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I plan to study differential operators acting on vector bundles over manifolds.
But it requires some effort to set things up, and I want to get to the key analytic
ideas which are essentially repeated applications of integration by parts. So I will
start with elliptic operators L acting on functions on the torus T = Tn, where
there are no boundary terms when we integrate by parts. Then an immediate
extension gives the result for elliptic operators on functions on manifolds, and
also for boundary value problems such as the Dirichlet problem.

The key result is that the resolvent R(L, z) is a compact operator if z = −λ
for λ sufficiently large, see Theorem 4 and that the corresponding eigenvectors
are C∞ functions, see Theorem 5.

The treatment here rather slavishly follows the treatment by Bers and Schechter
in Partial Differential Differential Equations by Bers, John and Schecter AMS
(1964).

1 The Sobolev spaces.

Let P = P(T) denote the space of trigonometric polynomials. These are func-
tions on the torus of the form

u(x) =
∑

a`e
i`·x
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where
` = (`1, . . . , `n)

is an n-tuplet of integers and the sum is finite. For each integer t (positive, zero
or negative) we introduce the scalar product

(u, v)t := (2π)n
∑
`

(1 + ` · `)ta`b`. (1)

For t = 0 this is the usual scalar product

(u, v)0 =
∫

T

u(x)v(x)dx.

We will denote the norm corresponding to the scalar product ( , )s by ‖ ‖s. We
then get the “generalized Schwartz inequality”

|(u, v)s| ≤ ‖u‖s+t‖v‖s−t (2)

for any t. This reduces to the usual Cauchy-Schwartz inequality when t = 0.
Clearly we have

‖u‖s ≤ ‖u‖t if s ≤ t.

If Dp denotes a partial derivative,

D =
∂|p|

∂(x1)p1 · · · ∂(xn)pm

then
Dpu =

∑
(i`)pa`ei`·x

in the obvious notation, and hence

‖Dpu‖t ≤ ‖u‖t+|p| (3)

and similarly

‖u‖t ≤ (constant depending on t)
∑
|p|≤t

‖Dpu‖0 if t ≥ 0. (4)

In particular,

Proposition 1 The norms
u 7→ ‖u‖t

t ≥ 0 and
u 7→

∑
|p|≤t

‖Dp‖0

are equivalent.
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If

∆ = −
(

∂2

∂(x1)2
+ · · ·+ ∂2

∂(xn)2

)
the operator (1 + ∆) satisfies

(1 + ∆)u =
∑

(1 + ` · `)a`ei`·x

and so
((1 + ∆)tu, v)s = (u, (1 + ∆)tv)s = (u, v)s+t

and
‖(1 + ∆)tu‖s = ‖u‖s+2t. (5)

We let Ht denote the completion of the space P with respect to the norm
‖ ‖t. Each Ht is a Hilbert space, and we have natural embeddings

Ht ↪→ Hs if s < t.

Equation (5) says that
(1 + ∆)t : Hs+2t → Hs

and is an isometry.
¿From the generalized Schwartz inequality we also have a natural pairing of

Ht with H−t given by the extension of ( , )0, so

|(u, v)0| ≤ ‖u‖t‖v‖−t.

In fact, this pairing allows us to identify H−t with the space of continuous linear
functions on Ht. Indeed, if φ is a continuous linear function on Ht the Riesz
representation theorem tells us that there is a w ∈ Ht such that φ(u) = (u,w)t.
Set

v := (1 + ∆)tw.

Then
v ∈ H−t

and
(u, v)0 = (u, (1 + ∆)tw)0 = (u,w)t = φ(u).

We record this fact as
H−t = (Ht)

∗
. (6)

We set
H∞ :=

⋂
Ht, H−∞ :=

⋃
Ht.

