Lebesgue Integration.

Math 212a
October 25, 2001

In what follows, (X, F,m) is a space with a o-field of sets, and m a measure
on F. The purpose of today’s lecture is to develop the theory of the Lebesgue in-
tegral for functions defined on X. The theory starts with simple functions, that
is functions which take on only finitely many non-zero values, say {a1,...,a,}
and where

A; = 71(%’) eF.

In other words, we start with functions of the form
n
$z) = aila, Ai€F. (1)
i=1

Then, for any E € F we would like to define the integral of a simple function
¢ over E as

/ ¢dm = a;m(A; N E) (2)
E i=1

and extend this definition by some sort of limiting process to a broader class of
functions.

I haven’t yet specified what the range of the functions should be. Certainly,
even to get started, we have to allow our functions to take values in a vector
space over R, in order that the expression on the right of (2) make sense. In
fact, I will eventually allow f to take values in a Banach space. However the
theory is a bit simpler for real valued functions, where the linear order of the
reals makes some arguments easier. Of course it would then be no problem to
pass to any finite dimensional space over the reals. But we will on occasion
need integrals in infinite dimensional Banach spaces, and that will require a
little reworking of the theory.
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1 Real valued measurable functions.

Recall that if (X, F) and (Y, G) are spaces with o-fields, then
f: XY
is called measurable if
f'(BE)eF VEeg. (3)

Notice that the collection of subsets of Y for which (3) holds is a o-field, and
hence if it holds for some collection C, it holds for the o-field generated by C.
For the next few sections we will take Y = R and G = B, the Borel field. Since
the collection of open intervals on the line generate the Borel field, a real valued
function f : X — R is measurable if and only if

ft(I) e F for all open intervals I.

Equally well, it is enough to check this for intervals of the form (—ooc,a) for all
real numbers a.

Proposition 1 If F : R> = R is a continuous function and f, g are two
measurable real valued functions on X, then F(f,g) is measurable.



Proof. The set F!(—o00,a) is an open subset of the plane, and hence can be
written as the countable union of products of open intervals I x J. So if we set
h = F(f,g) then h~1((—00,a)) is the countable union of the sets f~(I)Ng=1(J)
and hence belongs to F. QED

From this elementary proposition we conclude that if f and g are measurable
real valued functions then

e f + g is measurable (since (z,y) — x + y is continuous),

e fg is measurable (since (z,y) — xy is continuous), hence

e f1,4 is measurable for any A € F hence

e f* is measurable since f~1([0,c]) € F and similarly for f~ so
e |f] is measurable and so is |f — g|. Hence

e fAgand fV g are measurable

and so on.

2 The integral of a non-negative function.

We are going to allow for the possibility that an integral might be infinite. We
adopt the convention that
0-00=0.

Recall that ¢ is simple if ¢ takes on a finite number of distinct non-negative
values, a1, ..., an, that each of the sets

Ai = ¢7ay)
is measurable. These sets partition X:
X=AU---UA,.
Of course since the values are distinct,
AiNA; =0 for i#j.

With this definition, a simple function can be written as in (1) and this expres-
sion is unique. So we may take (2) as the definition of the integral of a simple
function. We now extend the definition to an arbitrary ([0, oo] valued) function

f by

/E fdm = supI(E, f) (4)



where
I(E, ) = {/ ddm:0<$<f, simple}. 5)
E

In other words, we take all integrals of expressions of simple functions ¢ such
that ¢(z) < f(x) at all z. We then define the integral of f as the supremum of
these values.

Notice that if A := f~!(c0) has positive measure, then the simple functions
nly are all < f and so [y fdm = occ.

Proposition 2 For simple functions, the definition (4) coincides with defini-
tion (2).

Proof. Since ¢ is < itself, the right hand side of (2) belongs to I(E, ¢) and hence
is < [, ¢dm as given by (5). We must show the reverse inequality: Suppose
that ¢ =) b;1p, < ¢. We can write the right hand side of (2) as

Z me(E N Bj) = Z b]m(E N A, N Bj)
i3

since ENB; is the disjoint union of the sets ENA; N B; because the A; partition
X, and m is additive on disjoint finite (even countable) unions. On each of the
sets A; N B; we must have b; < a;. Hence

Z b]m(E NnNA;N BJ) < Z aim(E NnNA;N B]) = Zazm(E n Az)
ij 4,

since the B; partition X. QED
In the course of the proof of the above proposition we have also established

1) < ¢ for simple functions implies / dm < / ddm. (6)
E E
Suppose that E and F' are disjoint measurable sets. Then
m(A;N(EUF)=m(4;NE)+m(A;NF)

so each term on the right of (2) breaks up into a sum of two terms and we
conclude that

