The Stone - von Neumann theorem.
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This theorem asserts the uniqueness of the “representation of the Heisenberg
commutation relations in Weyl form”. For a precise statement see Theorem 3.1
below. We will give two or three different proofs of this important theorem.
The first proof will be in these notes.

In these notes we follow the exposition given in Lions and Vergne The Weil
representation ... . I will stick to the notation of Lions and Vergne (more or
less) since transcription would probably cause more errors than could be justified
by consistency in notation. In particular the 27’s in the Fourier transform are
placed differently than in our conventions of last semester, and the notations
for the representations of the p’s and q’s in Schrédinger form are opposite those
standard in the physics literature!

This theorem was conjectured by Hermann Weyl soon after Heisenberg for-
mulated his commutation relations, but was first proved independently by Stone
and von Neumann in the early 1930’s. It is more or less taken for granted in the
physics texts and used as one of the foundation stones of quantum mechanics
(although I will express some reservations about this usage later on). We will
be interested in this theorem not only for its implications for physics, but also
because it is equivalent to a basic theorem of Lax and Phillips in their scat-
tering theory, and the Lax-Phillips situation is closely related to the notion of
“multi-scale resolution” which is at the heart of wavelet theory.

The theorem is only true in the group theoretical form as stated below, not in
the infinitesimal version which is how it is frequently stated in the physics texts.
It has an “anti-symmetric” analogue - the uniqueness of the spin representation
of the complex Clifford algebras. Both of these theorems are true only in finite
dimensions. In infinite dimensions, the representation is not unique - it depends
on the choice of “vacuum”. In the anti-symmetric case, this was first realized
by Dirac who predicted the existence of the positron as a “hole” in the “infinite
sea” of negative energy electrons. This was one of the most amazing intellectual
achievements of all time.

We will begin with some facts in linear symplectic geometry which we will
also need later in our study of the wave front sets of generalized functions.
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Let V be a (usually finite dimensional) vector space over the real numbers. A

symplectic structure on V consists of an antisymmetric bilinear form

w:VxV 3R

which is non-degenerate. So we can think of w as an element of A2V* when V
is finite dimensional, as we shall assume until further notice. A vector space

equipped with a symplectic structure is called a symplectic vector space.

A basic example is R? with

e ()3) (¢ -

We will call this the standard symplectic structure on R2.

1.2 Special kinds of subspaces.

If W is a subspace of symplectic vector space V then W+ denotes the symplectic
orthocomplement of W:

W= {veV|w,w) =0, Vwe W}.



A subspace is called

. symplectic if W N W+ = {0},

—

2. isotropic if W Cc W+,
3. coisotropic if W+ Cc W, and
4. Lagrangian if W = W+,

Since (W)L = W by the non-degeneracy of w it follows that W is symplec-
tic if and only if W+ is. Also, the restriction of w to any symplectic subspace
W is non-degenerate, making W into a symplectic vector space. Conversely,
to say that the restriction of w to W is non-degenerate means precisely that
Wnwt ={0}.

1.3 Normal forms.

For any non-zero e € V we can find an f € V such that w(e, f) = 1 and so
the subspace W spanned by e and f is a two dimensional symplectic subspace.

Furthermore the map
1 Fio 0
e o) 1

gives a symplectic isomorphism of W with R2? with its standard symplectic
structure. We can apply this same construction to W+ if W+ # 0. Hence by
induction, we can decompose any symplectic vector space into a direct sum of
two dimensional symplectic subspaces:

V=W&---Wy

where dim V' = 2d (proving that every symplectic vector space is even dimen-
sional) and where the W; are pairwise (symplectically) orthogonal and where
each W; is spanned by e;, f; with w(e;, f;) = 1. In particular this shows that
all 2d dimensional symplectic vector spaces are isomorphic, and isomorphic to
a direct sum of d copies of R? with its standard symplectic structure.

1.4 Existence of Lagrangian subspaces.

Let us collect the eq, ..., eq in the above construction and let L be the subspace
they span. It is clearly isotropic. Also, ey, ...,en, f1,..., fq form a basis of V.
If v € V has the expansion

v=a1e1+---ageq +bifi+---+bafa

in terms of this basis, then w(e;,v) = b;. Sov € L+ = v € L. Thus L is
Lagrangian. So is the subspace M spanned by the f’s.