The space H0 is just L2(T), and we can think of the space Ht, t > 0
as consisting of those functions having generalized L2 derivatives up to order
t. Certainly a function of class Ct belongs to Ht. With a loss of degree of
differentiability the converse is true:
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Lemma 1 [Sobolev.] If u ∈ Ht and

t ≥
[n

2

]
+ k + 1

then u ∈ Ck(T) and

sup
x∈T
|Dpu(x)| ≤ const.‖u‖t for |p| ≤ k. (7)

By applying the lemma to Dpu it is enough to prove the lemma for k = 0. So
we assume that u ∈ Ht with t ≥ [n/2] + 1. Then

(
∑
|a`|)2 ≤

∑
(1 + ` · `)t|a`|2

∑
(1 + ` · `)−t <∞.

So the Fourier series for u converges absolutely and uniformly. The right hand
side of the above inequality gives the desired bound. QED

A distribution on Tn is a linear function T on C∞(Tn) with the continuity
condition that

〈T, φk〉 → 0

whenever
Dpφk → 0

uniformly for each fixed p. If u ∈ H−t we may define

〈u, φ〉 := (φ, u)0

and since C∞(T) is dense in Ht we may conclude

Lemma 2 H−t is the space of those distributions T which are continuous in
the ‖ ‖t norm, i.e. which satisfy

‖φk‖t → 0 ⇒ 〈T, φk〉 → 0.

We then obtain

Theorem 1 [Laurent Schwartz.] H∞ is the space of all distributions. In
other words, any distribution belongs to H−t for some t.

Proof. Suppose that T is a distribution that does not belong to any H−t. This
means that for any k > 0 we can find a C∞ function φk with

‖φk‖k <
1
k

and
|〈T, φk∗〉| ≥ 1.

But by Lemma 1 we know that ‖φk‖k < 1
k implies that Dpφk → 0 uniformly

for any fixed p contradicting the continuity property of T . QED

4



Suppose that φ is a C∞ function on T. Multiplication by φ is clearly a
bounded operator on H0 = L2(T), and so it is also a bounded operator on
Ht, t > 0 since we can expand Dp(φu) by applications of Leibniz’s rule.

For t = −s < 0 we know by the Riesz representation theorem that

‖φu‖t = sup(v, φu)0/‖v‖s = sup(u, φv)/‖v‖s ≤ ‖u‖t‖φv‖s/‖v‖s.

So in all cases we have

‖φu‖t ≤ (const. depending on φ and t)‖u‖t. (8)

Let
L =

∑
|p|≤m

αp(x)Dp

be a differential operator of degree m with C∞ coefficients. Then it follows from
the above that

‖Lu‖t−m ≤ constant‖u‖t (9)

where the constant depends on L and t.

Lemma 3 [Rellich’s lemma.] If s < t the embedding Ht ↪→ Hs is compact.

Proof. We must show that the image of the unit ball B of Ht in Ht can be
covered by finitely many balls of radius ε. Choose N so large that

(1 + ` · `)(s−t)/2 <
ε

2

when ` · ` > N . Let Z be the subspace of Ht consisting of all u such that a` = 0
when ` · ` ≤ N . This is a space of finite codimension, and hence the unit ball
of Ht/Z can be covered by finitely many balls of radius ε

2 . On the other hand,
for u ∈ B ∩ Z we have

‖u‖2s ≤ (1 +N2)s−t‖u‖t ≤
( ε

2

)2

.

So the image of B ∩ Z is contained in a ball of radius ε
2 and so the image of B

is covered by finitely many balls of radius ε. QED

2 G̊arding’s inequality.

Let x, a, and b be positive numbers. Then

xa + x−b ≥ 1

because if x ≥ 1 the first summand is ≥ 1 and if x ≤ 1 the second summand is
≥ 1. Setting x = ε1/aA gives

1 ≤ εAa + ε−b/aA−b
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if ε and A are positive. Suppose that t1 > s > t2 and we set a = t1−s, b = s−t2
and A = 1 + ` · `. Then we get

(1 + ` · `)s ≤ ε(1 + ` · `)t1 + ε−(s−t2)/(t1−s)(1 + ` · `)t2

and therefore

‖u‖s ≤ ε‖u‖t1 + ε−(s−t2)/(t1−s)‖u‖t2 if t1 > s > t2, ε > 0 (10)

for all u ∈ Ht1 . This elementary inequality will be the key to several arguments
in this section where we will combine (10) with integration by parts.