If ¢ is simple and ENF =), then /
EUF

odm = / odm + / ¢dm. (7)
E F
Also, it is immediate from (2) that if a > 0 then
If ¢ is simple then / apdm = a / pdm. (8)
E E

It is now immediate that these results extend to all non-negative measurable
functions. We list the results and then prove them. In what follows f and g



are non-negative measurable functions, a > 0 is a real number and E and F are
measurable sets:

f<o = [ gam< [ gim. )
/ fdm = / 1gfdm (10)
E X
ECF = / fdm < [ fdm. (11)
E F
/ afdm = a | fdm. (12)
E E
m(E)=0 = / fdm =0. (13)
EnF=0 = / fdm = / fdm+/ fdm. (14)
EUF
f=0 ae. & / fdm = 0. (15)
X
f<g ae. => / fdmg/ gdm. (16)
X X

Proofs.

(9):I(E, f) € I(E,Jg).

(10): If ¢ is a simple function with ¢ < f, then multiplying ¢ by 1g
gives a function which is still < f and is still a simple function. The set I(E, f)
is unchanged by considering only simple functions of the form 1g¢ and these
constitute all simple functions < 1gf.

(11): We have 1gf <1pf and we can apply (9) and (10).

(12): I(E,af) =al(E, f).

(13): In the definition (2) all the terms on the right vanish since m(E N
A;) =0. S0 I(E, f) consists of the single element 0.

(14): This is true for simple functions, so I{(EU F, f) = I(E, f) + I(F, f)
meaning that every element of I(EUF, f) is a sum of an element of I(E, f) and
an element of I(F, f). Thus the sup on the left is < the sum of the sups on the
right, proving that the left hand side of (14) is < its right hand side. To prove
the reverse inequality, choose a simple function ¢ < 1gf and a simple function
¥ <1pf. Then ¢+ < 1gyrf since ENF = (. So ¢ + 1 is a simple function

< f and hence
/¢dm+/ wdm < fdm.
E F EUF

If we now maximize the two summands separately we get

/Efdm+/Ffdm§ EUFfdm

which is what we want.



(15): If f = 0 almost everywhere, and ¢ < f then ¢ = 0 a.e. since
¢ > 0. This means that all sets which enter into the right hand side of (2) with
a; # 0 have measure zero, so the right hand side vanishes. So I(X, f) consists
of the single element 0. This proves = in (15). We wish to prove the reverse
implication. Let A = {z|f(z) > 0}. We wish to show that m(A4) = 0. Now

A=A where A, :={alf(@) > ).

The sets A, are increasing, so we know that m(A4) = lim,,_,o, m(4,). So it is
enough to prove that m(4,) =0 for all n. But

1
—14, <f
n

and is a simple function. So

1 1
—/ lAndm:—m(An)S/ fdm =0
b'e n b'e

n

implying that m(4,) = 0.
(16): Let E = {z|f(z) < g(z)}. Then E is measurable and E° is of
measure zero. By definition, 15 f < 1gg everywhere, hence by (11)

/lEfdmg/ 1ggdm.
X be

/XlEfdm+/X1chdm:/Efdm+/cfdm:/dem

where we have used (14) and (13). Similarly for g. QED

But

3 Fatou’s lemma.

This says:

Theorem 1 If {f,} is a sequence of non-negative functions, then

lim inf/fkdm2/<lim inf fk> dm. (17)

n—oo k>n n—oo k>n

Recall that the limit inferior of a sequence of numbers {a,} is defined as follows:
Set
n = Inf
b = jal o
so that the sequence {b,} is non-decreasing, and hence has a limit (possibly
infinite) which is defined as the lim inf. For a sequence of functions, lim inf f,
is obtained by taking lim inf f,(z) for every z.



Consider the sequence of simple functions {1(, ,41)}. At each point z the
lim inf is 0, in fact 1, ,41j(z) becomes and stays 0 as soon as n > x. Thus the
right hand side of (17) is zero. The numbers which enter into the left hand side
are all 1, so the left hand side is 1.

Similarly, if we take f, = n1(o,1/n], the left hand side is 1 and the right hand
side is 0. So without further assumptions, we generally expect to get strict
inequality in Fatou’s lemma.

Proof: Set
gn = égi Ir
so that
In < Gnt1
and set
f:= lim inf f, = lim g,.
n—oo k>n n—o0
Let
o< f
be a simple function. We must show that
/¢dm < nh_)rr;o lzrzli/fkdm (18)

There are two cases to consider:
a) m({z: ¢(z) > 0}) = co. In this case [ ¢pdm = oo and hence [ fdm = oo
since ¢ < f. We must show that liminf [ f,dm = co. Let

D :={z:¢(z) >0} som(D)=oco.