Conversely, if L is a Lagrangian subspace of V' and M is a complementary
Lagrangian subspace. Then w induces a non-degenerate linear pairing of L with
M and hence any basis ey, - - - e4 picks out a dual basis fi,:-- .fq of M giving a
basis of the above form.



1.5 Consistent Hermitian structures.

In terms of the basis ey,..., ey, f1,-.., fq introduced above, consider the linear
map
J: e; — —fz', fz = €.

It satisfies

7 o= -, (1)
w(Ju,Jv) = w(u,v), and (2)
w(Ju,v) = w(Jv,u). 3)

Notice that any J which satisfies two of the three conditions above automati-
cally satisfies the third. Condition (1) says that J makes V into a d-dimensional
complex vector space. Condition (2) says that J is a symplectic transformation,
i.e acts so as to preserve the symplectic form w. Condition (3) says that w(Ju,v)
is a real symmetric bilinear form.

All three conditions (really any two out of the three) say that (, ) = (, )w,s
defined by

(u,v) = w(Ju,v) + iw(u,v)

is a semi-Hermitian form whose imaginary part is w. For the J chosen above
this form is actually Hermitian, that is the real part of (, ) is positive definite.

1.6 Choosing Lagrangian complements.

The results in this subsection all have to do with making choices in a “consistent”
way, so as to guarantee, for example, that the choices can be made to be invariant
under the action of a group.

For any a Lagrangian subspace L C V we will need to be able to choose
a complementary Lagrangian subspace L', and do so in a consistent manner,
depending, perhaps, on some auxiliary data. Here is one such way, depending
on the datum of a symmetric positive definite bilinear form B on V. (Here B
has nothing to do with with the symplectic form.)

Let L? be the orthogonal complement of L relative to the form B. So

&mLB:&mL:%&mV
and any subspace W C V with
1
dimW = §dimV and WnNL={0}

can be written as graph (A4) where A : LB — L is a linear map. That is, under
the vector space identification

v=LPaL



the elements of W are all of the form
w+ Aw, we LB,
We have
w(u + Au,w + Aw) = w(u, w) + w(Au, w) + w(u, Aw)

since w(Au, Aw) = 0 as L is Lagrangian. Let C' be the bilinear form on L?
given by
C(u,w) = w(Au,w).

Thus W is Lagrangian if and only if
C(u,w) — C(w,u) = —w(u,w).

Now
HOHI(LB,L) ~ L ® LB* ~ LB* ® LB*

under the identification of I, with LB* given by w. Thus the assignment A < C
is a bijection, and hence the space of all Lagrangian subspaces complementary
to L is in one to one correspondence with the space of all bilinear forms C on
LB which satisfy C(u,w) — C(w,u) = —w(u,w) for all u,w € LB. An obvious
choice is to take C' to be —iw restricted to LZ. In short,

Proposition 1.1 Given a positive definite symmetric form on a symplectic vec-
tor space V, there is a consistent way of assigning a Lagrangian complement L'
to every Lagrangian subspace L.

Here the word consistent means that the choice depends only on B. This
has the following implication: Suppose that T is a linear automorphism of V'
which preserves both the symplectic form w and B. In other words, suppose
that

w(Tu, Tv) = w(u,v) and B(Tu,Tv) = B(u,v) Vu,veV.
Then if L +— L' is the correspondence given by the proposition, then
TLw~ TL'.

More generally, if T : V' — W is a symplectic isomorphism which is an isometry
for a choice of positive definite symmetric bilinear forms on each, the above
equation holds.

Given L and B (and hence L') we determined the complex structure J by

J:L—= L', wu,Jv)=Bu,v) uvelL

and then
J==J1:L'>5L



and extending by linearity to all of V' so that
J?=-I.
Then for u,v € L we have
w(u, Jv) = B(u,v) = B(v,u) = w(v, Ju)

while
w(u, JJv) = —w(u,v) =0 = w(Jv, Ju)

and
w(Ju, JJv) = —w(Ju,v) = —w(Jv,u) = w(Jv, JJu)

so (3) holds for all u,v € V. We should write Jp 1, for this complex structure,
or J;, when B is understood
Suppose that T preserves w and B as above. We claim that