A differential operator L =
∑
|p|≤m αp(x)Dp with real coefficients and m

even is called elliptic if there is a constant c > 0 such that∑
|p|=m

ap(x)ξp ≥ c|ξ|m. (11)

We will assume until further notice that the operator L is elliptic.

Theorem 2 [G̊arding’s inequality.] For every u ∈ C∞(T) we have

(u, Lu)0 ≥ c1‖u‖2m/2 − c2‖u‖
2
0 (12)

where c1 and c2 are constants depending on L.

Remark. If u ∈ Hm/2, then both sides of the inequality make sense, and we
can approximate u in the ‖ ‖m/2 norm by C∞ functions. So once we prove the
theorem, we conclude that it is also true for all elements of Hm/2.

We will prove the theorem in stages:

1. When L is constant coefficient and homogeneous.

2. When L is homogeneous and approximately constant.

3. When the L can have lower order terms but the homogeneous part of L
is approximately constant.

4. The general case.

Stage 1. L =
∑
|p|=m αpD

p where the αp are constants. Then

(u, Lu)0 =

∑ a`e
i`·x,

∑
`

 ∑
|p|=m

αp(i`p)

 a`e
i`·x


0

≥ c
∑
`

(` · `)m/2|a`|2 by (11)

= c
∑

[1 + (` · `)m/2]|a`|2 − c‖u‖20
≥ cC‖u‖2m/2 − c‖u‖0
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where

C = sup
r≥0

1 + rm/2

(1 + r)m/2
.

This takes care of stage 1.

Stage 2. L = L0 +L1 where L0 is as in stage 1 and L1 =
∑
|p|=m βp(x)Dp and

max
p,x
|βp(x)| < η,

where η sufficiently small. (How small will be determined very soon in the
course of the discussion.) We have

(u, L0u)0 ≥ c′‖u‖2m/2 − c‖u‖
2
0

from stage 1.
We integrate (u, L1u) by parts m/2 times. There are no boundary terms

since we are on the torus. In integrating by parts some of the derivatives will
hit the coefficients. Let us collect all the these terms as I2. The remain terms
we collect as I1, so

I1 =
∑∫

bp′+p′′D
p′uDp′′udx

where |p′| = |p′′| = m/2. We can estimate this sum by

|I1| ≤ η · const.‖u‖2m/2

and so will require that η · (const.) < c′.
The remaining terms give a sum of the form

I2 =
∑∫

bp′qD
p′uDqudx

where p′ ≤ m/2, q′ < m/2 so we have

|I2| ≤ const.‖u‖m
2
‖u‖m

2 −1.

Now let us take
s =

m

2
− 1, t1 =

m

2
, t2 = 0

in (10) which yields, for any ε > 0,

‖u‖m
2 −1 ≤ ε‖u‖m2 + ε−m/2‖u‖0.

Substituting this into the above estimate for I2 gives

|I2| ≤ ε · const.‖u‖2m/2 + ε−m/2const.‖u‖m/2‖u‖0.

Using 2ab ≤ εa2 + ε−1b2 we can replace the second term on the right by

ε · const.‖u‖20
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at the cost of slightly enlarging the constant in front of ‖u‖2m
2

. We have thus
established that

|I1| ≤ η · (const.)1 ∗ ‖u‖2m/2
where the constant depends only on m, and

I2 ≤ ε(const.)2 ∗ ‖u‖2m/2 + ε−m/2const.‖u‖20
where the constants depend on L1 but ε is at our disposal. So if η(const.)1 < c′

and we then choose ε so that ε(const.)2 < c′ − η we obtain G̊arding’s inequality
for this case.