Choose some positive number b < all the positive values taken by ¢. This is
possible since there are only finitely many such values.
Let

D,, := {z|gn(z) > b}.
The D, / D since b < ¢(x) < lim,_ o gn(z) at each point of D. Hence
m(D,) = m(D) = co. But

m(D,) < [

gndms/ fedm k>n
D, D,

since g, < fr for kK > n. Now

/fkdmZ/D" frdm

since f is non-negative. Hence liminf [ f,dm = occ.



b) m ({z : #(x) > 0}) < co. Choose € > 0 so that it is less than the minimum
of the positive values taken on by ¢ and set

_[ ¢@) —e if $(z)>0
‘f’f(‘”)_{ 0 if qb(ma;:O.

Let

Cn = {zlgn(x) > ¢c}
and

C=A{z: f(z)> ¢}
Then C,, /' C. We have

/ pdm < / gndm
Cn Cn

< /fkdm k>n
Cr

< /fkdm kE>n
C

< /fkdm k>n.

So
/ pedm Sliminf/fkdm.
Cn

We will next let n — co: Let ¢; be the non-zero values of ¢, so

¢e = ZcilBi
for some measurable sets B; C C. Then
/C pedm = Zcim(Bi NCy) = Zcim(Bi) = /¢€dm
since (B;NC,) /' B;NC = B;. So
/(ﬁedm < liminf/fkdm.

Now

/ gedm = / pdim — em ({zl¢(z) > 0}).

Since we are assuming that m ({z|¢(z) > 0}) < oo, we can let € - 0 and
conclude that [ ¢dm <liminf [ frdm. QED



4 The monotone convergence theorem.

We assume that {f,} is a sequence of non-negative measurable functions, and
that f,(z) is an increasing sequence for each xz. Define f(z) to be the limit
(possibly +00) of this sequence. We describe this situation by f, , f. The
monotone convergence theorem asserts that:

fo20, fu A f > dim / Fodim = / fdm. (19)

The f, are increasing and all < f so the [ f,dm are monotone increasing and
all < [ fdm. So the limit exists and is < [ fdm. On the other hand, Fatou’s
lemma gives

/fdm < liminf/fndm = lim/fndm.

QED
In the monotone convergence theorem we need only know that

fn /T ae.

Indeed, let C be the set where convergence holds, so m(C¢) = 0. Let g, = 1¢ fn
and g = 1¢ f. Then g, g everywhere, so we may apply (19) to g, and g. But
[ gndm = [ fndm and [ gdm = [ fdm so the theorem holds for f, and f as
well.

5 The space £i(X,R).

We will say an R valued measurable function is integrable if both [ f+dm < oo
and [ f~dm < co. If this happens, we set

/fdm :=/f+dm—/f_dm. (20)

Since both numbers on the right are finite, this difference makes sense. Some
authors prefer to allow one or the other numbers (but not both) to be infinite,
in which case the right hand side of (20) might be = co or —co. We will stick
with the above convention.

We will denote the set of all (real valued) integrable functions by £; or
L1(X) or £1(X,R) depending on how precise we want to be.

Notice that if f < g then fT < gt and f~ > g~ all of these functions being

non-negative. So
/f+dm§/g+dm, /f_dmZ/g_dm

/f+dm—/f_dm§/g+dm—/g_dm

hence



or

f<g = /fdms/gdm- (21)

If a is a non-negative number, then (af)* = af*. If a < 0 then (af)* =
(—a)fF so in all cases we have

/ afdm =a / fdm. (22)

fL9g€Lly = f+ge Ly and /(f+g)dm=/fdm+/gdm. (23)

We now wish to establish

Proof. We prove this in stages:

o First assume f = Y a;14,, g = D b;1p, are non-negative simple func-
tions, where the A; partition X as do the B;. Then we can decompose
and recombine the sets to yield:

/(f + g)dm = Z(a, + bJ)m(A, n BJ)
Z Z a;m(A4; N Bj) + Z Z bjm(Ai N Bj)
D aim(Ai) + ) bm(B)

= /fdm—l—/gdm

where we have used the fact that m is additive and the A;NB; are disjoint
sets whose union over j is A; and whose union over i is B;.

e Next suppose that f and g are non-negative measurable functions with

finite integrals. Set
22n

k
fn = Zg_nlf—l[%n,%# :
k=0

Each f, is a simple function < f, and passing from f, to f,41 involves
splitting each of the sets ([, £tL]) in the sum into two, and choosing
a larger value on the second portion. So the f, are increasing. Also,
if f(z) < oo, then f(x) < 2™ for some m, and for any n > m f,(z)
differs from f(x) by at most 2=". Hence f,  f a.e., since f is finite

a.e because its integral is finite. Similarly we can construct g, * g. Also

(fn+gn) S f+gae.