JTLOTZTOJL

so that T' is complex linear for the complex structures Jy and Jpp. Indeed, for
u,v € L we have
w(Tu, JrpTv) = B(Tu, Tv)

by the definition of Jry. Since B is invariant under T the right hand side equals
B(u,v) = w(u, Jpv) = w(Tu, T JLv) since w is invariant under 7. Thus

w(Tu, JrTv) = w(Tu, T Jpv)

showing that
TJr, = Jri.T

when applied to elements of L. This also holds for elements of L'. Indeed every
element of L' is of the form Jru where u € L and T Jru € TL' so

JriTJpu = —Jp TJpu = —Tu=TJ(Jru).
QED

2 The Heisenberg algebra and group.

Let V be a symplectic vector space. So V comes equipped with a skew symmetric
non-degenerate bilinear form w. By the choice of a pair of transverse Lagrangian
subspaces, and then dual bases in these subspaces, we obtain a basis

P, .. Pp,Q1,...,Qn

of V with
u)(P“PJ) = 0
w(Qi,Q;) = 0 4)
w(Pi;Qj) = 51]



We make
h=Vo&R

into a Lie algebra by defining
[X,Y] =w(X,Y)E
where £ =1 € R and
[E,E]=0=[E,X] VX €eV.

The Lie algebra h is called the Heisenberg algebra. It is a nilpotent Lie
algebra. In fact, the Lie bracket of any three elements is zero. If we write out
the brackets in terms of the basis above we get

[P, Q5] = 04E
[P,',Pj] = 0

which, together with
[E, Pl = 0= [E, Q]

are the “canonical commutation relations” up to inessential (or essential) factors
such as A and 3.

We will let N denote the simply connected Lie group with this Lie algebra.
We may identify the 2n + 1 dimensional vector space V + R with N via the
exponential map, and with this identification the multiplication law on N reads

1
exp(v + tE) exp(v' + t'E) = exp (v +o' +(t+t + Ew(v, v'))E) . (5

Let dv be the Euclidean (Lebesgue) measure on V. Then the measure dvdt is
invariant under left and right multiplication. So the group N is unimodular.
For those of you who are unfamiliar with the notion of the exponential map for
Lie algebras and Lie groups, just start with (5) as a definition of multiplication,
where exp is just a weird symbol.

If 7 is a Lagrangian subspace of V', then £ @® R is an Abelian subalgebra of
h, and in fact is maximal abelian. Similarly

L:=exp({®R)

is a maximal Abelian subgroup of N.
Define the function
f:N->T!

flexp(v + tE)) := 2™t
We have

f ((exp(v + tE))(exp(v' + t'E))) = 2milt+t +30(v,0") (6)



Therefore

f(hihz) = f(h1) f(h2)

for
hl, hy € L.

We say that the restriction of f to L is a character of L.
I want to consider the quotient space

N/L

which has a natural action of N (via left multiplication). In other words N/L
is a homogeneous space for the Heisenberg group N. Let ¢' be a Lagrangian
subspace transverse to £. Every element of N has a unique expression as

(expy)(exp(x + sE)) wherey el ze€l.
This allows us to make the identification
N/L~ /¢

and the Euclidean measure dv’ on £' then becomes identified with the (unique
up to scalar multiple) measure on N/L invariant under N.

For use in the next section we record the following “commutation calcula-
tion” at the group level: Let y € £/ and = € £. Then

exp(—z)(expy) = exp(y — z — %w(w, y)E)

while

exp(y) exp(~2) = exply — & = 2y, )E)

so, since w is antisymmetric, we get

(exp(—2))(expy) = (expy)(exp(—1)) exp(—w(z,y) E). (7)

3 The Schrodinger representation.

We continue with the notation of the preceding section. In particular, we have
chosen a Lagrangian subspace ¢, have the corresponding subgroup L and the
quotient space N/L. We are going to construct a unitary representation of N
which is known in group theory language as the representation of N induced
from the character f of L.

Its definition is as follows: Consider the space of continuous functions ¢ on
N which satisfy

é(nh) = f(h)"'¢(n) YneN hel (8)



and which in addition have the property that the function on N/L
n = |¢(n)]|

(which is well defined on N/L on account of (8)) is square integrable on N/L.
We let H({) denote the Hilbert space which is the completion of this space of
continuous functions relative to this Ly norm. So ¢ € H({) is a “function” on
N satisfying (8) with norm

I6)1? = /N o

where dn is left invariant measure on N/L.
The representation pg; of N on H(£) is given by left translation:

(pe(m)¢)(n) = ¢ (m™"n) . (9)

For the rest of this section we will keep £ fixed, and so may write H for H(¥)
and p for p;. The dependence on £ will become important for us later.
Since exp tE is in the center of N, we have

p(exptE)p(n) = ¢ ((exp —tE)n) = ¢ (n(exp —tE)) = > ¢(n).
In other words
p(exptE) = e*™1dy. (10)

The Stone - von Neumann theorem (Theorem 3.1 below) characterizes all uni-
tary representations of N which satisfy this condition.

