,t=0
B} ) > U1 D) , L2
in (34) which yields, for any € > 0,
lullp 1 < ellullp + e ™2[fullo-
Substituting this into the above estimate for I gives

|| <e€- const.||u||fn/2 + e_m/Zconst.||u||m/2||u||0.

For any positive numbers a, b and ¢ the inequality ((a—(~1b)? > 0 implies that
2ab < (a® 4+ (~'b%. Taking ¢ = €% 1! we can replace the second term on the
right in the preceding estimate for |I by

e(—m — 1) - const.||ul|3

at the cost of enlarging the constant in front of ||u||2% We have thus established
that
1| <7 (const.)illull7, 2

where the constant depends only on m, and

|Iz] < e(const.)2||u||fn/2 + €™ Lconst.||u|2
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where the constants depend on Ly but € is at our disposal. So if (const.); < ¢
and we then choose € so that e(const.)s < ¢/ —n - (const.); we obtain Garding’s
inequality for this case.

Stage 3. L = Lo+ Ly + Ly where Ly and L; are as in stage 2, and Lg is a
lower order operator. Here we integrate by parts and argue as in stage 2.

Stage 4, the general case. Choose an open covering of 7' such that the
variation of each of the highest order coeflicients in each open set is less than
1 < ¢'. (Recall that ¢’ depended only on the ¢ that entered into the definition of
ellipticity.) Thus, if v is a smooth function supported in one of the sets of our
cover, the action of L on v is the same as the action of an operator as in case 3)
on v, and so we may apply Garding’s inequality. Choose a finite subcover and
a partition of unity {¢;} subordinate to this cover. Write ¢; = 92 (where we
choose the ¢ so that the ¢ are smooth). So >~ 7 = 1. Now

(i, L(vhiu))o > ¢"|[vbull?, ;5 — const.|[¢sull3

where ¢ is a positive constant depending only on ¢, 7, and on the lower order
terms in L. We have

(u.Tulo = (2 ) Tade = 3 (viu, Lsuo + R

where R is an expression involving derivatives of the 1; and hence lower order
derivatives of u. These can be estimated as in case 2) above, and so we get

(u, Lu)o > ¢" ) [[iull?, /» — const.|[ull3 (37)

since [[¢iullo < [lullo- Now [|u||m/2 is equivalent, as a norm, to }-,,, /5 | DPullo
as we verified in the preceding section. Also B

> IDP(su)llo = D [l DPullo + R’

where R' involves terms differentiating the v and so lower order derivatives of
u. Hence

> llwbiull3, 2 > pos. comst.||ul]%, , — const.||ull3
by the integration by parts argument again. Hence by (37)

(u, Lu)o > " [[hiul|2, 5 — const.[[ul[§

> pos. const.||u||fn/2 — const.||ul|2

which is Garding’s inequality. QED

For the time being we will continue to study the case of the torus. But a
look ahead is in order. In this last step of the argument, where we applied the
partition of unity argument, we have really freed ourselves of the restriction of
being on the torus. Once we make the appropriate definitions, we will then
get Garding’s inequality for elliptic operators on manifolds. Furthermore, the
consequences we are about to draw from Garding’s inequality will be equally
valid in the more general setting.
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8 Consequences of Garding’s inequality.

Proposition 3 For every integer t there is a constant c(t) = c(t,L) and a
positive number A = A(t, L) such that

llulle < e(®)[| L + Aul]t—m (38)

when
A>A

for all smooth u, and hence for all u € H;.

Proof. Let s be some non-negative integer. We will first prove (38) for
t=s+ % . We have

llullell w + Xulls—mllullel L + Xulls—p = [Jullel(1 + A)* Lu+ A1 + A) ul| -5

> (u,(1+ A)°Lu+ A1 + A)’u)o

by the generalized Cauchy - Schwartz inequality (26).
The operator (1 + A)*L is elliptic of order m + 2s so (25) and Géarding’s
inequality gives

(4, (1+ A)" Lu+ X1+ A)*u)o > arllullzy 2 — eallullg + ullZ-

Since ||ul|s > ||ullo we can combine the two previous inequalities to get

llullell Lu + Xuli_p > erllullf + (A = e2)llull5.

If A > ¢, we can drop the second term and divide by ||u||; to obtain (38).

We now prove the proposition for the case ¢ = T — s by the same sort of

argument: We have
lulle| Lu + Xul] -5z = [[(1 4+ A) " ulls4 2 [[Lu + Aul| 57

> ((14+A)?u, L(1 + A)°u + Au)o.