10



By the a.e. monotone convergence theorem

/ (f+g)dm = lim / (fntgn)dm = lim / fndm~+lim / gndm = / fdm+ / gdm,
where we have used (23) for simple functions. This argument shows that

J(f + g)dm <  if both integrals [ fdm and [ gdm are finite.

e For any f € £, we conclude from the preceding that
/|f|dm: /(fJr + f7)dm < 0.

Similarly for g. Since |f + g| < |f| + |g| we conclude that both (f + g)*
and (f + g)~ have finite integrals. Now

f+9t—(f+9) =f+9=0Ur -+t —9)

or
(f+9"+f +9g =fT+g"+(f+9) .

All expressions are non-negative and integrable. So integrate both sides

to get (23).QED

We have thus established

Theorem 2 The space L1(X,R) is a real vector space and f — [ fdm is a
linear function on L1(X,R).

We also have
Proposition 3 If h € £ and fA hdm > 0 for all A € F then h > 0 a.e.
Proof: Let A, : {z|h(z) < —1}. Then

-1 1
/ hdm < / —dm = ——m(4,)
An An n n

so m(A,) = 0. But if we let A := {z|h(z) < 0} then 4, / A and hence
m(A) = 0.QED

We have defined the integral of any function f as [ fdm = [ fTdm —
J f~dm, and [|fldm = [ fTdm + [ f~dm. Since for any two non-negative
real numbers a — b < a + b we conclude that

‘ / fdm‘ < [ 1fiam. (24)

If we define
1]l = / \fldm

we have verified that
If +glls < (I£1lx + [lgll1

11



and have also verified that
lleflle = lelll £l

In other words, || - |1 is a semi-norm on £;. Form the preceding proposition
we know that ||f|l1 = 0 if and only if f = 0 a.e. The question of whether we
want to pass to the quotient and identify two functions which differ on a set of
measure zero is a matter of taste.

6 The dominated convergence theorem.

This says that

Theorem 3 Let f, be a sequence of measurable functions such that
|[fol <gae, geLly
fn—=f ae = feLy and /fndm — /fdm.
Proof. The functions f,, are all integrable, since their positive and negative

parts are dominated by g. Assume for the moment that f,, > 0. Then Fatou’s
lemma says that

/fdmgliminf/fndm.

Fatou’s lemma applied to g — f,, says that

/(g — fdm < liminf/(g — fn)dm = liminf (/gdm — /fndm)
=/gdm—limsup/fndm.

limsup/fndmg/fdm.

Subtracting | gdm gives

So
limsup/fndmg /fdm Sliminf/fndm

which can only happen if all three are equal. so we have proved the result for
non-negative f,. For general f, we can write our hypothesis as

—9< fn<g ae.
Adding g to both sides gives
0< fn+9g<2g ae.
We now apply the result for non-negative sequences to g + f, and then subtract

off [ gdm.

12



7 Riemann integrability.

Suppose that X = [a,b] is an interval. What is the relation between the
Lebesgue integral and the Riemann integral? Let us suppose that [a,b] is
bounded and that f is a bounded function, say |f| < M. Each partition

Pia=gp<a<---<a,=b
into intervals I; = [a;—_1, a;] with
mi:=m(l;)=a; —a;_1, i=1,...,n
defines a Riemann lower sum

Lp=Y km; k= inf f(z)

zel;

and a Riemann upper sum

Up = ZMimi M; = su}) f(x)
zel;

which are the Lebesgue integrals of the simple functions
EP = Zkilh and up = ZM,’IL.

respectively.

According to Riemann, we are to choose a sequence of partitions P, which
refine one another and whose maximal interval lengths go to zero. Write ¢; for
¢p, and u; for up,. Then

<< < f<<Luy <.

Suppose that f is measurable. All the functions in the above inequality are
Lebesgue integrable, so dominated convergence implies that

b b
lim U, zlim/ UpndT :/ udx

where v = lim u,, with a similar equation for the lower bounds. The Riemann
integral is defined as the common value of lim L,, and lim U,, whenever these
limits are equal.

Proposition 4 f is Riemann integrable if and only if f is continuous almost
everywhere.

Proof. Notice that if z is not an endpoint of any interval in the partitions,
then f is continuous at z if and only if u(z) = ¢(z). Riemann’s condition for
integrability says that [(u—¢)dm = 0 which implies that f is continuous almost
everywhere.