Suppose we choose a complementary Lagrangian subspace ¢ and then iden-
tify N/L with ¢’ as in the preceding section. Condition (8) becomes

¢ ((exp y) (exp(x)) (exp tE)) = p(exp y)e 2T,

So ¢ € H is completely determined by its restriction to exp ¢'. In other words
the map
o1, P(y) = dlexpy)

defines a unitary isomorphism

R:H — L2(€I)
and if we set
o := RpR !
then
[0 (expz) Pl(y) = ™ “@VYy) zel, yel
[oexpu)d](y) = ¥(y—u) y,u€l' (11)
o(exp(tE)) = *™Idp, -



The first of these equations follows from (7) and the definition (9) and the last
two follow immediately from (9).
We define the infinitesimal version of the representation p by

HX) 1= & plexpltX))umo

for X € h with a similar notion and notation for . Under the P, @ basis (with
P; € £ chosen above), we may identify Lo (¢') with Lo(R™). Then it follows from
(11) that

O'(PJ) = 27Fi.7:'j
5@Q) = —5% (12)
6(E) = 2mild

This is the Schrodinger version of the Heisenberg commutation relations. So
we can regard (11) as an “integrated version” of the Heisenberg commutation
relations. The Stone-von Neumann theorem asserts that the representation
o, and hence the representation p is irreducible and is the unique irreducible
representation (up to isomorphism) satisfying (11). In fact, to be more precise,
the theorem asserts that any unitary representation of N such that

exp(tE) — *™1d

must be isomorphic to a multiple of p in the following sense:

Let H; and H, be Hilbert spaces. We can form their tensor product as
vector spaces, and this tensor product inherits a scalar product determined by

(u®v,z®y) = (u,z)(v,y).

The completion of this (algebraic) tensor product with respect to this scalar
product will be denoted by H; ® Hs and will be called the (Hilbert space)
tensor product of H; and H». If we have a representation 7 of a group G on H;
we get a representation

g T(g) ® Id,

on H; ® Hs which we call a multiple of the representation 7. We can now state:

Theorem 3.1 [The Stone-von-Neumann theorem.] The representation
p(f) of N is irreducible, and any representation such that exp(tE) — e2™*1d is
isomorphic to a multiple of p(£).

We will spend the next few sections proving this basic theorem.

10



4 The group algebra.

If G is a locally compact Hausdorff topological group with a given choice of Haar
measure, we defined the convolution of two continuous functions of compact
support on G by

(¢1 % p2)(g) = /G¢1(U)¢z(u71g)du.

If 4 is another continuous function on G' we have
[ Gro@u@ids = [ srw(byiun)dudn.
G Gx@

This right hand side makes sense if ¢; and ¢o are distributions of compact
support and 1 is smooth. Also the left hand side makes sense if ¢; and ¢2
belong to L;(G) and 1 is bounded, etc.

If we have a continuous unitary representation 7 of G on a Hilbert space H,
we can define

(9) == /G &(9)7(9)dg

which means that for v and v € H
(r(@)u,v) = / 6(9) (r(g)u, v)dg.
G

This integral makes sense if ¢ is continuous and of compact support, or if G is
a Lie group, if u is a C'™ vector in the sense that 7(g)u is a C° function of g
and ¢ is a distribution. In either case we have

7(p1 * p2) = T(d1)7(¢2)-

If the left invariant measure is also invariant under the map g — ¢~
right invariant, and if we define

¢"(9) == ¢(g™")

I and so

then
(") = 7(¢)".
We gave a more general definition of ¢* valid in the non-unimodular case in the

notes on Haar measure. The preceding formula holds in general, but we will
stick to the unimodular case at hand.

5 The Weyl transform.
Let 7 be a representation of N satisfying our condition

7(tE) = e*™1d.