Stage 3. L = L0 + L1 + L2 where L0 and L1 are as in stage 2, and L0 is a
lower order operator. Here we integrate by parts and argue as in stage 2.

Stage 4, the general case. Choose an open covering of T such that the
variation of each of the highest order coefficients in each open set is less than
η < c′. (Recall that c′ depended only on the c that entered into the definition of
ellipticity.) Thus, if v is a smooth function supported in one of the sets of our
cover, the action of L on v is the same as the action of an operator as in case 3)
on v, and so we may apply G̊arding’s inequality. Choose a finite subcover and
a partition of unity {φi} subordinate to this cover. Write φi = ψ2

i (where we
choose the φ so that the ψ are smooth). So

∑
ψ2
i ≡ 1. Now

(ψiu, L(ψiu))0 ≥ c′′‖ψiu‖2m/2 − const.‖ψiu‖20
where c′′ is a positive constant depending only on c, η, and on the lower order
terms in L. We have

(u, Lu)0 =
∫

(
∑

ψ2
i u)Ludx =

∑
(ψiu, Lψiu)0 +R

where R is an expression involving derivatives of the ψi and hence lower order
derivatives of u. These can be estimated as in case 2) above, and so we get

(u, Lu)0 ≥ c′′′
∑
‖ψiu‖2m/2 − const.‖u‖20 (13)

since ‖ψiu‖0 ≤ ‖u‖0. Now ‖u‖m/2 is equivalent, as a norm, to
∑
p≤m/2 ‖Dpu‖0

as we verified in the preceding section. Also∑
‖Dp(ψiu)‖0 =

∑
‖ψiDpu‖+R′

where R′ involves terms differentiating the ψ and so lower order derivatives of
u. Hence ∑

‖ψiu‖2m/2 ≥ pos. const.‖u‖2m/2 − const.‖u‖20
by the integration by parts argument again. Hence by (13)

(u, Lu)0 ≥ c′′′
∑
‖ψiu‖2m/2 − const.‖u‖20

≥ pos. const.‖u‖2m/2 − const.‖u‖20
which is G̊arding’s inequality. QED
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3 Consequences of G̊arding’s inequality.

Proposition 2 For every integer t there is a constant c(t) = c(t, L) and a
positive number Λ = Λ(t, L) such that

‖u‖t ≤ c(t)‖Lu+ λu‖t−m (14)

when
λ > Λ

for all smooth u, and hence for all u ∈ Ht.

Proof. Let s be some non-negative integer. We will first prove (14) for
t = s+ m

2 . We have

‖u‖t‖Lu+λu‖s−m2 = ‖u‖t‖(1+∆)sLu+λ(1+∆)su‖−s−m2 ≥ (u, (1+∆)sLu+λ(1+∆)su)0

by the generalized Schwartz inequality (2).
The operator (1 + ∆)sL is elliptic of order m + 2s so G̊arding’s inequality

gives

(u, (1 + ∆)sLu+ λ(1 + ∆)su)0 ≥ c1‖u‖2s+m
2
− c2‖u‖20 + λ‖u‖2s.

Since ‖u‖s ≥ ‖u‖0 we can combine the two previous inequalities to get

‖u‖t‖Lu+ λu|2t−m ≥ c1‖u‖2t + (λ− c2)‖u‖20.

If λ > c2 we can drop the second term and divide by ‖u‖t to obtain (14).
We now prove the proposition for the case t = m

2 − s by the same sort of
argument: We have

‖u‖t‖Lu+ λu‖−s−m2 = ‖(1 + ∆)−su‖s+m
2
‖Lu+ λu‖−s−m2

≥ ((1 + ∆)−su, L(1 + ∆)su+ λu)0.