13



Conversely, if f is continuous a.e. then u = f = £ a.e.. Since u is measurable
so is f, and since we are assuming that f is bounded, we conclude that f
Lebesgue integrable. As £ = f = u a.e. their Lebesgue integrals coincide. But
the statement that the Lebesgue integral of u is the same as that of £ is precisely
the statement of Riemann integrability. QED

Notice that in the course of the proof we have also shown that the Lebesgue
and Riemann integrals coincide when both exist.
8 The Beppo-Levi theorem.

We begin with a lemma:

Lemma 1 Let {g,} be a sequence of non-negative measurable functions. Then

/ Zgn dm = Z/gndm.

n=1 n=1

Proof. We have
n n
[ owdm =Y [ gudm

k=1 k=1
for finite n by the linearity of the integral. Since the g, > 0, the sums under
the integral sign are increasing, and by definition converge to > -, gr. The

monotone convergence theorem implies the lemma. QED
But both sides of the equation in the lemma might be infinite.

Theorem 4 Beppo-Levi. Let f, € L1 and suppose that

| feldm < oco.
2/

Then Y fr(x) converges to a finite limit for almost all x, the sum is integrable,

and - -
/ ;fk dm:;/fkdm.

Proof. Take g, := |fy| in the lemma. If weset g =Y, gn = > oo, | fn| then

the lemma says that
/gdm: Z/\fnldm,
n=1

and we are assuming that this sum is finite. So g is integrable, in particular the
set of z for which g(z) = oo must have measure zero. In other words,

Z |[fr(z)] <00 ae. .
n=1

14



If a series is absolutely convergent, then it is convergent, so we can say that
> fn(x) converges almost everywhere. Let

f@) =Y fula)
n=1

at all points where the series converges, and set f(z) = 0 at all other points.

Now -
> fal@)
n=0

at all points, and hence by the dominated convergence theorem, f € £1 and

/fdm:/nli%rrgoéfkdm:JLH;OZ/fkdm:g/fkdm

< g(x)

QED

9 [, is complete.

This is an immediate corollary of the Beppo-Levi theorem and Fatou’s lemma.
Indeed, suppose that {h,} is a Cauchy sequence in £;. Choose n; so that

1
Then choose ny > nq so that

92
Continuing this way, we have produced a subsequence h,; such that

1

Ving s = Bl < -

nj+1

Let
Ji=hn .y — hn;.

1
[ 151am < 5;
so the hypotheses of the Beppo-Levy theorem are satisfied, and ) f; converges
almost everywhere to some limit f € £;. But

Then

15



So the subsequence h,, converges almost everywhere to some h € L.

We must show that this A is the limit of the h,, in the || - ||; norm. For this
we will use Fatou’s lemma.

For a given € > 0, choose N so that ||h, — hn|| < € for k,n > N. Since
h =lim hy; we have, for k > N,

I1h = el :/|h—hk|dm=/_lim Vi, — h|dm Sliminf/|hnj ~ hyldm
j—>00

= liminf ||hyp; — hi]| <e.
QED

10 Dense subsets of £;(R,R).

Up until now we have been studying integration on an arbitrary measure space
(X,F,m). In this section and the next, we will take X = R, F to be the
o-field of Lebesgue measurable sets, and m to be Lebesgue measure, in order to
simplify some of the formulations and arguments.

Suppose that f is a Lebesgue integrable non-negative function on R. We
know that for any € > 0 there is a simple function ¢ such that

p<f

and

[ fam = [ odm= [ (s~ g)am =111 - ol <.

To say that ¢ is simple implies that

o= ZailA,-

(finite sum) where each of the a; > 0 and since [ ¢dm < oo each A; has finite
measure. Since m(A;N[—n,n]) = m(A4;) asn — oo, we may choose n sufficiently
large so that

If —lh <2 where =" aila,ni—nn-

For each of the sets A; N [—n,n] we can find a bounded open set U; which
contains it, and such that m(U;/4;) is as small as we please. So we can find
finitely many bounded open sets U; such that

1f = 3" aililh < 3e.

Each U; is a countable union of disjoint open intervals, U; = [ j I; ;, and since
m(U;) = 3_; m(1;,5), we can find finitely many I; ;, j ranging over a finite set of

integers, J; such that m (U i Ji) is as close as we like to m(U;). So let us call a

16



step function a function of the form Y b; 17, where the I; are bounded intervals.
We have shown that we can find a step function with positive coefficients which
is as close as we like in the || -||; norm to f. If f is not necessarily non-negative,
we know (by definition!) that fT and f~ are in £, and so we can approximate
each by a step function. the triangle inequality then gives

Proposition 5 The step functions are dense in L1(R,R).

