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1 Wiener measure and Brownian motion.

We begin by constructing Wiener measure following a paper by Nelson, Journal
of Mathematical Physics 5 (1964) 332-343.

1.1 The Big Path Space.

Let R™ denote the one point compactification of R™. Let

o= ][] rR" (1)

0<t<o0

be the product of copies of R“, one for each non-negative ¢. This is an uncount-
able product, and so a huge space, but by Tychonoft’s theorem, it is compact
and Hausdorff. We can think of a point w of 2 as being a function from Ry to
R“, i.e. as as a “curve” with no restrictions whatsoever.

Let F be a continuous function on the m-fold product:

m
F: HR“—)R,
i=1



and let t; <ty < --- <t,, be fixed “times”. Define
¢ =9Fit1, . tm * >R

by
¢(W) = F(w(tl)a teey w(tm))

We can call such a function a finite function since its value at w depends only
on the values of w at finitely many points. The set of such functions satisfies our
abstract axioms for a space on which we can define integration. Furthermore,
the set of such functions is an algebra containing 1 and which separates points,
so is dense in C(Q2) by the Stone-Weierstrass theorem. Let us call the space of
such functions Cf;,(€2).

If we define an integral I on Cf;,(£2) then, by the Stone-Weierstrass theorem
it extends to C'(Q2) and therefore, by the Riesz representation theorem, gives us
a regular Borel measure on (2.

For each x € R™ we are going to define such an integral, I, by

I(¢) =

/---/F(a:l,xg,...,xm)p(x,xl;tl)p(wl,mz;tg—tl)---p(xm_l,xm,tm—tm_l)dxl...d:vm

when ¢ = ¢ry,,...+,, Where

m

1 (N2
p(gj)y;t) = W@ (z—y)~/2t (2)

(with p(z, 00) = 0) and all integrations are over R™. In order to check that this
is well defined, we have to verify that if F' does not depend on a given z; then
we get the same answer if we define ¢ in terms of the corresponding function of
the remaining m — 1 variables. This amounts to the computation

/ p(@,y; 8)p(y, 2, 8)dy = plz, 2 5+ 1).

If n = 1 this is the computation

1
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2r(s + 1)
If we make the change of variables u = £ — y this becomes
Ng*Ng = Niys
where 1
ny(x) == We*zZ/QT.

In terms of our “scaling operator” S, given by S, f(z) = f(az) we can write

_1
n.=r 25 _1n
r 2



where 7 is the unit GAussian n(z) = e * /2. Now the Fourier transform takes

convolution into multiplication, satisfies

(Saf) = (1/a)S1/af,

and takes the unit Gaussian into the unit Gaussian. Thus upon Fourier trans-
form, the equation n; x ns = nyy, becomes the obvious fact that

e5E° /2167 /2 _ —(s+)€%/2

The same proof (or an iterated version of the one dimensional result) applies in
n-dimensions.

So, for each x € R™ we have defined a measure on 2. We denote the
measure corresponding to I, by pr,. It is a probability measure in the sense
that pr,(Q) = 1.

The intuitive idea behind the definition of pr, is that it assigns probability

pr,(E) :=

/ / p(z, x5 t)p(x1, a5t —t1) - P(Tm—1, Ty b — tm—1)dT1 - . . dTpy,
E1 'm

to the set of all paths w which start at = and pass through the set E; at time
t1, the set Es at time t5 etc. and we have denoted this set of paths by E.

