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Chapter 1

Finite wavelets

1.1 Basic definitions and notations.

Let G be a finite abelian group. For z,w € F(G) we define the scalar product

(z,w) := Z z(a)w(a)

a€G

(without the normalization factor of 1/|G|). The Fourier transform is written
as

2(x) = (2,x)

where x is any character on G. The convolution z xw of two elements of F(G)
is defined to be

(zxw)(a) = Z z(ab™Hw(b) = Zz(c)w(c‘la).
b c

As usual, the Fourier transform takes convolution into multiplication:
(z*xw)" = zw.
Indeed,

(zxw)'(x) = D z(@b w(b)x(a) = Y z(wB)x(@)x() = 20)d(x)-

a,b b,c

For the group Z/NZ where N = 2F is a power of 2 there is a famous
algorithm known as the Fast Fourier Transform which computes the Fourier
transform using at most %N log, N multiplications. We can thus compute the
convolution of two functions on this group using at most Nlog, N + N mul-
tiplications. The constructions to be described below all involve convolutions,
and so are fast from the point of view of computational complexity. In fact,
the actual implemetation of the recursive algorithm as described at the end of
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6 CHAPTER 1. FINITE WAVELETS

this chapter involve O(N) multiplications, as can easily be checked. So the
implemented wavelt algorithm is faster than the FFT. It is “real time”.
Back to general considerations: Let Ry denote the operation of translation

of a function by k, so
Ryz(a) := z(ak™)

or z(a — k) if we write the multiplication additively. Thus

(Rkz) (X) = (Rikz,X) = (2, Rp-1x) = x(k)2(x)-

Define
(a) = wla 1) (L1)
Then
(@) (x) w(e ), x)
= (w,x(s"))
- <E7Y)
SO _
(w) = w. (1.2)
Also

(z xw)(a) := Z 2(ab™ Wb = Z z(c)w(ca™)
b

Cc

by making the change of variables ¢ := ab~! in the middle sum. So
z*xw(a) = {z, Ryw) (1.3)

For this reason z xw is sometimes called the “correlation” of z and w. Its value
at a is the scalar product of z with the function w translated by a.

Finally, (xz,7) = {z,x 1) so

(xzy = R,2. (1.4)

1.2 The key construction.

Let H be a subgroup of G of index ¢. Restriction is a linear map from functions
on G to functions on H. We will denote this operator by D, standing for
“downsampling”. In the literature it is also sometimes denoted by |.

The restriction of a character of G to H is a character of H. Let C denote
the kernel of this restriction map. So

C=kerD: G — H

consists of those characters which take on the value one at all elements of H.
We may identify C with the character group of G/H. So if

=) "x (1.5)
C



1.2. THE KEY CONSTRUCTION. 7

then
| q ifaeH
®(a) _{ 0 ifagH ° (1.6)
Here q is the index of H in G which is the same as the order of the quotient
group G/H.

We want to find u1,...,uy € F(G) such that their translates by elements
of H form an orthonormal basis u of F(G). Using (1.3) and the translation
invariance of the scalar product, this is the requirement that

(u; » ;) (h) = ;6™ (),

where 6 denotes the delta function of H (at the identity).
By (1.6), this amounts to

P - (u, *dj) = q5,-j6G.
Taking the Fourier transform and using (1.2) and (1.4) this says that

> R.4;R,0; = qdy; (1.7)
TEC

since the Fourier transform of 6¢ is the constant 1. We can rephrase this as
saying that the matrix

Ry (x) : : : Rnaq(X)
A== s nec,  (19)
R; iy x) ... 0 e R.rqﬁq(x)

be unitary for all x. Indeed, (1.7) says that the columns of A(x) are orthonormal
for all .

Suppose that this condition is satisfied, so that the translates of ui,...,u,
do form an orthonormal basis u of F(G). Recall that

D: F(G)— F(H)
denotes restriction. Let
U:F(H)— F(G)

denote extension by zero. U stands for “upsampling” and is sometimes denoted
in the literature by 1. Now (1.6) says that multiplication by ® equals qUD.
Thus by (1.3) we have

(2, Rhw) fa=heH

0 otherwise (1.9)

UD(z % )(a) = é@(z*u”))(a) - {

so we have from the definition of convolution,

2= [UD(z*1;)] *uj. (1.10)

J



8 CHAPTER 1. FINITE WAVELETS

Indeed the coefficients of a z € F(G) relative to the basis u are given by the
values (z, Ryu;) = z * ;(h) while the right hand side of (1.10) is

ZZ(z*ﬁj)( uj(h e z Z 2, Rpu;) Rpu;
j heH heH j

which is just the expansion of z in the basis u. Thus the map
F(G)—»FH)®---®F(H) qsummands

2 D(z%u1) ®---® D(z*y)

gives the coefficients of z relative to the u basis. This map is called analysis.
The inverse map, given by (1.10) is called synthesis.

We emphasize again that both analysis and synthesis are given by convolu-
tions, and hence are “fast” operations because of the Fast Fourier Transform.

1.3 Examples with G =Z/2MZ, and H = 2G.

We set N = 2M. Here ¢ = 2 so we will write u, v instead of u1,us.
So the A of (1.8) is a two by two matrix. The set C contains two elements:
the trivial character and the character

2minM/N _ min

n—e €

Thus )
1 a(k (k)
Alxr) = 7 ( a(k+ M) o(k+ M) ) (1.11)
where X denotes the character

Xk (TL) — eZ‘ir'ikn/N’

and we have written 4 (k) instead of 4(xx). It is clearly enough to check the
unitarity of this matrix for k =0,1,... M — 1.

Also, if we have found a u such that the first column of the matrix A(xy) is
a unit vector for k = 0,1,..., M — 1 it is easy to find a v such that the matrix
A is unitary. Indeed, suppose we set

v = Re[(xmu)]
where £ is odd. Then
ﬁ(k‘) — [e—2wik£/Na(k + M)]

while
(k+M) [ —2mk:£/N_(k)]_

So 9(k) is a unit vector because u(k) and is orthogonal to 4 (k).
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In some of the examples below, u is of the form
ao

a1

u = Qr—1

0
where r is even and the a; are real. Then

ao
—ay
as

XMU =

and so
ag

~ —Gr_1
u =
(XM ) Qs

az
—a;

Translating by £ = —(r — 1) gives
—Qr—1

Gr_2

—ap
ao

0
So the description of v is very simple: If u has an even number of non-zero

entries, write these in reverse order and multiply every other entry by —1. Of
course, multiplying by an overall factor of —1 will not affect the outcome.
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1.3.1 Haar wavelets.