If [a,b], a < bis a finite interval, we can approximate 1, ;) as closely as we
like in the || - ||; norm by continuous functions: just choose n large enough so
that % < b — a, and take the function which is 0 for z < a, rises linearly from 0
to 1 on [a,a+ 1], is identically 1 on [a+ 1,b— 1], and goes down linearly from
1 to 0 from b — % to b and stays 0 thereafter. As n — oo this clearly tends to
(4, in the || - [[; norm. So

Proposition 6 The continuous functions of compact support are dense in L1 (R, R).

11 The Riemann-Lebesgue Lemma.

We will state and prove this in the “generalized form”. Let h be a bounded
measurable function on R. We say that h satisfies the averaging condition if

lim 1 hdm — 0. (25)

For example, if h(t) = cos&t, € # 0, then the expression under the limit sign in
the averaging condition is

1
c§s1n§

which tends to zero as |¢| = co. Here the oscillations in h are what give rise to
the averaging condition. As another example, let

NSNS
hl) = { TRIES

Then the left hand side of (25) is

1

(L Hlogle, el > 1.
Here the averaging condition is satisfied because the integral in (25) grows more
slowly that |c|.

Theorem 5 [Generalized Riemann-Lebesgue Lemma).
Let f € L1([e,d],R), —o00 < ¢ < d < oo0. If h satisfies the averaging
condition (25) then
d
lim f()h(rt)dt = 0. (26)

7T—00 c

17



Proof. Our proof will use the density of step functions, Proposition 5. We first
prove the theorem when f = 1,4 is the indicator function of a finite interval.
Suppose for example that 0 < a < b.Then the integral on the right hand side of
(26) is

oo b
/0 lph(rt)dt = /h(rt)dt, or setting x = rt

E " h(z)dz — 1/m h(z)dz
T Jo T Jo

and each of these terms tends to 0 by hypothesis. The same argument will work
for any bounded interval [a, b] we will get a sum or difference of terms as above.
So we have proved (26) for indicator functions of intervals and hence for step
functions.

Now let M be such that |h| < M everywhere (or almost everywhere) and
choose a step function s so that

1f = sl < 577

Then fh = (f — s)h+ sh

‘/f(t)h(rt)dt‘ = ‘/ rt)dt+/ ()h(rt)dt‘
< ‘/ h(rt) dt‘ ‘/ h(rt) dt‘
< —M + ‘/ h(rt) dt‘

We can make the second term < g by choosing r large enough. QED

11.1 The Cantor-Lebesgue theorem.
This says:

Theorem 6 If a trigonometric series

ao
o) + Xn:dn cos(nt —¢,) d, €ER

converges on a set E of positive Lebesgue measure then
d, — 0.

(I have written the general form of a real trigonometric series as a cosine series
with phases since we are talking about only real valued functions at the present.
Of course, applied to the real and imaginary parts, the theorem asserts that if
> ane™ converges on a set of positive measure, then the a,, — 0. Also, the
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notation suggests - and this is my intention - that the n’s are integers. But in
the proof below all that we will need is that the n’s are any sequence of real
numbers tending to cc.)

Proof. The proof is a nice application of the dominated convergence theorem,
which was invented by Lebesgue in part precisely to prove this theorem.

We may assume (by passing to a subset if necessary) that E is contained in
some finite interval [a,b]. If d,, / 0 then there is an € > 0 and a subsequence
|dn,| > € for all k. If the series converges, all its terms go to 0, so this means
that

cos(ngt —¢p) -0 VteE.

So
cos’(ngt — ) = 0 Vte€E.

Now m(E) < oo and cos?(nyt — ¢,) < 1 and the constant 1 is integrable on
[a,b]. So we may take the limit under the integral sign using the dominated
convergence theorem to conclude that

lim cos®(nxt — ¢y )dt = 0.
k— o0

lim [ cos®(ngt — ¢p)dt = /

k—o0 E E

But 1
cos?(ngt — ¢p,) = 5[1 + cos2(nkt — ¢)]

SO

/ cos?(nyt — ¢y )dt % / [1+4 cos2(nkt — ¢r)]dt
E E

_ %[m(E)Jr/Ecoﬂ(nkt—‘ﬁk)]

1 1
= —m(E)+ 5/ 1 cos 2(nkt — ¢ )dt.
R

2
But 1 € £1(R, R) so the second term on the last line goes to 0 by the Riemann

Lebesgue Lemma. So the limit is 2m(E) instead of 0, a contradiction. QED

12 Fubini’s theorem.

This famous theorem asserts that under suitable conditions, a double integral is
equal to an iterated integral. We will prove it for real (and hence finite dimen-
sional) valued functions on arbitrary measure spaces. (The proof for Banach
space valued functions is a bit more tricky, and we shall omit it as we will not
need it. This is one of the reasons why we have developed the real valued theory
first.) We begin with some facts about product o-fields.
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12.1 Product o-fields.