1.2 The heat equation.

We pause to reflect upon the computation we did in the preceding section.
Define the operator T on the space S (or on S8’) by

auxw:;/ p(,y,8) f(W)dy. 3)

In other words, T} is the operation of convolution with

pn/2g—2/2t
We have verified that

Tt o TS = Tt+s- (4)
Also, we have verified that when we take Fourier transforms,

~ p— 2 ~

(TLf) (&) = e 2 (9. (5)

If we let ¢ — 0 in this equation we get

lim T; = Identity. (6)
t—0



Using some language we will introduce later, conditions (4) and (6) say that
the T; form a continuous semi-group of operators. If we differentiate (5) with
respect to ¢, and let

u(t,z) = (T;f)(x)

we see that u is a solution of the “heat equation”

O*u _ B%u . 8%u
(8t)2  (9z1)? (0z™)?

with the initial conditions u(0,z) = f(z). In terms of the operator

we are tempted to write
Tt = eitA,

in analogy to our study of elliptic operators on compact manifolds. We will
spend lot of time justifying these kind of formulas in the non-compact setting
later on in the course.

1.3 Paths are continuous with probability one.

The purpose of this subsection is to prove that if we use the measure pr,, then
the set of discontinuous paths has measure zero.

We begin with some technical issues. We recall that the statement that a
measure g is regular means that for any Borel set A

w(A) =inf{u(G@): ACG, G open }

and
u(A) = sup{u(K): K C A, K compact}.

This second condition has the following consequence: Suppose that I' is any
collection of open sets which is closed under finite union. If

o=J¢

Gerl

then
1(0) = sup u(G)
Ger

since any compact subset of O is covered by finitely many sets belonging to I'.
The importance of this stems from the fact that we can allow I' to consist of
uncountably many open sets, and we will need to impose uncountably many
conditions in singling out the space of continuous paths, for example. Indeed,
our first task will be to show that the measure pr, is concentrated on the space
of continuous path in R™ which do not go to infinity too fast.



We begin with the following computation in one dimension:

1 1/2 [e's) 9 2 1/2 oo 2 )
p%ﬁwun>ﬂ)=z(——) /'e*ﬂwms(F) [ B s =

27t T r

2 1/2£/oo Ee*wz/%dx: 2t 1/2 —r?/2t
mt r). t T ro

For fixed r this tends to zero (very fast) as t — 0. In n-dimensions ||y|| > €
(in the Euclidean norm) implies that at least one of its coordinates y; satisfies
lyi| > €/+/n so we find that

pr, ({|w(t) — 2| > €}) < ce™< /2t

for a suitable constant depending only on n. In particular, if we let p(e, d) denote
the supremum of the above probability over all 0 < ¢t < § then

p(e, 8) = o(d). (7)
Lemma 1l Let 0<t; <---<t,, witht,, —t1 < 6. Let
A =A{w] |w(t;) —w(t1)| >€ for somej=1,...m}.
Then
br, (4) < 20(3¢,9) ®)

independently of the number m of steps.

Proof. Let 1
B :={w] lw(t) —w(ta)| > et
let 1
Ci = {w] Jw(ti) —w(ta)| > e}
and let

D; = {w] lw(t1) —w(t;)] > € and |w(t1) —w(tr)| <ek=1,...i—1}.

If w € A, then w € D; for some 4 by the definition of A, by taking ¢ to be the
first j that works in the definition of A. If w & B and w € D; then w € C;
since it has to move a distance of at least %e to get back from outside the ball
of radius € to inside the ball of radius %e. So we have

AcBulJCinDy)

i=1



and hence
pr,(4) <pr,(B)+>_pr,(Ci N Dy). 9)
=1

Now we can estimate pr, (C;ND;) as follows. For w to belong to this intersection,
we must have w € D; and then the path moves a distance at least 5 in time
tn, —t; and these two events are independent, so pr,(C; N D;) < p(5,9) pry(D;).
Here is this argument in more detail: Let

F=14.2) y-z>Le}

so that
1c; = OF bt -

Similarly, let G be the indicator function of the subset of R” x R™ x --- x R
(7 copies) consisting of all points with

|lzp —z1| <€, k=1,...,i—1, |21 —=z;| > €

so that
]-D,' = ¢G,t1,...,tj'

Then
pr(CiND;) =

/---/p(w,wl;tl)---p(wi_l,xi;ti—ti_l)F(xl,...,xi)G(xi,wn)p(xi,xn)dxl - dy,.
The last integral (with respect to z,) is < p(3€,8). Thus
€
pry(Ci N Dy) < p(5,6) pry(Di)-

The D; are disjoint by definition, so

> pr, (D) <pr(JDi) <1.
So . )
pry(4) < pry(B) + p(5€,9) < 20(5¢,9).
QED
Let

E : {w||lw(t;) —w(t;)| > 2¢ for some 1 < j < k < m}.