1 1

Ll s

_ 0 _ 0
u=— , V= —
V2 V2

0 0

The vectors v and v are clearly orthonormal, and translations by even integers
yield pairwise orthogonal vectors. The effect of the analysis is, roughly speaking,
to decompose into the trend and the variation in the “signal” z. The term

(2, Ryu) D(Rpu)
produces a vector of half the length of z given by

20 + 21
29 + 23

N | =

ZN-2+ ZN-1

while
(z, Rpv) D(Rpv)

produces a vector of half the length of z given by

20— 21
o — 23

N | =

ZN—-2 —ZN-1

1.3.2 Daub4

Let a; = a;(0), i =0,1,2,3 be defined by

a = #( +\/§cos[0+%])
a = 7( 1+ v2cos[f %])
a = 7(1 200s0+%])
a = 7 (1 V2 cos[ Z])
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and set
ag —as
ai as
as —ai
u:=1| @ | p:= Qo
0 0
0 0

1.3.3 Shannon
Suppose that NV is divisible by 4. Define u, v by their Fourier transforms:

e — N _ 1) 3N
a(n)—{ V2ifn=0,%1,...,£(§ - 1), 2

“ | 0 otherwise ’

o(n) = 0ifn=0,+1,...,+(§ —1),2¥
vin) = v/2 otherwise

At each value of n either 4 or ¥ vanishes. So the columns of A are orthogonal
for every n. Also, for each n either & = /2 and @(n + M) = 0 or vice versa.
Thus the matrices A(n) are all unitary. The effect of projection onto the space
spanned by the Rpu is to eliminate the “high” frequencies centered about N/2
while projection onto the space spanned by the Rjv is to eliminate the low
frequencies. Since the definitions of 4 and ¥ are not conjugate symmetric about
0, the u and v so obtained are not real. But a slight modification in the definition
will make them real.

1.4 Folding

Suppose u; and v; satisfy our conditions for N. On H (corresponding to N/2),
define

uz(n) := w1 (n) + ur(n + g), v2(n) :=vi(n) +vi(n+ %).

We have
(N/2)-1
ﬁQ(m) .— Z uz(n)e—Zwinm/(Nﬂ) —
n=0
(N/2)-1 . N-1 '
Z ul(n)e—2mn2m/N + Z ul(n)e—27rm2m/N
n=0 N/2
SO
ﬁz(m) = 121(2m) (1.12)

with a similar result for v. So if A;(n) is unitary for all n, then A,(m) is unitary
for all m.
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1.5 TIteration.

We can iterate the procedure if we have a sequence of subgroups. If, G = Z/NZ
with N = 2PM, for example N = 2P we can iterate p times. In general there
will be a tree of choices to decide which of the u or v at any level is decomposed
further. Commonly, as in the case of the Haar wavelets, we might consider the
u as representing the “trend” and the v as representing the variation at each
stage. If (following the conventions of scattering theory) we let the index of
subspaces increase with the increase of the subspace, then the original (standard
or “Euclidean”) space will be denoted by A°, the first trend space (spanned by
the translates Rpu;) by A~! so we get a cascade:

AY = AlepD?
= A?2¢eD2¢D!

APoDPe..-aD L.

The spaces D7 are orthogonal, and increasing the index on the A increases the
detail. In terms of the corresponding basis, “compression” is achieved if many
of the coefficients in terms of the constructed basis are small. Then retain only
those terms corresponding to coefficients above a certain cutoff. Also, if “noise
contamination” is regarded as small, this same procedure eliminates noise.



Chapter 2

Wavelets on R"

2.1 Multiresolution analysis

Data: R™ with its integer lattice Z™ and an invertible matrix A with integer
entries all of whose eigenvalues have absolute value > 1. Define the unitary

operator
Ugs : Ly(R™) — Ly(R™)

by )
Uaf(z):=|det A|2 f(Ax).

Also, for v € Z™ define
Ty : Ly(R") = Ly(R"), T f(x) := f(z —).
A multiresolution analysis associated with A is a subspace
Vo C La(R™)
such that

1.
Vo C UAV,.

We may then define _
V= Ua)P’Vo VjelZ

so that
-eCcVoocVocWViC-ee

We then demand that
2. |JVj is dense in Ly(R™),
3. NV; = {0},
4. T\Vo=Vy Vye Z

13



14 CHAPTER 2. WAVELETS ON RV

5. There exists a ® € Vj (called the scaling function) such that {T',®},cz~
form an orthonormal basis of V.

Let
g :=|det A| (2.1)

so that ¢ is the index of the subgroup A(Z™) C Z"™. A cross-section of the
subgroup A(Z™) in Z" is called a set of digits. In other words, a set of digits
is a set of coset representatives for A(Z™) in Z".

A set of elements f, € La(R™) (or more generally in any separable Hilbert
space) is called a Riesz sequence if there exist positive constants ¢ and C such
that for all sequences {a,} we have

. (Z W)é IS ahl<o (ZH) g

Suppose that f € Ly(R") and f denotes its Fourier transform.We let

f’y = T’yf

so that . . .
£1(8) = e "1 f(¢)

and hence

- af)E) =a©f(©), al§) =D a,e M.
¥ ¥
Here a is a periodic function of £ with period 27 times the dual lattice and

hence by Plancherel
| Za'yf'y||2 =l Za'yf'YHQ

S RGRIGR S @) 1€+ 2e)Pi.

R™/(27Z™)

Thus we can describe when {f,} form a Riesz sequence in terms of the periodic
function 3 |f(€ + 2my)[*. Indeed, writing

T" := R"/(27Z")
so that
[ ta©Pde = xS Ja
" ¥
we see that:

o The {f,} form a Riesz sequence if and only if there are positive constants
¢ and C such that
c? . C?
< 2my)|? < e..
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e The {f,} form an orthonormal sequence if and only

S IfE+2my))? = (2m)" ae.
Y

o If the {f,} form a Riesz basis of a subspace X C Ly(R") then there
exists a function F' whose translates {F,} form an orthonormal basis of

X, indeed we define F in terms of its Fourier transform F' which is given
by

1
3

F(¢) = (Z If(€+ 27r7)|2> ().

Suppose we have a multiresolution analysis with scaling function ®. Let us
describe when a G € Ly(R™) belongs to V; in terms of its Fourier transform G.
The Fourier transform of z = G(A™1z) is given by

& G(A ' z)e™ ¥ 62 dy = | det A| Gu)e 864 gy = ¢ G(u)e 846 gy
R" R™ R~
= 4G (49).

But G € V; if and only if z — G(A™'z) belongs to V; and writing this last
function as ) a,®., gives

N

gG(A*€) = a(§)®(€)

as a necessary and sufficient condition for G to lie in V; where a(¢) := 3 a,e=&)
as above. Furthermore, from

G(A™'2) = Z a,®,
Y
and the fact that the ®, are orthonormal it follows that

YlaP=a [ (6@Pds.
v R"

We set
ma(€) =g 'a(€)

so that R R
G(A*E) = ma(£)2(§)-

Let us expand mg into a Fourier series:

ma(€) =) b(y)een
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and break the sum up into a sum over 7 belonging to the various cosets of A(Z™)

in Z™ and then sum over the various cosets Ey, ..., F;_1 so

q—1

mg = Z me.

=0
If we choose digits (i.e. coset representatives) Iy, ..., (with Ty = 0, say) we
can write

i r i(A* k]
my(€) = Z b(B)eH&P) = el&Tn) Z cr(y)efAem
BEA(Z™)+Tr YEZ™

where ¢, (7) := b(Ay +T;). So if we set

e =) er(y)een

YEZ™
we have
I AT
We will set
1e;
ba = :
pé !

so that pg is a CY valued periodic function of &.
Let H be a second element of Vi so we can consider its corresponding CY
valued function pgr.

Proposition 2.1.1 The collection of functions {Gg, H,} forms an orthonormal
system if and only if the pair of C? vectors ug(€), um (&) is orthonormal for
almost all .