Let (X,F) and (Y, G) be spaces with o-fields. On X x Y we can consider the
collection P of all sets of the form

AxB, A€eF, Beg.
The o-field generated by P will, by abuse of language, be denoted by
Fxg.

If E is any subset of X x Y, by an even more serious abuse of language we will
let

Ey :={yl(z,y) € E}
and (contradictorily) we will let
E, :={2|(z,y) € E}.

The set E, will be called the z-section of E and the set E, will be called the
y-section of E.
Finally we will let C C P denote the collection of cylinder sets, that is sets

of the form
AxY AeF

or
X xB, Beg.

In other words, an element of P is a cylinder set when one of the factors is the
whole space.

Theorem 7 .

o T X G is generated by the collection of cylinder sets C.

o T X G is the smallest o-field on X x Y such that the projections

pry: X xY - X prx(z,y) =z
pry : X xY =Y pry(z,y) =y

are measurable maps.

o For each E € F x G and all x € X the z-section E, of E belongs to F
and for ally €Y the y-section Ey of E belongs to G.

Proof. Ax B = (AxY)N(X x B) so any o-field containing C must also
contain P. This proves the first item.

Since pry'(4) = A x Y, the map prx is measurable, and similarly for V.
But also, any o-field containing all A x Y and X x B must contain P by what
we just proved. This proves the second item.

20



As to the third item, any set E of the form A x B has the desired section
properties, since its = section is B if € A or the empty set if z ¢ A. Similarly
for its y sections. So let H denote the collection of subsets E which have the
property that all £, € G and all E, € F. If we show that # is a o-field we are
done.

Now Ef = (E,)° and similarly for y, so G is closed under taking comple-
ments. Similarly for countable unions:

(Lnj E) = J(En)..

n

QED

12.2 7 -systems and A-systems.

Recall that the o-field o(C) generated by a collection C of subsets of X is the
intersection of all the o-fields containing C. Sometimes the collection C is closed
under finite intersection. In that case, we call C a w-system. Examples:

e X is a topological space, and C is the collection of open sets in X.

e X = R, and C consists of all half infinite intervals of the form (—oo,a].
We will denote this 7 system by 7(R).

A collection H of subsets of X will be called a A-system if
1. X eH,
2. ABeH withANB=0= AUBEcH,
3. ABeHand BC A= (A\B)eH, and
4. {Ap}° CHand 4, 1A => AeH.

From items 1) and 3) we see that a A-system is closed under complementa-
tion, and since ) = X° it contains the empty set. If B is both a 7-system and
a A system, it is closed under any finite union, since AUB = AU (B/(AN B)
which is a disjoint union. Any countable union union can be written in the form
A = A, where the A,, are finite disjoint unions as we have already argued.
So we have proved

Proposition 7 If H is both a m-system and a A-system then it is a o-field.
Also, we have

Proposition 8 [Dynkin’s lemma.] If C is a w-system, then the o-field gen-
erated by C is the smallest A\-system containing C.
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Let M be the o-field generated by C, and H the smallest A-system containing
C. So M D H. By the preceding proposition, all we need to do is show that H
is a m-system.
Let
Hi:={A| AnNC e HVC eC}.

Clearly #; is a A-system containing C, so H C H; which means that ANC € H
forall A€ H and C € C.
Let
Ho:={A|ANH€eH VH € H}.

Ho is again a A-system, and it contains C by what we have just proved. So
Ha D H, which means that the intersection of two elements of # is again in #,
i.e. H is a m-system. QED

12.3 The monotone class theorem.

Theorem 8 Let B be a class of bounded real valued functions on o space Z
satisfying

1. B is a vector space over R.
2. The constant function 1 belongs to B.

3. B contains the indicator functions 14 for all A belonging to a w-system
T.

4. If {fn} is a sequence of non-negative functions in B and f, ~ f where
fis a bounded function on Z, then f € B.

Then B contains every bounded M measurable function, where M is the o-field
generated by T.

Proof. Let #H denote the class of subsets of Z whose indicator functions belong
to B. Then Z € H by item 2). If B C A are both in H, then 148 =1a-1pand
so A\ B belongs to H by item 1). Similarly, if ANB = () then 1405 =14+ 15
and so if A and B belong to H so does AUB when ANB = (). Finally, condition
4) in the theorem implies condition 4) in the definition of a A-system. So we
have proved that that H is a A-system containing Z. So by Dynkin’s lemma, it
contains M.