Then E C A since if |w(t;) — w(tx)| > 2€ then either |w(t;) — w(t;)] > € or
|w(t1) — w(tr)| > € (or both). So

b, (E) < 20(3.,9). (10)



Lemma 2 Let 0 <a < bwithb—a<J. Let
E(a,b,€) := {w]| |w(s) —w(t)| > 2¢ for some s,t € [a,b]}.
Then 1
prw(E(aa bG)) S 2p(§€35)

Proof. Here is where we are going to use the regularity of the measure. Let
S denote a finite subset of [a,b] and and let

E(a,b,€,9) ;= {w| |w(s) —w(t)] > 2¢ for some s,t € S}.

Then E(a, b, ¢, S) is an open set and pr, (E(a, b, €, S)) < 2p(3¢,d) for any S. The
union over all S of the E(a,b,¢,S) is E(a,b,€). The regularity of the measure
now implies the lemma. QED

Let k£ and n be integers, and set

é:= 1
n
Let
F(k,e,0) := {w| |w(t) —w(s)| > 4e for some t,s € [0, k], with [t — s| < 6}.

Then we claim that

1
pr, (F(k, e, 8)) <:2k552§1§1. (11)
Indeed, [0, k] is the union of the nk = k/d subintervals [0, 6], [4, 20], . .., [k —d, J].
If w € F(k,e,0) then |w(s) — w(t)| > 4e for some s and t which lie in either
the same or in adjacent subintervals. So w must lie in E(a, b, €) for one of these
subintervals, and there are kn of them. QED
Let w € Q be a continuous path in R™. Restricted to any interval [0, k]
it is uniformly continuous. This means that for any ¢ > 0 it belongs to the
complement of the set F'(k,¢,d) for some . We can let € = 1/p for some integer
p. Let C denote the set of continuous paths from [0, 00) to R™. Then

ccMNNUF(k,e 0
k € §
so the complement C¢ of the set of continuous paths is contained in
UUNFk,e,6),
k € ¢
a countable union of sets of measure zero since

1
< li — =0.
pr, (O F(k,e, 5)> < }1_1}13) 2kp(2e, 0)/6=0

We have thus proved a famous theorem of Wiener:



Theorem 1 [Wiener.] The measure pr, is concentrated on the space of con-
tinuous paths, i.e. pr,(C) = 1. In particular, there is a probability measure on
the space of continuous paths starting at the origin with

pro(E)=/ / (0, z1;t1)p(@1, T25t2—11) - - P(Trm—1, Tyt —tm—1)d1 . .. dTr,
Eq E,,

to the set of all paths w which start at O and pass through the set Ey at time ty,
the set Eo at time to etc. and we have denoted this set of paths by E.

1.4 Embedding in §'.

For convenience in notation let me now specialize to the case n = 1. Let
wcc
consist of those paths w with w(0) = 0 and

/00(1 + ) 2w(t)dt < 0.
0

Proposition 1 [Stroock] The Wiener measure pry is concentrated on W.

Indeed, we let E(|w(t)|) denote the expectation of the function |w(t)| of w with
respect to Wiener measure, so

1 2 1 o X 2
E(lw(t)]) = — zle™® /Qtdx:—-t/ ety = O/,
(l ( )D \/27Tt,/R| | V2rt o t
Thus, by Fubini,

E (/000(1 +t)2|w(t)|dt) = /000(1 + 1) 2E(jw(t)]) < oo.