Now use the fact that L(1 + ∆)s is elliptic and G̊arding’s inequality to continue
the above inequalities as

≥ c1‖(1 + ∆)−su‖2s+m
2
− c2‖(1 + ∆)−su‖20 + λ‖u‖2−s

= c1‖u‖2t − c2‖u‖−2s + λ‖u‖2s ≥ c1‖u‖2t
if λ > c2. Again we may then divide by ‖u‖t to get the result. QED

The operator L + λI is a bounded operator from Ht to Ht−m (for any t).
Suppose we fix t and choose λ so large that (14) holds. Then (14) says that
(L+λI) is invertible on its image, and bounded there with a bound independent
of λ > Λ, and this image is a closed subspace of Ht−m.
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Let us show that this image is all of Ht−m for λ large enough. Suppose not,
which means that there is some w ∈ Ht−m with

(w,Lu+ λu) = 0

for all u ∈ Ht. Integration by parts gives the adjoint differential operator L∗

characterized by
(φ,Lψ)0 = (L∗φ, ψ)0

for all smooth functions φ and ψ, and by passing to the limit this holds for all
element of Hr for r ≥ m. The operator L∗ has the same leading term as L and
hence is elliptic. So let us choose λ sufficiently large that (14) holds for L∗ as
well as for L. Now

0 =
(
(1 + ∆)t−mw,Lu+ λu

)
0

=
(
L∗(1 + ∆)t−mw + λ(1 + ∆)t−mw, u

)
0

for all u ∈ Ht which is dense in H0 so

L∗(1 + ∆)t−mw + λ(1 + ∆)t−mw = 0

and hence (by (14)) (1 + ∆)t−mw = 0 so w = 0. We have proved

Proposition 3 For every t and for λ large enough (depending on t) the operator
L+λI maps Ht bijectively onto Ht−m and (L = λI)−1 is bounded independently
of λ.

As an immediate application we get the important

Theorem 3 If u is a distribution and Lu ∈ Hs then u ∈ Hs+m.

Proof. Write f = Lu. By Schwartz’ theorem, we know that u ∈ Hk for some
k. So f + λu ∈ Hmin(k,s) for any λ. Choosing λ large enough, we conclude that
u = (L + λI)−1(f + λu) ∈ Hmin(k+m,s+m). If k + m < s + m we can repeat
the argument to conclude that u ∈ Hmin(k+2m,s+m). we can keep going until
we conclude that u ∈ Hs+m. QED

Notice as an immediate corollary that any solution of the homogeneous equa-
tion Lu = 0 is C∞.

We now obtain a second important consequence of Proposition 3. Choose λ
so large that the operators

(L+ λI)−1 and (L∗ + λI)−1

exist as operators from H0 → Hm. Follow these operators with the injection
ιm : Hm → H0 and set

M := ιm ◦ (L+ λI)−1, M∗ := ιm ◦ (L∗ + λI)−1.

Since ιm is compact (Rellich’s lemma) and the composite of a compact operator
with a bounded operator is compact, we conclude
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Theorem 4 The operators M and M∗ are compact.

For example, if L, and hence M is self-adjoint, we can apply the theory of com-
pact self-adjoint transformations to M , and hence conclude all the information
we would need about the spectrum of L. More generally, we could apply the
theory of Fredholm operators (operators of the form I−K where K is compact).

In any event, we can conclude from Theorem 3 that

Theorem 5 The eigenvectors of (L+ λI)−1 (and hence of L) are C∞.