Now suppose that 0 < f < K is a bounded M measurable function, where
we may take K to be an integer. For each integer n > 0 divide the interval
[0, K] up into subintervals of size 27", and let

Aln,i) = {2li2™" < f(2) < (i + 127"}
where ¢ ranges from 0 to K2". Let

K2" i
sa(2) = on LA(n.i)-
=0
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Since f is assumed to be M-measurable, each A(n,7) € M, so by the preceding,
and condition 1), f,, € B. But 0 < s,  f, and hence by condition 4), f € B.

For a general bounded M measurable f, both fT and f~ are bounded and
M measurable, and hence by the preceding and condition 1), f = ft — f~ €
B.QED

We now want to apply the monotone class theorem to our situation of a
product space. So Z = X xY, where (X, F) and (Y, G) are spaces with o-fields,
and where we take 7 = P to be the m-system consisting of the product sets
AxB, AeF, Beg.

Proposition 9 Let B consist of all bounded real valued functions f on X xY
which are F x G-measurable, and which have the property that

e for each x € X, the function y — f(z,y) is G-measurable, and
e for each y € Y the function x — f(x,y) is F-measurable.
Then B consists of all bounded F x G measurable functions.

Indeed, y — 1axp(z,y) = 1p(y) if € A and = 0 otherwise; and similarly for
z — 1axp(x,y). So condition 3) of the monotone class theorem is satisfied, and
the other conditions are immediate. Since F x G was defined to be the o-field
generated by P, the proposition is an immediate consequence of the monotone
class theorem.

12.4 Fubini for finite measures and bounded functions.

Let (X, F,m) and (Y, G,n) be measure spaces with m(X) < oo and n(Y) < oc.
For every bounded F x G-measurable function f, we know that the function

f(a:a) y'_)f(may)

is bounded and G measurable. Hence it has an integral with respect to the
measure n, which we will denote by

/ f(@,y)n(dy).
Y

This is a bounded function of 2 (which we will prove to be F measurable in just
a moment). Similarly we can form

/X f(z, y)m(da)

which is a function of y.

Proposition 10 Let B denote the space of bounded F x G measurable functions
such that

o [, f(z,y)n(dy) is a F measurable function on X,
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o [ f m(dz) is a G measurable function on'Y and

/(/f“’ dy) /(/fwy dw)mdy)- (27)

Then B consists of all bounded F x G measurable functions.

Proof. We have verified that the first two items hold for 14« g. Both sides of
(27) equal m(A)n(B) as is clear from the proof of Proposition 9. So conditions
1-3 of the monotone class theorem are clearly satisfied, and condition 4) is a

consequence of two double applications of the monotone convergence theorem.
QED
Now for any C' € F x G we define

mx (@)= [ ([ 10@untan)maa) = [ ([ cpmian)nay)

(28)

both sides being equal on account of the preceding proposition. This measure
assigns the value m(A)n(B) to any set A x B € P, and since P generates F X G
as a sigma field, any two measures which agree on P must agree on F x G.
Hence m x n is the unique measure which assigns the value m(A)n(B) to sets
of P.

Furthermore, we know that

Jtmtn = [ (] o= (] o)

29)

is true for functions of the form 14 p and hence by the monotone class theorem
it is true for all bounded functions which are measurable relative to F x G.

The above assertions are the content of Fubini’s theorem for bounded mea-
sures and functions. We summarize:

Theorem 9 Let (X,F,m) and (Y,G,n) be measure spaces with m(X) < oo
and n(Y) < oco. There exists a unique measure on F X G with the property that

(mxn)(Ax B)=m(A)n(B) VAxBEeP.
For any bounded F x G measurable function, the double integral is equal to the

iterated integral in the sense that (29) holds.

12.5 Extensions to unbounded functions and to o-finite
measures.

Suppose that we temporarily keep the condition that m(X) < oo and n(Y) < oc.
Let f be any non-negative F x G-measurable function. We know that (29) holds
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for all bounded measurable functions, in particular for all simple functions. We
know that we can find a sequence of simple functions s, such that s, ~ f.
Hence by several applications of the monotone convergence theorem, we know
that (29) is true for all non-negative F x G-measurable functions in the sense
that all three terms are infinite together, or finite together and equal. Now we
have agreed to call a F x G-measurable function f integrable if and only if f*
and f~ have finite integrals. In this case (29) holds.

A measure space (X, F,m) is called o-finite if X = |J,, X,, where m(X,) <
00. In other words, X is o-finite if it is a countable union of finite measure
spaces. As usual, we can then write X as a countable union of disjoint finite
measure spaces. S0 if X and Y are o-finite, we can write the various integrals
that occur in (29) as sums of integrals which occur over finite measure spaces.
A bit of standard argumentation shows that Fubini continues to hold in this
case.

If X or Y is not o-finite, or, even in the finite case, if f is not non-negative
or m X n integrable, then Fubini need not hold. I hope to present the standard
counter-examples in the problem set.
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