Hence the set of w with [*°(1+%)~2|w(t)|dt = oo must have measure zero. QED
Now each element of W defines a tempered distribution, i.e. an element of
S' according to the rule

oo
@)= [ wotat
0
This map from W to 8’ is continuous, hence
the Wiener measure pushes forward to give a measure on S'.

We will want to examine this push forward measure due to Dan Stroock.
First we need some results about Gaussian random variables.



2 (Gaussian measures.

2.1 Generalities about expectation and variance.

Let V be a vector space (say over the reals and finite dimensional). Let X be
a V-valued random variable. That is, we have some measure space (M, F, u)
(which will be fixed and hidden in this section) where y is a probability measure
on M, and X : M — V is a measurable function. If X is integrable, then

E(X):= /M Xdp

is called the expectation of X and is an element of V.
The function X ® X is a V ® V valued function, and if it is integrable, then

Var(X) = E(X®X)-EX)® E(X)=E(X - E(X))® (X — E(X))

is called the variance of X and is an element of V ® V. It is by its definition
a symmetric tensor, and so can be thought of as a quadratic form on V*.
If A: V — W is a linear map, then AX is a W valued random variable, and

E(AX)=AE(X), Var(AX)=(A® A)Var(X) (12)
assuming that E(X) and Var(X) exist. We can also write this last equation as
Var(AX)(n) = Var(X)(A™n), neWw" (13)

if we think of the variance as quadratic function on the dual space.
The function on V* given by

£ E(e*)

is called the characteristic function associated to X and is denoted by ¢x.
Here we have used the notation £-v to denote the valueof € € V*onwv € V. Ttisa
version of the Fourier transform (with the conventions used by the probabilists).
More precisely, let X,u denote the push forward of the measure p by the map
X, so that X, p is a probability measure on V. Then ¢x is the Fourier transform
of this measure except that there are no powers of 27 in front of the integral
and a plus rather than a minus sign is before the ¢ in the exponent. These are
the conventions of the probabilists. What is important for us is the fact that
the Fourier transform determines the measure, i.e. ¢x determines X,u. The
probabilists would say that the law of the random variable (meaning X, u) is
determined by its characteristic function.

To get a feeling for (13) consider the case where A = £ is a linear map
from V to R. Then Var(X)(§) = Var({ - X) is the usual variance of the scalar
valued random variable £ - X. Thus we see that Var(X)(£) > 0, so Var(X) is
non-negative definite symmetric bilinear form on V*. The variance of a scalar
valued random variable vanishes if and only if it is a constant. Thus Var(X) is
positive definite unless X is concentrated on hyperplane.



Suppose that A : V' — W is an isomorphism, and that X,u is absolutely
continuous with respect to Lebesgue measure, so

Xip = pdv

where p is some function on V (called the probability density of X). Then
(AX).p is absolutely continuous with respect to Lebesgue measure on W and
its density o is given by

o(w) = p(A~ w)| det A| 1 (14)

as follows from the change of variables formula for multiple integrals.

2.2 Gaussian measures and their variances.

Let d be a positive integer. We say that N is a unit (d-dimensional) Gaussian
random variable if NV is a random variable with values in R? with density

(gﬁ)—d/Ze—(w?---erﬁ)/?
It is clear that E(IN) = 0 and, since
(2m) 42 /x,-mje*(””%"'ﬂ”i)/zdw = d;j,
that

Var(N) = 6; @ 6; (15)

where d1,...,84 is the standard basis of R%. We will sometimes denote this
tensor by I;. In general we have the identification V ® V' with Hom(V*, V), so
we can think of the Var(X) as an element of Hom(V*,V) if X is a V-valued
random variable. If we identify R? with its dual space using the standard basis,
then I can be thought of as the identity matrix.