We want to extend the results obtained above for the torus in two directions.
One is to consider functions defined in a domain = bounded open set G of Rn

and the other is to consider functions defined on a compact manifold. In both
cases a few elementary tricks allow us to reduce to the torus case. Here is an
illustration:

4 Interior regularity.

Suppose that u is a locally square integrable function satisfying Lu = f and f is
locally square integrable. Then we claim that u has L2 derivatives up to order
m. More generally, if f has L2 derivatives locally up to order t then u has L2

derivatives locally up to order t+m. If f is C∞ so is u.
All of these statements are local. So let us choose a coordinate neighborhood

O3 in the manifold case, or an open proper subset O3 ⊂ G in the domain case.
(Proper means that the closure of O3 is a compact subset of G.) Choose O1 and
O2 with

O1 ⊂ O2, O2 ⊂ O3

It is enough to prove the desired smoothness properties in O1.
Let φ be a function with support contained in O3 and such that φ ≡ 1 on

O2. Map G3 diffeomorphically onto an open subset of a torus T. To say that

Lu = f

means that ∫
fζdx =

∫
uL∗ζdx

for any smooth function of compact support. Take ζ = φψ where ψ has compact
support. The preceding equation becomes∫

φfψ =
∫
uL∗(φψ)dx =

∫
[φuL∗ψ + uK∗ψ]dx

for all ψ of compact support, where K∗ is an operator of degree less than m
with smooth coefficients having support in O3. Since φ and the coefficients of
K∗ are supported in O3, we can rewrite this as∫

T

φfwdx =
∫

T

[φuL∗w + uK∗w]dx
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for any C∞ function w on T. Now extend f and the coefficients of L to all of T,
so that f is locally square integrable and the coefficients of L are still smooth.
The above equation now reads

φf = L(φu) +Ku.

Now φf−Ku ∈ H1−m so we know that φu ∈ H1. Repeating the process with φu
instead of u (and replacing O2 by an open set containing O1 and whose closure
is contained in O2 we conclude that φu ∈ H2−m this time with a different φ.
Repeating the process we conclude that u has locally t+m derivatives.

5 Extension of the basic lemmas to manifolds.

Let E →M be a vector bundle over a manifold. We assume that M is equipped
with a density which we shall denote by |dx| and that E is equipped with a
positive definite (smoothly varying) scalar product, so that we can define the
L2 norm of a smooth section s of E of compact support:

‖s‖20 :=
∫
M

|s|2(x)d|x|.

Suppose for the rest of this section that M is compact. Let {Ui} be a finite cover
of M by coordinate neighborhoods over which E has a given trivialization, and
ρi a partition of unity subordinate to this cover. Let φi be a diffeomorphism or
Ui with an open subset of Tn where n is the dimension of M . Then if s is a
smooth section of E, we can think of (ρis)◦φ−1

i as an Rm or Cm valued function
on Tn, and consider the sum of the ‖ ·‖k norms applied to each component. We
shall continue to denote this sum by ‖ρif ◦ φ−1

i ‖ and then define

‖f‖k∗ :=
∑
i

‖ρif ◦ φ−1
i ‖k

where the norms on the right are in the norms on the torus. These norms
depend on the trivializations and on the partitions of unity. But any two norms
are equivalent, and the ‖ ‖0 is equivalent to the “intrinsic” L2 norm defined
above. We define the Sobolev spaces Wk to be the completion of the space
of smooth sections of E relative to the norm ‖ ‖k for k ≥ 0, and these spaces
are well defined as topological vector spaces independently of the choices. Since
Sobolev’s lemma holds locally, it goes through unchanged. Similarly Rellich’s
lemma: if sn is a sequence of elements of W` which is bounded in the ‖ ‖` norm
for ` > k, then each of the elements ρisn ◦ φ−1

i belong to H` on the torus, and
are bounded in the ‖ ‖` norm, hence we can select subsequence of ρ1sn ◦ φ−1

1

which converges in Hk, then a subsubsequnce such that ρisn ◦ φ−1
i for i = 1, 2

converge etc. arriving at a subsequence of sn which converges in Wk.
A differential operator L mapping sections of E into sections of E is an

operator whose local expression (in terms of a trivialization and a coordinate
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chart) has the form
Ls =

∑
|p|≤m

αp(x)Dps

Here the ap are linear maps (or matrices if our trivializations are in terms of
Rm).