Proof. We wish to show that the conditions
(Ga1,Gay) = 6oy 2
«;aalyﬁ) 0
(Hg,,Hp,) = 06,6,
(where the (+,-) on the left hand side of these equations is the scalar product in

Lo(R™)) are equivalent to the orthonormality of ug (&), pm(€) for almost all £.
By Plancherel, the first of these equations becomes

[ IG@pee i = by,
Substitute £ = A*n and write G(A*n) = ma(n)®(n) to obtain

¢ [ ImamPlBaPenAceay
R’n
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—q / Ima(n)PeimA@i=an) ™ b + )[2dn =

YEZ"

q 2 _
(2m)n /rn |""LG(77)|261<"’A(C'1 aZ»dT}

since - czn 1 +~)2 = (2710n almost everywhere. Now

ima[*(n) = ma(m)ma(n) = <Z m&(n)) (Z m&(n)),

and so the integrand can be written as

(ei(n,A(m—az)) Zm’é(n)) (Z mg (TI)) .

Now myg, is a periodic function whose Fourier series contains only exponentials
from the r-th coset of A(Z") in Z", and multiplying by e¥mA(@1—2)) which
is an exponential belonging to the zero-th coset does not change this property.
Hence

[ (e ) mGaydn = 0

if r # s and so our integral becomes

qg—1

q i a1—a2 r

i L A=) S iy o),
" r=0

Writing m(n) = eX"I) uZ, (A*n) we have |mZ (1)|? = |uc (A*n)|? and restoring
& = A*n the above integral becomes

1 ) _
(2m)m /rn efbmoa) Z g de.
We have thus shown that

— 1 (€, a1 —as2) r |2
(Ga17Ga2) (27_[_)” /rne ;“j’(}' (§)d£

If the G, form an orthonormal set then all the Fourier coefficients of the periodic
function Y |u%|?* vanish except the constant term which equals one. Hence
>, |uk]? =1 a.e., and conversely.

Replacing G by H in the above argument shows that the {Hg} form an
orthonormal set if and only if gy (€) is a unit vector almost everywhere. Finally,
replacing mgme in the above argument by mgma shows that (Go, Hg) = 0
for all @ and S if and only if the vectors ug(€) and pg(€) are orthogonal almost
everywhere. QED
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Now suppose that we have ¢ functions Gy, ..., G4—1 all belonging to V; and
we construct the ¢ x ¢ matrix valued function Ug of £ whose i-th column is
ua;- We know by the above proposition that the system of functions {(G;)}
form an orthonormal set if and only Ug (€) is unitary for almost all £. We claim
that if this matrix is unitary, then the {(G;),} are actually an orthonormal
basis of V1. Indeed, if not, there will be some function H € V; orthogonal to all
the (G;), and so all the Hg will be orthogonal to all the (G;), and hence by
the proof of the proposition, um(€) would be orthogonal to the g orhtonormal
vectors fig, (§), - .., pa,_, (§) for almost all £ and hence pg(§) =0a.e. so H =0
and hence H =0 a.e.

So we have proved

Proposition 2.1.2 If G = {Go,...,G,_1} are elements of V1 then the system
of functions {(G;),} form an orthonormal basis of V1 if and only if the matriz
Ug(§) is unitary for almost all £ € T™.

2.2 Wavelets

A wavelet set associated to the dilatation matrix A is a finite collection of
functions ¥',..., ¥ such that the functions

{UA(23)}
form an orthonormal basis of Ly(R™).
Using Proposition 2.1.2 we see how to construct a wavelet set with ¢ — 1

elements starting with a multispectral resolution and a scaling function G: Let
Wo denote the orthogonal complement of V4 in V3. Then

W; = (Ua)Wo
is the orthogonal complement of V; in V1 of V; and hence
L,R") =P W;.
JEZ
Furthermore, if {®7 ,...,®4 '} are an orthonormal basis of Wo, then their
images under U’ are an orthonormal basis of W; and hence Tl . W is a

wavelet set. Now the scaling function ® produces a vector valued function ug
which is a unit vector at all £ € T™. Call this function pg, so in the notation of
Proposition 2.1.2 we are taking Gy = ®. Extend this to a Ug valued function
on T" by some procedure (involving some orthonormalization) and let the last
g — 1 columns of Ug be denoted by p,...,pus—1- We obtain the functions
G1,...,G,—1 which then give a wavelet set. Explicitly, the G;, ¢ =1,...,¢—1
are given in terms of the p; via their Fourier transforms:

qg—1
Gi(A%€) =) T ur (A7) d(¢).

r=0

The problem of construction of wavelets then breaks up into several parts:
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1. The construction of the scaling function.
. The description of smoothness and decay properties of the scaling function.

. The choice of Ug, hopefully in such a way that

= W N

. The same smoothness and decay properties hold for the wavelets.

2.3 Characteristic scaling functions and fractals.

What are the conditions on a compact set () so that some multiple of its char-
acteristic function 1¢ is a scaling function for a given dilatation A? If clg is to
be a unit vector in Ly(R™) then we must have

e] = vol(@)~%.

Let us assume that ¢ has been so chosen. We will soon see that we must have
|c| = 1. The translate (1g), is just the characteristic function of the set @ + .
If 15 and (1g), are to be orthogonal for v # 0 we must have

RQN(@+v)=0 fory#0

(where equality of sets is taken in the sense of measure theory, i.e. the two sides
are equal up to a set of measure zero).

The function 1g(A~'(-)) is the characteristic function of the set AQ. From
the fact that we want V_; C V; and that AQ is compact, we conclude that

lag = Z ay1giy

where this is a finite sum. Since the @) 4+« do not overlap, we know that all the
non-zero coefficients must be equal to 1. Since the volume of AQ is ¢ = | det A|
times the volume of () we know that there are exactly ¢ summands. We claim
that no two of the «4’s occurring on the right can belong to the same coset of
A(Z™) in Z™. Indeed if v; = 72 + AS for 1,72 occurring on the right hand side
of this equation with non-zero coefficients, then

AQ+P)=AQ)+AB) DR+ +AMB) =Q +m.

Thus A(Q + B) N A(Q) has positive measure, since both A(Q + 8) and A(Q)
contain ) + ;. But this implies that (Q + 3) N @ has positive measure which
we know is impossible. Thus the v occurring on the right in the expansion of
14¢ above form a set of digits. We have proved:

AQ = J@+1y) (22)

i=1

for some set of digits I'1,...,I; where ¢ = |det A|. This is the important
condition, and will allow us to show via Hutchinson’s theorem that @) is a
fractal.
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We next claim that

U @+ =R"

YEZ™

Indeed,

AlU@+n )= UJu@+an=U @+

YEZ" YEZ™ YEZ"

since the T'; in (2.2) form a set of digits. So if we let X C L2(R™) denote the
subspace consisting of those elements whose support lies in UnyZ" (Q+ ), we
have Us(X) = X and Vy C X from which we conclude that V; C X for all j.
Since we want

UV = LR

we conclude that X = Ly(R") and hence that |, cz. (@ +7) = R". Conversely,

if this holds, then the |JV; are dense in Ly(R") since if f # 0 € Ly(R") we

can multiply f by a scalar of absolute value one to arrange that f is positive

on some set of positive measure which then has an intersection with positive

measure with one of the sets A=7(Q + v) and hence is not orthogonal to V;.
So we have proved that the {@) + v} must form a tiling of R", i.e.

U @+7=R", andQn(Q+7) =0 Vy#0.

YEZ™

This clearly implies that vol(Q) = 1, as promised.
Now let us return to the condition (2.2). For i = 1,...q¢ the maps

Ci:R" =3 R", Ci(z):=A1(z+Ty)

are contractions relative to an appropriate metric on R” since all the eigenvalues
of A=! have absolute value < 1.