We can compute the characteristic function of N by reducing the computa-
tion to a product of one dimensional integrals yielding

ON(tr, ... ta) = e (T /2, (16)

A V-valued random variable X is called Gaussian if (it is equal in law to a
random variable of the form)
AN +a

where
A:R*5V

is a linear map, where a € V', and where N is a unit Gaussian random variable.
Clearly
E(X)=a,

10



Var(X) = (A® A)(I4)
or, put another way,

Var(X)(§) = 1a(A7¢))
and hence

$x(6) = G (Areicn = ¢~ Haa B ica
or
bx (£) = e~ Var(X)(©/2+i6-B(X) (17)

It is a bit of a nuisance to carry along the E(X) in all the computations, so we

shall restrict ourselves to centered Gaussian random variables meaning that
E(X) =0. Thus for a centered Gaussian random variable we have

px (§) = e VArOE©/2, (18)

Conversely, suppose that X is a V valued random variable whose characteristic
function is of the form

ox (&) = e /2

where () is a quadratic form. Since |¢x(£)| < 1 we see that ) must be non-
negative definite. Suppose that we have chosen a basis of V' so that V is identified
with R? where ¢ = dim V. By the principal axis theorem we can always find
an orthogonal transformation (¢;;) which brings @) to diagonal form. In other

words, if we set
=Y cijli
i

then

Q&) = 3 Ain-
J
The )\; are all non-negative since () is non-negative definite. So if we set
1
Qi = )\]-2 Cij, and A = ((lij)

we find that Q(§) = I,(A*¢). Hence X has the same characteristic function as
a Gaussian random variable hence must be Gaussian.
As a corollary to this argument we see that

A random variable X is centered Gaussian if and only if £- X is a real valued
Gaussian random variable with mean zero for each & € V*.

11



2.3 The variance of a Gaussian with density.

In our definition of a centered Gaussian random variable we were careful not
to demand that the map A be an isomorphism. For example, if A were the
zero map then we would end up with the ¢ function (at the origin for centered
Gaussians) which (for reasons of passing to the limit) we want to consider as a
Gaussian random variable.

But suppose that A is an isomorphism. Then by (14), X will have a density
which is proportional to

e—S(@)/2
where S is the quadratic form on V given by
S() = Jg(A )
and J; is the unit quadratic form on R%:
Ju(e) = 2% -+

or, in terms of the basis {07} of the dual space to R?,
Ja=) 06 ®6;.
i

Here J; € (R?)* ® (R%)* = Hom(R?, (R%)*). It is the inverse of the map I.
We can regard S as belonging to Hom(V, V*) while we also regard Var(X) =
(A® A) o I; as an element of Hom(V*,V). I claim that Var(X) and S are
inverses to one another. Indeed, dropping the subscript d which is fixed in this
computation, Var(X)(&,n) = I(A*¢, A*n) =n- (A oI o A*) when thought of as
a bilinear form on V* ® V*, and hence

Var(X)=Aolo A"

when thought of as an element of Hom(V*,V). Similarly thinking of S as a
bilinear form on V we have S(v,w) = J(A" v, A~ tw) = J(A~1v) - A~lw so

S=A"o0JoA!

when S is thought of as an element of Hom(V,V*). Since I and J are inverses
of one another, the two above displayed expressions for S and Var(X) show that
these are inverses on one another.

This has the following very important computational consequence:

Suppose we are given a random variable X with (whose law has) a density
proportional to e~ %(¥)/2 where S is a quadratic form which is given as a “matrix”
S = (S;;) in terms of a basis of V*. Then Var(X) is given by S~! in terms of
the dual basis of V.