Now use the fact that L(1+ A)?® is elliptic and Garding’s inequality to continue
the above inequalities as

> erfl(T+A) 7wl — eall(L+ A)7*ull§ + Alull2,

= ciflull; = callufl-2s + Mull2, > allull}
if A > ¢o. Again we may then divide by ||u||; to get the result. QED
The operator L + AI is a bounded operator from H; to H;_,, (for any t).
Suppose we fix t and choose A so large that (38) holds. Then (38) says that

(L+ ) is invertible on its image, and bounded there with a bound independent
of A > A, and this image is a closed subspace of H;_,.
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Let us show that this image is all of H;_,, for A large enough. Suppose not,
which means that there is some w € H;_,,, with

(w,Lu + Au)g—m =0
for all u € H;. We can write this last equation as
(1 4+ A)'"™w, Lu + Au)o = 0.
Integration by parts gives the adjoint differential operator L* characterized
by
(9, Lp)o = (L, ¢)o
for all smooth functions ¢ and 9, and by passing to the limit this holds for all
element of H, for 7 > m. The operator L* has the same leading term as L and

hence is elliptic. So let us choose A sufficiently large that (38) holds for L* as
well as for L. Now

0= 1+At7mw,Lu+/\u = L*1+At7mw+)\(1+A)t7mw,u
0 0

for all u € H; which is dense in Hg so
L*(1+ A) w4+ A1+ A ™w =0
and hence (by (38)) (1 + A)!=™w = 0 so w = 0. We have proved

Proposition 4 For everyt and for X large enough (depending ont) the operator
L+ XI maps H; bijectively onto Hy_,, and (L+ XI)™! is bounded independently
of A.

As an immediate application we get the important
Theorem 6 If u is a distribution and Lu € H, then u € Hyyp,.

Proof. Write f = Lu. By Schwartz’ theorem, we know that u € Hy, for some
k. So f + Au € Hpin(r,s) for any A. Choosing A large enough, we conclude that
u = (L+ M) (f + M) € Hyin(ktm,s+m)- If k+m < s+ m we can repeat
the argument to conclude that u € Hpyin(k42m,s4+m)- We can keep going until
we conclude that v € Hyqpp,. QED

Notice as an immediate corollary that any solution of the homogeneous equa-
tion Lu = 0 is C'*°.

We now obtain a second important consequence of Proposition 4. Choose A
so large that the operators
(L+AX)™' and (L*+AD)7!

exist as operators from Hy — H,,. Follow these operators with the injection
tm : Hy, = Hp and set

M :=tpo(L+A)""Y,  M*:=1,0(L*+ M) .
Since ¢, is compact (Rellich’s lemma) and the composite of a compact operator

with a bounded operator is compact, we conclude
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Theorem 7 The operators M and M* are compact.

Suppose that L = L*. (This is usually expressed by saying that L is “for-
mally self-adjoint”. More on this terminology will come later.) This implies that
M = M*. In other words, M is a compact self adjoint operator, and we can ap-
ply Theorem 3 to conclude that eigenvectors of M form a basis R(M) and that
the corresponding eigenvalues tend to zero. Prop 4 says that R(M) is the same
as ty (Hyy,) which is dense in Hg = Ly(T). We conclude that the eigenvectors
of M form a basis of Lo(T). If Mu = ru then v = (L+ A[)Mu = rLu + Aru so
u is an eigenvector of L with eigenvalue

1-A
pat

We conclude that the eigenvectors of L are a basis of Hy. We claim that
only finitely many of these eigenvalues of L can be negative. Indeed, since we
know that the eigenvalues r,, of M approach zero, the numerator in the above
expression is positive, for large enough n, and hence if there were infinitely many
negative eigenvalues puy, they would have to correspond to negative r;, and so
these pj, — —oo. But taking sy = —puy as the A in (38) in Prop. 3 we conclude
that w = 0, if Lu = pgu if k is large enough, contradicting the definition of an
eigenvector. So all but a finite number of the r, are positive, and these tend to
zero. To summarize:

Theorem 8 The eigenvectors of L are C*° functions which form a basis of
Hy. Only finitely many of the eigenvalues py of L are negative and p, — 00 as
n — oo.

It is easy to extend the results obtained above for the torus in two directions.
One is to consider functions defined in a domain = bounded open set G of R™
and the other is to consider functions defined on a compact manifold. In both
cases a few elementary tricks allow us to reduce to the torus case. We sketch
what is involved for the manifold case.