A theorem of Hutchinson says that if C; is a finite set of contractions on a
complete metric space M then the map

S C1(S)U---UCy(S)

is a contraction on the set of compact subsets of S in the Hausdorff metric. In
particular, this map has a unique fixed point. In our case equation (2.2) says
that this fixed point is @, i.e.

q

Q=A@ +Ty). (2.3)

i=1

As is well known, Hutchinson’s theorem is a way of constructing fractal sets.
Furthermore, it follows that that ) is completely determined via Hutchinson’s
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theorem by the choice of digits I',...,I';. An alternative way of describing @

is as
o0

Q={zcR":z= ZA‘jFiJ.},
1
which explains the term “digits”. Indeed the sum on the right always converges
because of the contraction property of A~!, is compact, and satisfies (2.3).

We have shown that every set of digits determines a unique compact set
satisfying (2.2). We have not yet dealt with the issue of whether the translates
of @ form a tiling. Let us assume for the moment that for a given set of digits,
the associated @ + v do form a tiling,.

If we set

Qi=A"'(Q+Ty)

then we can write (2.3) as

Q=QiU--UQ, (2.4)

The @Q; each have volume % and are disjoint, so that the functions

1 1
q21Q17"'7q21Qq
are orthonormal, and
1o =10, +---+ 1q,-

So if choose ¢ — 1 linear combinations
T = Zag(q%le)
which are orthonormal and are orthogonal to 1g, +--- + 1g,, i.e. satisfy
ar+--+al =0

then we obtain a wavelet set associated to A. This type of wavelet set is known
as a (generalized) Haar wavelet set. It consists of discontinuous functions of
compact support.

Smoother wavelets can be obtained from the Haar wavelets by convolution,
as will be seen in the next section.

The simplest example is the original example discovered by Haar - Take
n =1 and A to be multiplication by 2, and take Ty = 0,T; = 1 Equation(2.2)
becomes

20=QUQ+1

The wavelet (¢ — 1 =1 in this case) is determined by the equations
a1 +as =0, a%—{—a%:l
s0, up to a phase factor a3 = /1/2,a2 = —/1/2 so

Hi)=1, tel0,y), H(=-1, et

1
1]
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and H(t) = 0 for ¢t ¢ [0,1]. This is the original Haar wavelet whose scaling
function is 1jo,;; and whose wavelet is function is H.
The information about this example can be encoded in the matrix

)

(i) =G 0) Gaaie™)

Let us now return to the logic of our situation. Given a set of digits we get
a unique compact set @ satisfying (2.2). We want to know for which sets of
digits this set @) has the property that the Q + v form a tiling. There are two
conditions to be a tiling:

in the sense that

U@+ =r"
and
QNQ+~) =0 forall ~#0.
We shall show that the first of these conditions always holds. So let

K= J@+.

By construction, AK = K. Also, K is closed: Indeed, suppose z; +v; — 2
with z; € @ and y; € Z™. Since @ is compact this implies that the ~y; lie in
a bounded, hence finite set. So by passing to a subsequence may assume that
the «y; are constant, say all equal to v. Hence z, — z — . But since @ is
compact, z — vy € @) so z € K. So K is closed. Every element of R™ lies within
a finite distance, say d of K, by the definition of K. Now let y be any point of
R™ and choose a sequence of points z; € K each within distance d of A7y. Let
zj = A*jz‘j. Then

lly — 2]l = |A™(A7y — 2;)|| < Crid - 0,

and since K is closed we have y € K.
Thus for any set S of digits there is a unique @ satisfying (2.2) with

U@+ =r".

The question is - what are the conditions on S so that @ N (Q + ) = 0 for all
v # 0, or, what amounts to the same thing, that, that

vol Q = 1.

For this consider the trigonometric polynomial

m(&) := 1 Z e~ HET)

q res
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Notice that m(0) = 1. Also, let o range over the group
(AHY~'(2nZ)"/ (2 Z)"
(or a set of representatives of this group in A*(27Z)") so that
(0,T) = i)

identifies (At)—l(sz)n/(27rZ") as the dual group to Z"/A(Z)". Now
—— 1 e
|m(&)]? = m(€)m(E) = p zez(g,r r)
r',T

SO

Z |m(& +0)|? = qiz Z GHET-T) Z ile T =T)
g r,r pu

The innermost sum on the right (over o) equals ¢ if I = T and vanishes oth-
erwise. If we then sum over I' = T" we get another contribution of ¢;leading
to
m(& +0)|* = 1.
cE€(A)~1(2xZ)" /(20 Z)"

In section 2.5 we will show that these two properties, namely m(0) = 1 and
>, Im(€ + 0)|> = 1 are enough to imply that the volume of the set @ is an
integer. This is true for any set of digits. If, in addition, m satisfies a certain
non-vanishing condition, see (2.19) below, @ has volume one.

2.4 Examples of compactly supported scaling func-
tions.

A scaling function ®, by definition, satisfies
d(z) = Z cy®(Az —7) (2.5)

in Ly(R™), so that the sum on the right might be infinite. Suppose we look for
scaling functions which are compactly supported. Then the sum on the right is
finite. As [|®||?> = 1 we must have

Z|Cv|2 =4q

and we will have found a wavelet set if we extend the row consisting of the c’s
to a matrix with ¢ rows which are mutually orthogonal and satisfy the same
condition on the sum of the squares of their absolute values.

For example, still with n =1 and A multiplication by 2, consider the two by

four matrix
( ap(0) ai(0) a2(0) a3(9)>
—a3(0) a2(0) —ai(f) ao(0)
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where

ao(f) =1 (1++v2cos[0+ Z])
a1() =31 (1++v2cos[0—Z])

ax() =31 (1—+2cos [0+ Z])

N[

az() =131 (1—+v2cos[0—%])

As a special case, if we take § = % the matrix above becomes the Daubichies

matrix 1/14v3 34v3 3-v3 1-3
Z(—1+\/§ 3-v3 -3-3 1+\/§)‘

We shall show in the next section how to associate to every such matrix
a scaling function and wavelet system. But first some structural properties
associated to the scaling equation (2.5): If we take the Fourier transform of the
equation

f(@) =) ayf(Az —7)
we obtain

F(&) = a(ATg) f(A71¢)
a(f) = Zaweﬂ'(ﬁﬁ),

a finite trigonometric polynomial in our compact situation. But
F(&) = a(A7€) f(AT1€) and §(&) = b(A™*€)G(A™*¢)
= (f9)(&) = (A7) (F9) (&)

where ¢ = ab is again a trigonometric polynomial. Since the Fourier transform
carries convolution into multiplication,we see that the convolution of two com-
pactly supported solutions of an equation of type (2.5) is again a solution of an
equation of type (2.5).

If f and g are both non-negative andAof compact support, so is their convo-
lution, and if [, f(z)dz =1 = (2m)"/2f(0) and [g, g(z)dz = 1 = (27)"/?4(0)
then [o.(f *g)(z)dz = 1. But if the f, form an orthonormal set as do the
g it need not be true (and in general won’t be true) that the (f x g), form
an orthonormal set. However, under certain circumstances, we will be able to
conclude that they do form a Riesz set. So it is important for us to have the
following proposition:

Proposition 2.4.1 Suppose that f is a solution of (2.5), that f(0) # 0 and f
is continuous at £ = 0. Suppose further that the f, form a Riesz sequence. Let
Vo be the closed space spanned by the f., and let

where

V; = Ui Ve.
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Let P; denote projection onto V;. Then
1. For each g € LoR™ we have lim;_, o, Pjg = 0. In particular, (\V; = {0}.
2. JV; is dense in LoR™.
3. The V; form a multiresolution analysis.