Under changes of coordinates and trivializations the change in the coefficients
are rather complicated, but the symbol of the differential operator

σ(L)(ξ) :=
∑
|p|=m

ap(x)ξp ξ ∈ T ∗Mx

is well defined.
If we put a Riemann metric on the manifold, we can talk about the length

|ξ| of any cotangent vector.
If L is a differential operator from E to itself (i.e. F=E) we shall call L

even elliptic if m is even and there exists some constant C such that

〈v, σ(L)(ξ)v〉 ≥ C|ξ|m|v|2∗

for all x ∈ M, v ∈ Ex, ξ ∈ T ∗Mx and 〈, 〉 denote the scalar product on Ex.
Rellich’s lemma holds. Indeed, locally, this is just a restatement of the (vector
valued version) of Rellich’s lemma that we have already proved for the torus.
But Stage 4 in the proof extends unchanged (other than the replacement of
scalar valued functions by vector valued functions) to the more general case.

6 Example: Hodge theory.

We assume knowledge of the basic facts about differentiable manifolds, in par-
ticular the existence of an operator d : Ωk → Ωk+1 with its usual properties,
where Ωk denotes the space of exterior k-forms. Also, if M is orientable and
carries a Riemann metric then the Riemann metric induces a scalar product on
the exterior powers of T ∗M and also picks out a volume form. So there is an
induced scalar product ( , ) = ( , )k on Ωk and a formal adjoint δ of d

δ : Ωk → Ωk−1

and satisfies
(dψ, φ) = (φ, δφ)

where φ is a (k + 1)-form and ψ is a k-form. Then

∆ := dδ + δd

is a second order differential operator on Ωk and satisfies

(∆φ, φ) = ‖dφ‖2 + ‖δφ‖2
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where ‖φ‖|2 = (φ, φ) is the intrinsic L2 norm (so ‖ ‖ = ‖ ‖0 in terms of the
notation of the preceding section). Furthermore, if

φ =
∑
I

φIdx
I

is a local expression for the differential form φ, where

dxI = dxi1 ∧ · · · ∧ dxik I = (i1, . . . , ik)

then a local expression for ∆ is

∆φ = −
∑

gij
∂φI

∂xi∂xj
+ · · ·

where
gij = 〈dxi, dxj〉

and the · · · are lower order derivatives. In particular ∆ is elliptic.
Let φ ∈ Ωk and suppose that

dφ = 0.

Let C(φ), the cohomology class of φ be the set of all ψ ∈ Ωk which satisfy

φ− ψ = dα, α ∈ Ωk−1

and let
C(φ)

denote the closure of C in the L2 norm. It is a closed subspace of the Hilbert
space obtained by completing Ωk relative to its L2 norm. Let us denote this
space by Lk2 , so C(φ) is a closed subspace of Lk2 .

Proposition 4 If φ ∈ Ωk and dφ = 0, there exists a unique τ ∈ C(φ) such that

‖τ‖ ≤ ‖ψ‖ ∀ ψ ∈ C(φ).

Furthermore, τ is smooth,and

dτ = 0 and δτ = 0.

If choose a minimizing sequence for ‖ψ‖ in C(φ).

If we choose a minimizing sequence for ‖ψ‖ in C(φ) we know it is Cauchy, cf.
the proof of the existence of orthogonal projections in a Hilbert space. So we
know that τ exists and is unique. For any α ∈ Ωk+1 we have

(τ, δα) = lim(ψ, δα) = lim(dψ, α) = 0

as ψ ranges over a minimizing sequence. The equation (τ, δα) = 0 for all
α ∈ Ωk+1 says that τ is a weak solution of the equation dτ = 0.
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We claim that
(τ, dβ) = 0 ∀ β ∈ Ωk−1

which says that τ is a weak solution of δτ = 0. Indeed, for any t ∈ R,

‖τ‖2 ≤ ‖τ + tdβ‖2 = ‖τ‖2 + t2‖dβ‖2 + 2t(τ, dβ)

so
−2t(τ, dβ) ≤ t2‖dβ‖2.