9 Extension of the basic lemmas to manifolds.

Let E — M be a vector bundle over a manifold. We assume that M is equipped
with a density which we shall denote by |dz| and that E is equipped with a
positive definite (smoothly varying) scalar product, so that we can define the
L5 norm of a smooth section s of E of compact support:

18|12 = / 15[2(2)|da].
M

Suppose for the rest of this section that M is compact. Let {U;} be a finite cover
of M by coordinate neighborhoods over which E has a given trivialization, and
p; a partition of unity subordinate to this cover. Let ¢; be a diffeomorphism or
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U; with an open subset of T™ where n is the dimension of M. Then if s is a
smooth section of E, we can think of (p;s)o¢; ' as an R™ or C™ valued function
on T", and consider the sum of the || -||; norms applied to each component. We
shall continue to denote this sum by [|p;f o #; ||z and then define

171l =3 lpef o 63 e

where the norms on the right are in the norms on the torus. These norms
depend on the trivializations and on the partitions of unity. But any two norms
are equivalent, and the || ||o norm is equivalent to the “intrinsic” Ls norm defined
above. We define the Sobolev spaces W}, to be the completion of the space of
smooth sections of E relative to the norm || || for & > 0, and these spaces are
well defined as topological vector spaces independently of the choices. Since
Sobolev’s lemma holds locally, it goes through unchanged. Similarly Rellich’s
lemma: if s, is a sequence of elements of W, which is bounded in the || ||, norm
for £ > k, then each of the elements p;s,, o ¢i_1 belong to H; on the torus, and
are bounded in the || ||, norm, hence we can select subsequence of p;s, o ¢;*
which converges in Hy, then a subsubsequence such that p;s,, o ¢Z._1 fori=1,2
converge etc. arriving at a subsequence of s, which converges in Wy.

A differential operator L mapping sections of E into sections of E is an
operator whose local expression (in terms of a trivialization and a coordinate
chart) has the form

Ls= Z ap(x)DPs

[p|<m

Here the a, are linear maps (or matrices if our trivializations are in terms of
R™).

Under changes of coordinates and trivializations the change in the coefficients
are rather complicated, but the symbol of the differential operator

a(L)(€) == ) ap(2)e” E€T*M,

[p|=m

is well defined.

If we put a Riemann metric on the manifold, we can talk about the length
|€] of any cotangent vector.

If L is a differential operator from E to itself (i.e. F=F) we shall call L
even elliptic if m is even and there exists some constant C' such that

(v,0(L)(€)v) > ClE™ o]

forallz € M, v € E,, £ € T*M, and {, ) denote the scalar product on
E,. Garding’s inequality holds. Indeed, locally, this is just a restatement of
the (vector valued version) of Garding’s inequality that we have already proved
for the torus. But Stage 4 in the proof extends unchanged (other than the
replacement of scalar valued functions by vector valued functions) to the more
general case.
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10 Example: Hodge theory.

We assume knowledge of the basic facts about differentiable manifolds, in par-
ticular the existence of an operator d : QF — QF+! with its usual properties,
where QF denotes the space of exterior k-forms. Also, if M is orientable and
carries a Riemann metric then the Riemann metric induces a scalar product on
the exterior powers of T*M and also picks out a volume form. So there is an
induced scalar product (, ) = (, )x on Q¥ and a formal adjoint § of d

§: QF -5 QFt
and satisfies

(dy,¢) = (¢,00)
where ¢ is a (k + 1)-form and ¥ is a k-form. Then

A:=dd+dd

is a second order differential operator on Q¥ and satisfies

(A, ¢) = [ldg||”* + [|6¢]I”

where ||4]||> = (¢, ¢) is the intrinsic Ly norm (so || || = || |jo in terms of the
notation of the preceding section). Furthermore, if
¢=> ¢rdz’
T

is a local expression for the differential form ¢, where
de’ =dzyy A---ANdxi, T = (i1,...,i)

then a local expression for A is

5 061
—_ ij
Ad Zg OxidxI +

where - . '
g" = (dz',dz”)
and the --- are lower order derivatives. In particular A is elliptic.
Let ¢ € Q% and suppose that

d¢ = 0.
Let C(¢), the cohomology class of ¢ be the set of all ¢ € Q¥ which satisfy
¢—¢=da, acQ!

and let .

C(¢)
denote the closure of C in the Ls norm. It is a closed subspace of the Hilbert
space obtained by completing QF relative to its Ly norm. Let us denote this

space by L%, so C(¢) is a closed subspace of L.
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Proposition 5 If ¢ € QF and d¢ = 0, there exists a unique T € C(¢) such that

Il < llll ¥V ¢ € C(9).

Furthermore, T is smooth,and
dr=0 and d07=0.

If choose a minimizing sequence for ||| in C(¢).

If we choose a minimizing sequence for ||¢|| in C(¢) we know it is Cauchy, cf.
the proof of the existence of orthogonal projections in a Hilbert space. So we
know that 7 exists and is unique. For any o € Q¥+! we have

(1,00) = lim(¢, ) = lim(dep, ) =0

as 1 ranges over a minimizing sequence. The equation (7,0a) = 0 for all
a € Q%! says that 7 is a weak solution of the equation dr = 0.
We claim that
(r,dB) =0 VY pBeQk!

which says that 7 is a weak solution of §7 = 0. Indeed, for any t € R,
I7lI* < N7+ tdB|” = |I7]|* + (B> + 2t(r, dB)

SO
—2t(r,dB) < ¢*||dB||*.