Proof. We know that we can replace the function f by a function F' lying in
Vo with the F, orthonormal. In other words we can replace f an F' which is a
scaling function for the same family V;. So 3.) follows from 1.) and 2.).

To prove 1.) it is enough to take g of compact support, since the functions
of compact support are dense in LoR"™. Let K denote the support of g, and let

fin(x) == |det A f(ATz — ).

Let J be such that the sets A7 K — v are disjoint for all j < J. For each j the
fjv form a Riesz basis of V; and so

1Pigll® < ¢ D N(Pigs fi)P =7 Y Mg, fi)P = ¢ Z/ 9(z) fj (z)da.
¥ 2l v VK
By the Cauchy Schwarz inequality we this last sum is <
BY [ Vfn(@Pdz, where B=c"lg"
K
¥

Now

[ 1 @Pds = |deap [ (faa - )Pz = [ |p(w]du
K K A

IK—y

For j < J the sets A/K — v are disjoint, so
IIPjg||2 < / |f(z)?dz, where Y, = U(AjK — ).
¥Y;

By the Lebesgue dominated convergence theorem this tends to zero. This com-
pletes the proof of 1. Notice that in this proof we only made use of hypothesis
that the f, form a Riesz sequence.

Next, suppose that h is orthogonal to |JV}, i.e. that Pjh = 0 for all j.
We must show that h = 0 to prove ii). Find a compact set K such that
[x |h(€)|?dz < €® which is possible since h € Ly. Define g by § = 1x - h (where
now K is a compact subset of £ space) so that we have ||h — g|| < e. We will
show that for any such choice we have

llgll® < ol (2.6)
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If we choose € so that €/C[(2m)"|f(0)]] < 1 we conclude that ||g|| < € and hence
[|h|| < 2¢. Since € can be chosen (positive but) arbitrarily small, this will prove
that h = 0. So we must prove (2.6). We have

2

/ GG

ClIPgl* = > 19, fi)I> =
vy

Y

Now ‘ o ‘
(fi>)(€) = | det A|77/2e7HEATD (A7 (¢)).
Suppose we choose j so large that K C A/[—,w]”. Then each of the summands

is just the Fourier coefficient of §(&)f(A7¢) (up to some overall constants. We
conclude that

ClIPgl? > (2m)" /K 107 (A-7€)2de.

But f(Aijf) — f(O) uniformly on K as j — oo. QED

2.5 Product Fourier expansion.

Let us return to equation (2.5) which we will write in Fourier transform language
as

B(8) = m((4) T B((AH 1Y) (2.7)
where

m(€) := |det A| 71 Zc,ye*m’”). (2.8)
v

If we set £ = 0 in (2.7) (and assume &(0) # 0) then it follows that we must have
m(0) = 1. (2.9)

It is then clear that (up to a scalar factor) & must be equal to the infinite
product

H m((AH)7¢). (2.10)

Since m is a finite trigonometric polynomial, it is differentiable at £ = 0, and
since m(0) = 1 we have
Im(&) — 1 < CI¢]

for some constant C and all £ (since m is periodic). Hence
Im((A9)77€) — 1] < Crlf¢|

for some 0 < r < 1 since (A%)~! is a linear contraction. This shows that the
infinite product converges for all ¢, uniformly on compact sets. We claim that
® has polynomial growth in . These two facts then show that ¢ exists as a
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distribution. To see the polynomial growth, let £ be any point such that ||£]| > 1
and choose £ = ¢(£) such that

el <1 < [léll,

in particular
log I£l

£<1— .
logr

Break the infinite product for $ into two parts:

4 oo
8(6) = [T m(4") "9 [ m(4) ).

1 ¢
The second product converges uniformly in £ and hence can be estimated in
absolute value by some constant, R independently of £. Since the function m is
periodic and continuous,it is bounded, so the first (finite) product above can be
estimated in absolute value by k™ where k > sup, [m(n)| and we choose k > 1.
Thus

log lI€1l

()] < BE* < Ak (k™).

But

log JI€1l

e i
as can be seen by taking logarithms of both sides. Thus

|B(6)| < REIIENIN, N=-——.

Furthermore similar estimates hold uniformly on the finite products converging
to ®. This shows that ® exists as a distribution.

We will now impose additional conditions on m which will imply that ® and
hence ¢ belong to L.

For this, let D be a fundamental domain of the lattice Z™ in R", let
q)() = ]-D

and define

D)1 (x Z cy®;(Az -

;(€) := So((A") 76 [ m((4")*¢).

Thus ®; is a sequence of functions which converge to @ in the distributional
topology. If we can show that
@]l =1
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for all j, then we can choose a subsequence of the ®; which converge in the
weak topology to some element of Ls, since the unit ball in a separable Hilbert
space is compact in the weak topology. But then this limit must equal ®.

For u,v € Ly(R™) define their lattice correlation corr(u,v), a function on
the lattice Z™ by

corr(u,v)(7) = (u,v(- =) = /n u(@)v(z — v)da.
We can also write this as
corr(u,v)(y) = ux0(%). (2.11)
Let us write the scaling equation (2.5) as
>=C
where C' is the operator
(Cu)(z) = (cxu)(Az)

where we now think of ¢ as a distribution - as a sum of delta functions:
c= Z Cy0y
y

We now compute corr(Cu,Cv) in terms of corr(u,v) and will see that it is
given by “matrix multiplication”. For this it will be convenient to introduce
some notation: Set

p:=cx*é (2.12)
S0, in a sense, p = corr(c, ¢), it is the “auto-correlation” of ¢ and we will also
write

p = aut(c)
to emphasize this point. Let us also define the matrix

T
indexed by elements of Z™ by
T,p = |det A 'p(Aa — ). (2.13)
We have
corr(Cu,Cv)(a) = ((exu)(4:),(c*xu)(A-—Aa))
= |det A7 (e u)("), (c*u)(- — Aa))
= |det A" (cxu)*(cxv ( )

= |detA|_1(c*c)
= |det A 'p x corr(u

= ZTaﬁ corr(u,v
B

AA/\
Q
Ez
/—\vv
/-\
v

A
)
K
v
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We have proved
corr(Cu, Cv) = T corr(u, v). (2.14)
Now the assertion that the ®, be orthonormal is the same as the assertion that
corr(®,d) =9,
the delta function at the origin of Z™. So if in addition C® = ®, we must have
Td = 6.

This says that the delta function on Z™ is an eigenvector of T with eigenvalue
1, or, what amounts to the same thing, that the “central column” of T is 4, i.e.
we must require

aut(c)(Ay) = | det 4|5(7). (2.15)

Then (2.14) implies inductively that
corr(®;,®;) =4,

in particular that ||®;|| = 1 and hence that ® € Ly(R™).
We can express condition (2.15) in terms of m: The Fourier series corre-
sponding to autc is | det A|?|m(£)|? since the Fourier series 2 C_,e~ %67 s

just m(&) and the Fourier series takes convolution into multiplication. Now the
dual group to the sublattice is the quotient group of the torus R"/(2nZ)™ by
the subgroup

(4~ (2nz)"

and the surjection dual to the injection of AZ™ — Z" is averaging over the
action of the quotient

G4 := (A" Y (2rZ)") /(27 Z)".