If (τ, dβ) 6= 0, we can choose

t = −ε (τ, dβ)
|(τ, dβ)|

, ε > 0

so
|(τ, dβ)| ≤ ε|dβ|2.

As ε is arbitrary, this implies that (τ, dβ) = 0.
So (τ,∆ψ) = (τ, [dδ+ δd]ψ) = 0 for any ψ ∈ Ωk. Hence τ is a weak solution

of ∆τ = 0 and so is smooth. The space Hk of weak, and hence smooth solutions
of ∆τ = 0 is finite dimensional by the general theory. It is called the space
of Harmonic forms. We have seen that there is a unique harmonic form in
the cohomology class of any closed form, s the cohomology groups are finite
dimensional. In fact, the general theory tells us that

Lk2
⊕
λ

Ekλ

(Hilbert space direct sum) where Ekλ is the eigenspace with eigenvalue λ of ∆.
Each Eλ is finite dimensional and consists of smooth forms, and the λ → ∞.
The eigenspace Ek0 is just Hk, the space of harmonic forms. Also, since

(∆φ, φ) = ‖dφ‖2 + ‖δφ‖2

we know that all the eigenvalues λ are non-negative.
Since d∆ = d(dδ + δd) = dδd = ∆d, we see that

d : Ekλ → Ek+1
λ

and similarly
δ : Ekλ → Ek−1

λ .

For λ 6= 0, if φ ∈ Ekλ and dφ = 0, then λφ = ∆φ = dδφ so φ = d(1/λ)δφ so d
restricted to the Eλ is exact, and similarly so is δ. Furthermore, on

⊕
k E

k
λ we

have
λI = ∆ = (d+ δ)2

so we have
Ekλ = dEk−1

λ ⊕ δEk+1
λ
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and this decomposition is orthogonal since (dα, δβ) = (d2α, β) = 0.
As a first consequence we see that

Lk2 = Hk ⊕ dΩk−1 ⊕ δΩk−1

(the Hodge decomposition). If H denotes projection onto the first component,
then ∆ is invertible on the image of I − H with a an inverse there which is
compact. So if we let N denote this inverse on im I −H and set N = 0 on Hk
we get

∆N = I −H
Nd = dN

δN = Nδ

∆N = N∆
NH = 0

which are the fundamental assertions of Hodge theory, together with the asser-
tion proved above that Hφ is the unique minimizing element in its cohomology
class.

We have seen that

d+ δ :
⊕
k

E2k
λ →

⊕
k

E2k+1
λ is an isomorphism for λ 6= 0 (15)

which of course implies that∑
k

(−1)k dimEkλ = 0

This shows that the index of the operator d+ δ acting on
⊕
Lk2 is the Euler

characteristic of the manifold. (The index of any operator is the difference
between the dimensions of the kernel and cokernel).

Let Pk,λ denote the projection of Lk2 onto Ekλ. So

e−t∆ =
∑

e−λtPk,λ

is the solution of the heat equation on Lk2 . As t → ∞ this approaches the
operator H projecting Lk2 onto Hk. Letting ∆k denote the operator ∆ on Lk2
we see that

tr e−t∆k =
∑

e−λk

where the sum is over all eigenvalues λk of ∆k counted with multiplicity. It
follows from (15) that the alternating sum over k of the corresponding sum over
non-zero eigenvalues vanishes. Hence∑

(−1)k tr e−t∆k = χ(M)
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is independent of t. The index theorem computes this trace for small values of
t in terms of local geometric invariants.

The operator d + δ is an example of a Dirac operator whose general defi-
nition we will not give here. The corresponding assertion and local evaluation
is the content of the celebrated Atiyah-Singer index theorem, one of the most
important theorems discovered in the twentieth century.
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