If (1,dB) # 0, we can choose

t=—e¢ (7, d6) e>0

(7, dB)|”

SO
|(7,dB)| < eldB|”.

As € is arbitrary, this implies that (7,d8) = 0.

So (1, Av) = (7,[dd + 6d]tp) = 0 for any ¢ € Q. Hence 7 is a weak solution
of A7 =0 and so is smooth. The space H* of weak, and hence smooth solutions
of A7 = 0 is finite dimensional by the general theory. It is called the space
of Harmonic forms. We have seen that there is a unique harmonic form in
the cohomology class of any closed form, s the cohomology groups are finite
dimensional. In fact, the general theory tells us that

L5 D ES
A

(Hilbert space direct sum) where E¥ is the eigenspace with eigenvalue A of A.
Each E) is finite dimensional and consists of smooth forms, and the A — oo.
The eigenspace Ef is just H*, the space of harmonic forms. Also, since

(A, ¢) = [ldg||* + [|6¢]I”
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we know that all the eigenvalues A\ are non-negative.
Since dA = d(dd + dd) = dod = Ad, we see that

d: EY — Bt

and similarly
§: Ef — ENL.

For A # 0, if ¢ € E¥ and d¢ = 0, then \¢p = A¢ = dd¢ so ¢ = d(1/1)d¢ so d
restricted to the E} is exact, and similarly so is §. Furthermore, on @, E¥ we

have
M =A=(d+6)?
so we have

EY =dE " @ 6By

and this decomposition is orthogonal since (da,d8) = (d?*a, 8) = 0.
As a first consequence we see that

L = H* @ dOF—1 @ 6Qk-1

(the Hodge decomposition). If H denotes projection onto the first component,
then A is invertible on the image of I — H with a an inverse there which is
compact. So if we let N denote this inverse on im I — H and set N = 0 on H*
we get

AN = I-H
Nd = dN
ON = N§
AN = NA
NH = 0

which are the fundamental assertions of Hodge theory, together with the asser-
tion proved above that H¢ is the unique minimizing element in its cohomology
class.

We have seen that

d+4: @ E3* — @ E3**! is an isomorphism for A # 0 (39)
K k

which of course implies that

> (-)rdimEf =0
k

This shows that the index of the operator d 4+ J acting on @ L¥ is the Euler
characteristic of the manifold. (The index of any operator is the difference
between the dimensions of the kernel and cokernel).
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Let Py, denote the projection of L% onto E¥. So
e—tA — Ze_xtpk,k

is the solution of the heat equation on LY. As t — oo this approaches the
operator H projecting L% onto Hj. Letting Ay, denote the operator A on L&

we see that
tre tAr = Ze"\’“

where the sum is over all eigenvalues A\ of Ay counted with multiplicity. It
follows from (39) that the alternating sum over k of the corresponding sum over
non-zero eigenvalues vanishes. Hence

Y (DFtrem = x(M)

is independent of ¢. The index theorem computes this trace for small values of
t in terms of local geometric invariants.

The operator d + § is an example of a Dirac operator whose general defi-
nition we will not give here. The corresponding assertion and local evaluation
is the content of the celebrated Atiyah-Singer index theorem, one of the most
important theorems discovered in the twentieth century.

11 The resolvent.

In order to connect what we have done here notation that will come later, it is
convenient to let A = —L so that now the operator

(21 — A)7F

is compact as an operator on Hg for z sufficiently negative. (I have dropped the
tm which should come in front of this expression.) The operator A now has only
finitely many positive eigenvalues, with the corresponding spaces of eigenvectors
being finite dimensional. In fact, the eigenvectors A, = A,(A) (counted with
multiplicity) approach —occ as n — oo and the operator (2 — A) ! exists and
is a bounded (in fact compact) operator so long as z # A, for any n. Indeed,
we can write any u € Hy as
u = Z anPn
n

where ¢,, is an eigenvector of A with eigenvalue A, and the ¢ form an orthonor-
mal basis of Hy. Then

1
2= An

(2T = A) 'u=>)"

The operator (2 — A)~! is called the resolvent of A at the point z and denoted
by

nn.

R(z,A)
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or simply by R(z) if A is fixed. So
R(z,A) := (2I — A)~!

for those values of z € C for which the right hand side is defined.
If z and are complex numbers with Rez > Rea, then the integral

oo
/ 67Zt€atdt
0

converges, and we can evaluate it as

1 o0
= / e et dt.
z—a 0

If Rez is greater than the largest of the eigenvalues of A we can write

R(z,A) :/ e *tetAdt
0

where we may interpret this equation as a shorthand for doing the integral for
the coefficient of each eigenvector, as above, or as an actual operator valued
integral. We will spend a lot of time later on in this course generalizing this
formula and deriving many consequences from it.
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