Since the Fourier series of the delta function at the origin (for the sublattice) is
the constant one (one the dual group) we see that (2.15) is equivalent to

Y me+ P =1 (2.16)

c€G 4

We can verify the equivalence of (2.16) and (2.15) directly without an appeal
to group theory. Let
é&) = che—i(&v)

so that
im(&)* = |det A|72[e(E)* = ¢ ?[e(€)[®

and

e(©))2 = Y aut(c)(y)e" M.
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Then

> lee+o)l 3 3 aut(e)(y)e et

oc€Ga o€Ga v

Zaut(c)(v)e*“g”) Z e o)

o oc€Ga
= gy aut(c)(7)lazn(y)e 7
Y

where 147-» denotes the characteristic function of the sublattice AZ", i.e. is
one on this sublattice and zero elsewhere on Z™. The last sum above is just
the Fourier series of the sequence aut(c)1az~. So the last expression above is
identically equal to ¢ if and only if (2.15) holds. So (2.15) is equivalent to (2.16).

Notice that m(0) = 1 and (2.16) implies that m(c) = 0 for o # 0 in Ga.
In other words, m(§) = 0 for ¢ € (AY)"1(2wZ)" but not in (2rZ)". Suppose
that £ # 0, { € (2nZ)". Then some term on the right of the infinite product
expansion for & must vanish. Thus

&(r) =0, 7€ @2rZ)", T#0.

But the Poisson summation formula says that

Zf(x —7) = (2m)"/? Z f(r)e im).,

TEQ2RZ)"

Taking f = @ all the coefficients on the right vanish except when 7 = 0 where
it equals ®(0) so

D &z — ) = (2m)"*(0). (2.17)

For example, we have already seen that if we take c(y) to be one when ~
belongs to a set of digits and zero elsewhere, then ¢ satisfies (2.15) as we have
verified that that m satisfies (2.16). If Q) is the set determined by (2.2), we have
verified that ® = 1 satisfies (2.5). But since 1g takes on the values 0 or 1
only, we see that the left hand side of (2.17) is an integer, and this integer is
independent of z by (2.17). On the other hand &(0) = (27)~"/2vol (Q) so the
right hand side of (2.17) is vol (Q). We have shown that in all cases the volume
of the set @ given by (2.2) is an integer, as promised. Shortly we will return to
the question of when this integer equals one.

In the meanwhile let us return to general considerations. We claim that

supp ® is compact. (2.18)

To see this, observe that m is the Fourier transform of a signed measure con-
centrated on a compact (in fact finite) set, S. Hence m((A?)7.) is the Fourier
transform of a signed measure concentrated on the set A~/ and hence the sup-
port of @ is contained in the set

S+ AT+ AT2S 4 .-
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which is bounded. QED.

We now turn to Cohen’s theorem which gives a (necessary and) sufficient
condition on a set of digits S to guarantee that |Q| = 1.

For the trigonometric polynomial m that enters into (2.16), let v denote
the finite product

N
N (€) = [ m((4)79¢)
1

so that
&(¢) = vn (O)R((AH) N

for any solution of (2.5), and, up to a constant the limit of the vy as N — o0
is ®. Since m(0) = 1 and, for ® = 1¢ we have verified that ®(0) = (27)~"/2|Q)|
we conclude that
(27r)n/2 R
@ (&)
Q|

the convergence being pointwise as N — co.

On the other hand, let D be a fundamental domain for Z", let &3 = 1p and
®;11(8) = 2 ,c5v®;(A§ — ) as above, in the proof that & € L,. We have
proved that ||®x|| = 1. On the other hand

Sy (€) = vn () o((A1)NE).

vn(§) —

So
= /Rn lun (&) |80 ((A") 78,

Since $0(0) = (27) ™/2|D| = (2r) ™2, the integrand on the right hand side
of this equation tends pointwise to

|Q|2"I"2

If passage to the limit under the integral sign were legitimate, we would conclude
form this (and Plancherel’s theorem) that

12]1* = |QI*.

But by definition, ||®|* = [z. [1o[*dz = |Q|. So |Q|* = |Q| and since |Q| # 0
this would imply that |Q| = 1. So we must make some hypothesis which will
legitimize passing to the limit under the integral:

Let Q be a fundamental domain for (27Z)", for example, Q = [—m,7|".
Then

| v@Panor =3 [ o (€)P|Bo(BNE) P

NEZN NQ+27nBNy
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where we have written B for A*. Since vy is BN (27Z)™ periodic, we can write
this last sum as

[ Ion(©F 3 Ia(B¢ — 20) P
BNQ S
But since the ®¢(- — ) form an orthonormal sequence, we know that

Z |Bo(n — 2my)* =

v

(2m)n

Hence
1

1= G [ (@

This formula has been derived for a choice Q2 of fundamental domain for (27Z)™.
But since vy is (2r NZ)™ periodic, we can replace 2 by any other fundamental
domain, K. So we have

[ @ tava(epde = @y
Suppose that K contains a neighborhood of the origin. Then 1g~ g (§) — 1 for

all £, and the integrand above converges pointwise to

(CLIF
B £463]

and if we could justify passing to the limit under the integral sign we would
conclude that |@| = 1 by the argument given above.
Suppose that K satisfies

m((AH~IE) #£0 VEeK. (2.19)
Then vn(§) #0 V¢ € K and since ®(0) # 0 and
8(¢) = vn ()B(BN¢)

we conclude that .
B(6) #0, VEEK.

So there is some constant ¢ such that |®(£)| > ¢ for £ € K and hence that
|®(B~N¢)| > ¢ for ¢ € BNK and hence from

d(&) = vn(©)®(B NY)

once again that

lun (€)] < ¢7Y®(¢)| VEe BNK

or
v ()" L~k (§) < C2|2(E)°

for all ¢ € R™ But & € Ly(R™) so we can apply the Lebesgue dominated

convergence theorem to justify taking the limit under the integral sign. We

have proved the follow theorem of Cohen:
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Proposition 2.5.1 If there exists a fundamental domain K for (2nZ)™ which
contains a neighborhood of the origin and satisfies (2.19) then |Q| = 1.
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Chapter 3

Wavelets on R.

3.1 Desiderata.

We redo some of the results of the preceding chapter for the special one dimen-
sional case in order to tie in with notations is various books. Let us go back to
the scaling equation for R which we write as

\/_Z B(2t — (3.1)

and let ¢ denote the vector with coefficients c(k). We set

h=—
\/EC

and also think of h as the distribution

h =" h(k)dx

so that the scaling equation becomes

¢(t) = 2[hx ¢](2t) (3-2)

where we are using the notation

(f*9)(x /f

for convolution. Integrating both sides of

—QZh (2t — k (3.3)

gives

> hk) =

35
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(if we want [p G(t)dt # 0). Let

0
H(0)=1. (3.4)
Taking the Fourier transform of (3.2) gives
so-n(5)s(3). 55

The condition that the ¢(- — k) form an orthonormal basis of Ly(R) translates
by Fourier transform into the condition

Z\qﬁ £+ 2nl))? = — (3.6)

Breaking the sum on the right into even and odd £ and then using (3.5) with &
replaced by % and % + 7 gives

% = STIA(E +ank) 2 + 3 16(E + 2m + dxk)|?
k k
2 2 2
_ ZH@) ¢(£+27rk) ( ) $(§+w+2wk)
k
£\ 2 1
(\H(é) o (3+) ) £
We conclude that we must have
|HEP +HE+m) =1 3.7
Setting £ = 0 and using (4.2) gives
H(r) =0. (3.8)

Suppose that H is a trigonometric polynomial. We know that the scaling equa-
tion in Fourier form then gives rise to an infinite product expansion for the

Fourier transform of ¢:
€
= I I H <2k (3.9

and that this product converges as a distribution. We will want to impose
further conditions which will guarantee the existence of this limit as an element
of L2.