12



2.4 The variance of Brownian motion.

For example, consider the two dimensional vector space with coordinates (1, z2)
and probability density proportional to

1 (22 (13— m)2
P -3 (: R

where 0 < s < t. This corresponds to the matrix

t 1
(7 )5 )
i s t—s\~1 1

whose inverse is

which thus gives the variance.
So, if we let

B(s,t) := min(s, t) (19)

we can write the above variance as

(B(s,s) B(s,t))
Blts) B(tt))"

Now suppose that we have picked some finite set of times 0 < s1 < -+ < sp,
and we consider the corresponding Gaussian measure given by our formula for
Brownian motion on n-dimensional space for a path starting at the origin and
passing successively through the points x; at time s;, 2 time sy etc. We can
compute the variance of this Gaussian to be

(B(si,55))

since the projection onto any coordinate plane (i.e. restricting to two values s;
and s;) must have the variance given above.

Let ¢ € S. We can think of ¢ as a (continuous) linear function on S’. For
convenience let us consider the real spaces S and &', so ¢ is a real valued lin-
ear function on &'. Applied to Stroock’s version of Brownian motion which is
a probability measure living on S’ we see that ¢ gives a real valued random
variable. Recall that this was given by integrating ¢ -w where w is a continuous
path of slow growth, and then integrating over Wiener measure on paths. In-
terchanging the order of integration we see that this is the limit of the Gaussian
random variables

E(¢(51)x1 et ¢(3n2)$n2)

where s = k/n, k = 1,...,n%, and hence ¢ defines a real valued centered
Gaussian random variable whose variance is

/0 /0 min(s, t)¢(s)p(t)dsdt = 2//0555t s¢(s)p(t)dsdt. (20)

13



Let us say that a probability measure 4 on S’ is a centered Gaussian
process if every ¢ € S, thought of as a function on the probability space (S', i)
is a real valued centered random variable; in other words ¢.(u) is a centered
Gaussian probability measure on the real line. If we denote this process by Z,
then we may write Z(¢) for the random variable given by ¢. We clearly have
Z(ap+bp) = aZ($)+bZ (1) in the sense of addition of random variables, and so
we may think of Z as a rule which assigns, in a linear fashion, random variables
to elements of S. With some slight modification (we, following Stroock, are
using S instead of D as our space of test functions) this notion was introduced by
Gelfand some fifty years ago. (See Gelfand and Vilenkin, Generalized Functions
volume IV.)

If we have generalized random process Z as above, we can consider its deriva-
tive in the sense of generalized functions, i.e.

Z(¢) := Z(—9).
3 The derivative of Brownian motion is white

noise.

To see how this derivative works, let us consider what happens for Brownian
motion. Let w be a continuous path of slow growth, and set

wp(t) :==

(W(t + h) = w(t)).

:*I'—‘

The paths w are not differentiable (with probability one) so this limit does not
exist as a function. But the limit does exist as a generalized function, assigning
the value

/0 " bttt

to ¢. Now if s < t the random variables w(t + h) — w(t) and w(s + h) —
w(s) are independent of one another when h < ¢ — s since Brownian motion
has independent increments. Hence we expect that this limiting process be
independent at all points in some generalized sense. (No actual, as opposed to
generalized, process can have this property. We will see more of this point in a
moment when we compute the variance of Z.)

In any event, Z(¢) is a centered Gaussian random variable whose variance
is given (according to (20)) by

2 /0 ” ( /O tsq}(s)ds) d(t)dt.

We can integrate the inner integral by parts to obtain

t8¢( )ds = t¢(t) (s)
J -

14



Integration by parts now yields

o0 . 1 oo 9
| i =5 [ oaya

_Am<Aw@MQ¢uMh=Lwﬂﬂ%t

We conclude that the variance of Z(¢) is given by

/0 h o(t)%dt

/m/mag—ﬂa@mnwm.
0 0

and

which we can write as

Notice that now the “covariance function” is the generalized function §(s — t).
The generalized process (extended to the whole line) with this covariance is
called white noise because it is a Gaussian process which is stationary under
translations in time and its covariance “function” is d(s —t), signifying indepen-
dent variation at all times, and the Fourier transform of the delta function is a
constant, i.e. assigns equal weight to all frequencies.
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