Suppose we had any element f € V;. Writing

F=Y"1k)dun
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and taking the Fourier transform, we obtain
fo-r(5)s(5) (3.10)

1 ik
)= 5 S fkge .

Conversely, any function satisfying this last equation belongs to V4. If f € W,
which is the orthogonal complement of V4 in V] then

0=/ F(©)d(&)e™dg = /27r (Zf£+27rk £+27rk)> et dg
R

implying that the periodic function

where

Z F(€+ 2nk)B(€ + 2mk)
k

vanishes (almost everywhere). Substituting (3.10) and summing over even and
odd and using (3.6) we conclude that the vector

(rietm)

and hence there exists a function £ — A(&) such that
F@) '\ _ H(§ + )
(pe?,) =30 (T€2D) (3.11)

A& =F(OH(E +m) — F(§+m)H(E)
obtained by taking the scalar product. The function X satisfies

A +m) = —A6)

and hence there is a function v periodic of period 27 such that
A(E) = e (26).

Substituting this into (3.11) we obtain

F(§) = e*v(2)H(E + )

must be orthogonal to

where, in fact
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from the first row. Substituting this back into (3.10) gives

fo =< (§+)d(5)

as the condition that f € Wy. In particular, we may choose v = 1 and set

$() =P H (g + W)é (g) : (3.12)

Then a direct check (summing over even and odd) shows that
N 9 1
Db+ 2P = o
- 7r

so that the (- — k) form an orthonormal system in Wy. Since every element
of f € Wy has property that f = v1) for some periodic function v, expanding v
into a Fourier series shows that

f= vlk)y(-—k)

so the ¥(- — k) form an orthonormal basis of Wy.
Expanding out

e®?H (%z + 7r>

Zh—keik(g+weg/2
Z(_l)kh—kei(k+1)g/2
— Z(—l)e_lh,g,le_wgﬂ

£

we obtain

0(&) = 3 (— 1)y reh/2g (g)
or

P(t) =D (-D)F TR 1(2t — k).

We will be interested in constructing suitable h supported on the integers from
0 to N. where N is some odd integer.
3.2 Matrix formulation

Assume that we have our vector h with h(k) = 0 unless 0 < k¥ < N and that
conditions (4.2) and (4.3) hold which say

> h(k)=1
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and
> (=1)*h(k) =0
h(0) +h(2) +---=h(1) + h(3) + - -

and both sides equal 1.
Define the bi-infinite matrix M = M(h) by

M;; = 2h(2i — j). (3.13)
We also let m denote the N x N “central block” of M, so
2h(0) 0 0

9h(2) 2h(1) 2h(0)
m= | op4) 2h(3) 2h(2)

For example, for N = 7 this matrix is

2h(0) 0 0 0 0 0 0
2h(2) 2h(1) 2h(0) O 0 0 0
2h(4) 2h(3) 2h(2) 2h(1) 2h(0) O 0
m= | 2h(6) 2h(5) 2h(4) 2h(3) 2h(2) 2h(1) 2h(0)
0  2n(7) 2h(6) 2h(5) 2h(4) 2h(3) 2h(2)
0 0 0 21(7) 2h(6) 2h(5) 2h(4)
0 0 0 0 0 2n(7) 2h(6)

The columns of the matrix M and of the matrix m add up to one, so the
infinite row vector of all ones is a left eigenvector of M and the finite row vector
of all ones is a left eigenvector for m with eigenvalue one.

For any function v recall hat swe have defined ¥ by

o(t) = v(-1)
with the corresponding definition for distributions so that

=9

o

and

ux5)(y) = (u, Ryv) = /R u(@)o@ = p)dy.

Also, }
f*xg=(f*g)-
Define the operator C by

[Cu](t) := 2[h % u](2¢) (3.14)
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so that the scaling equation (3.2) is

¢ = Cé.

For u,v € Ly(R) recall that corr(u,v) is the vector whose components are
the correlations at the integers k:

corr(u,v)(k) := (u(-),v(- — k)) = [u*0](k).
Then recall that
corr(Cu, Cv) (k) = (2[h % u](2-),2[h xv](2 - —2k)) = 2([h x u](-), L % v](- — 2k)).
We have written this last expression as
2[h x h] % (ux §)(2k)
and ven more succinctly as
corr(Cu, Cv) = T corr(u,v) (3.15)
where T is the matrix given by
Ti; = 2p(2i — j)
where B
p=hxh.
Taking the Fourier transform of this last equation gives
P(&) = |H(¢)/*

S0
P0)=1, and P(m)=0

implies that the columns of T add up to one. Also, since h * h has support on
the interval [N, N] and so the columns of T are finitely supported and we will
want to consider the “central block” of size (2N — 1) x (2N — 1) of T which we
shall denote by t. It also has the row vector of all ones as an eigenvector with
eigenvalue one.

If ¢ is a solution of the scaling equation, so C¢ = ¢, it follows from (3.15)
that its autocorrelation corr(¢, ¢) is an eigenvector of T with eigenvalue 1. If
w is a function such that corr(u,u) has support in [—N, N], then it follows
from (3.15) that Cu has this same property, and that the non-vanishing portion
of corr(Cu,Cu) is obtained from that of corr(u,u) by multiplication by the
matrix t. Introduce the notation b(u,u) to denote the portion of corr(u,u)
extending from —N to N. So what we are saying is that if u is a function such
that corr(u,u) has support in [N, N], then Cu has this same property and

b(Cu, Cu) = tb(u,u).
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Suppose that 1 is a simple eigenvalue of t and that all other eigenvalues satisfy
|[A| < 1. Then if v is a vector such that 1-v = 1, where 1 denotes the row
vector of all ones, then

1-T'v=1

and T™v converges (geometrically) to the unique eigenvector e of T with eigen-
value 1 and satisfying 1-e = 1.
So suppose we start with an initial function ug satisfying corr(ug, uo) = do.
Then the
bi = b(CiU(),CiU(])

are converging to the eigenvector e. Suppose we set
U; = C’uo.

Then we see that the ||u;|| converge, so the u; form a weakly compact subset
of Ly, hence we can choose a weakly convergent subsequence in the Ls sense,
which proves that the limit ¢ is in Ly. Furthermore, condition (3.7) translates
into the condition that the central column of T and hence of t is §g, so this is
an, and hence the, eigenvector e. This implies that the limit ¢ is orthogonal to
its translates. To summarize, we have proved the following theorem of Lawton

Theorem 3.2.1 If (3.7) holds and 1 is a simple eigenvalue of t (with the other
eigenvalues less than one in absolute value) then the infinite product converges
to an element of Ly which is orthogonal to its translates by integers.

3.3 Strang’s theorem.

We will prove a theorem of Strang which says that starting with the initial
function ¢° = 1j0,1) and assuming the Lawton condition that t has 1 as an iso-
lated eigenvalue, with all the other eigenvalues strictly less than one in absolute
value, then the sequence ¢! = C?¢° converges in Lo to the scaling function. For
simplicity, let us assume that our vector h is supported on [0, N] as assumed
above and with h(0) # 0 and h(N) # 0.

Lemma 3.3.1 The functions ¢ are all supported on [0, N].

Proof by induction. This is clearly true for ¢° which is supported on [0, 1].
So assume that it is true for ¢™. The right hand side of the iterative definition

) = 3 2" (2t — B)
vanishes unless one of the terms
2t— N,2t— N+1,...,2t—1,2¢t

belongs to [0, N]. But this requires that 2¢ > 0 and 2¢ — N < N which says that
t € [0, N]. QED
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By passing to the limit we know that supp ¢ C [0, N]. We will discuss more
detailed information about supp ¢ later on in this section. In any event, the
vectors

corr(¢,¢), corr(¢,¢’) and corr(¢’, ¢')
are all supported in [-N, N]. We also recall (2.17) which says

> plx+k)=1 (3.16)

in one dimension. Let
a:= corr(¢,$), a’:=corr(¢’,¢’) and b’:= corr(¢’, $)

so that

a=ta, a't!'=ta’, andb't! =tb'

Let 1 denotes the row vector consisting of all ones, and let 6 denote the column
vector with §(0) = 1 and all other entries zero so that ¢ is the unique eigenvector
of t with eigenvalue 1 satisfying 1-J = 1. Then we have

a%,

since ¢° = 1jg 1] and hence a’ = § for all i. From the fact that T'¢ = ¢ we know
that a is an eigenvector of t, hence some multiple of §. Hence all the scalar
products (@, ¢x,) vanish for k # 0, and ||phi||> = ¢ # 0. By Plancherel we may
write

|WP=H@P=§3/%Wa§+%@F@
¢ 0
and s0 by Fubini
MMW=A%¢®%
where

B (&) := sumy|p(€ + 2m0) 2.
But

c3() = (6. 00) = 630 = [ 16©PeMde = [ m(erenag

This means that all the Fourier coefficients of ® vanish except the constant term

and hence c

() =—.
=
From the scaling equation we know that if we factor £ as a power of two times

an odd number, £ = 2"(2n + 1), then

r—1
¢2rt) = [[ m2 7 (2n + 1)m)H(2n + 1)m)((2n + 1)7) = 0.

Jj=1
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So ¢ = 27®(0) = 2|$(0)|?> = 1. In other words
a=1.

This is just another proof of Lawson’s theorem.

Now L
b0 = —kdzx =1
1 ij/ (@ — k)da

by (3.16). Hence 1-b? = 1 for all i, and therefore the b? converge to J. In
particular, the zero component of the b?, which is just (¢¢,¢) converges to 1.
Therefore

I6° = 81 = (4°,6) — 2Re (4,9) + ($,9) = 0.
QED

We conclude with some comments about the support of ¢. We know it
is supported in [0,n]. We claim that it is not supported in any subinterval.
Indeed, let a = minz, = € supp(¢) and b = maxz x € supp(phi). The function
(2t — k) is supported in the interval

a+k b+k
2 72

so from the scaling equation we conclude that

and hence
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Chapter 4

Algebraic constructions.

We look for trigonometric polynomials H with real coefficients which satisfy our
conditions

HE)P +[H(E+m) =1 (4.1)
and
HO0)=1 (4.2)
SO
H(r)=0. (4.3)

and vanish to a high order at 7. So we write

ne = (15) B

and set

Since

14+e ®\" (14+e% n: e¥t/? 4 e~it/2 2n= COSQ§ "
2 2 2 2

we have n
P = (o §) 4
where B
A(§) = B(§)B(—¢) = P(cos{).
Set

SO we can write
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In short
P(&) =1 -y)"Qy).
Also,

A€ +7) = P(—cos§) = P(2y —1) = P(1 - 2(1 - y)) = Q(1 — y)

so the key equation
P)+PEl+m) =1

becomes
(1-9)"Qy) +y"Q(1l-y) = 1. (4.4)

Our problem is to solve this equation and then factor the corresponding P
as H(&)H(=¢).
sectionFinding ) The theorem on partial fractions says that there are uniquely
determined coefficients Cy, C}, such that

1 G _ G
=g =y T Aoy

and symmetry demands that C, = C},. Clearing denominators shows that there
is a unique polynomial @, of degree < n — 1 solving (4.4). Explicitly, since any
solution of (4.4) satisfies

Qly) =1-y) "1 -y"Q(L -y))

we can find @,, by simply ignoring the coefficients of degree higher than n — 1
in the power series expansion of (1 —y)~". so by the binomial formula

Q) = g+ MO E D (PR ot 1) o). (49)

2
Notice that
(1=9)"Qn(y) =1 —-y)"[(1—y) " +oy™)] =1+o0(y").

Thus (1 —y)"Qxr(y) is a polynomial of degree 2n — 1 which takes the value 1 at
zero, and whose first n — 1 derivatives vanish at 0 and which vanishes together
with its first n — 1 derivatives at y = 1. For the low values n = 1,2,3 we have
the following table

1 1 1—y
2 1+ 2y 1—3y? +24°

3 |1+3y+6y?|1—10y°+ 15y* — 63°
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4.1 The Riesz theorem and the Daubechies poly-
nomials.

So, for a “minimal solution” we have

P(e) = (cos2 g)n On (sin2 g) .

Going back to the notation

A(©) = Qu(sin? §) = Pleos)

we need to factor this as
A(&) = B(§)B(=¢)

which is possible due to a theorem of Riesz:

Theorem 4.1.1 [Riesz] If
4O =3 avcoshe
k=0

is a polynomial with real coefficients (with a,, # 0) such that
A) >0

for all real £ then there is a trigonometric polynomial
B(E) =Y bre ¢
k=0

such that
A(§) = B(§) B(=¢)-
If A(0) = 1 we may choose B so that B(0) = 1.

Proof. Factor
A(8) = am [J(cost —¢5)

where the c; are real or occur in complex conjugate pairs. Set
z:=e ¥,

Then

24271
A@:%H( 2_W)
We use the identity

zt27 - sts = —ls(z —s)(z7' = s). (4.6)




48 CHAPTER 4. ALGEBRAIC CONSTRUCTIONS.

e If ¢; € R and |¢;j| > 1 then there exists s € R such that

s+s7t
Cj = B) .
Then we get the factorization
—1
z +2z —c¢j = —2—S(z —8)(z7 —s).
eIf ¢; € R and |¢j| < 1 then ¢; = cosa so if we set s = €@ # +1

the factorization of A above contains the term (cos{ — cosa) which can
changes sign near ¢ = a and so must occur an even number of times. It
thus factors.

e In the complex case we can solve for s i

.s:+s_1
2

C; =

and then get the corresponding equation for ¢; by replacing s by 5. Then

z+z‘1_cv z+z—1_F _f(z+zt s+sH\ (2427 545!
2 ! 2 ) 2 2 2 2

— 1 —1 — —1 —
= 1P (z—3)(z s)(z—3)(z 3)
1
= W(z2 —2Re sz + |s|*) (272 — 2Re sz ! + |s|%)

which is again a factorization of the desired type. QED