11



Then 7 descends to a representation of
B := N/exp(ZE)

since 7(exp(kE)) = Id for k € Z.
Let ® denote the collection of continuous functions on N which satisfy

d(nexptE) = e~ 2™ p(n).

Every ¢ € ® can be considered as a function on B, and every n € B has a
unique expression as n = (expv)(exp tE) with v € V and t € R/Z. We take as
our left invariant measure on B the measure dvdt where dv is Lebesgue measure
on V and dt is the invariant measure on the circle with total measure one. The
set of elements of ® are then determined by their restriction to exp(V). Then
for ¢1, @2 € ® of compact support (as functions on B) we have (with x denoting
convolution on B)

(¢1 % ¢2)(expv)

/V /T ¢1((exp u)(exptE)) 2 ((— exp u) (exp(—tE))(exp v))dudt
= [ drtespuia(iesp —u)expo)du

= [ arlepu)palenplv ) (gl ) D)

= /V 1 (exp )z (exp(v — u))e™™ V) dy.

So if we use the notation
P(u) = ¢(expu)
and 91 x 1o for the 1 corresponding to ¢1 * g2 we have

(102 0) = [ (iia(v — e (13)
v
We thus get a “twisted” convolution on V.

If € ® and if we define ¢* as above, then ¢* € ® and the corresponding
transformation on the v’s is

9" (expv) = ¢(-v).

We now define
W, () = 7(4) = /B 6(b)(b)db = /V (v)r(exp v)do.

The last equation holds because of the opposite transformation properties of 7
and ¢ € .

12



If ¢ € @ then §,, x ¢ is given by
(Om * ¢)(n) = ¢(m™'n)
which belongs to @ if ¢ does and if m = exp(w) then
(6 * $)(expu) = ™M (u - w).

Similarly, .
(¢ % 0)(expu) = e_m“’(“”“)d}(u —w).

Let us write w x % for the function on V corresponding to d,, x ¢ under our
correspondence between elements of ® and functions on V.
Then the facts that we have proved such as

T(p1 * ¢2) = T(d1)7(¢2)

translate into

Wr(1 xtp2) = Wr(1)Wr(¢2) (14)
W:(*) = Wr(¢)* (15)
Wr(wx) = 7(expw)Wr(y) (16)
Wr(pxw) = Wr(¢)r(expw). (17)

6 Hilbert-Schmidt Operators.

Let H be a separable Hilbert space. An operator A on H is called Hilbert-
Schmidt if in terms of some orthonormal basis {e;} we have

Z | Ae;]|? < oo.

Since
Aei = Z(Aei, 6]')6]'

this is the same as the condition
> I(Aei,€))” < o0
ij

or

Z |aij|2 < o0

Q5 1= (Aei, ej)

where

is the matrix of A relative to the orthonormal basis. This condition and sum
does not depend on the orthonormal basis and is denoted by

1Al 7rs-

13



This norm comes from the scalar product
(A,B)gs =tr B*A = Z(B*Ae,-,e,-) = Z(Ae,-,Be,-).
Indeed,
(A*Ae;e;) =  (Ae;, Aey)

Z(Aei, ej)ej, Aei
J
Z(Aeia ej)(eja Ael)
J
> aia;

J
> lais
i

and summing over ¢ gives ||A|%.
The rank one elements

Eij; Ez](.’l;') = (x,ej)e,-

form an orthonormal basis of the space of Hilbert-Schmidt operators. We can
identify the space of Hilbert-Schmidt operators with the tensor product H ® H
where H is the space H with scalar multiplication and product given by the
complex conjugate, e.g multiplication by ¢ € C is given by multiplication by ¢
in H.

If H = Ly(V,dy) (where V can be any measure space with measure dy, but
we will be interested in our case) we can describe the space of Hilbert-Schmidt
operators as follows: Let {e;} be an orthonormal basis of H = Lo(V) and
consider the rank one operators E;; introduced above. Then

(Ei) (2) = (b, e5)es() = /V b(y)e; @)es(x)dy

= / Kij(z,y)y(y)dy
Y

where

Kij(z,y) = ei(x)e;(y).

This has norm one in Ly(V x V) and hence the most general Hilbert-Schmidt
operator A is given by the Ly(V x V) kernel

K= Z az-jK,-j

with a;; the matrix of A as above.

14



7 Proof of the irreducibility of p(¢).

Let us consider the case where 7 = p = p(£). I claim that the map W, defined
on the elements of ® of compact support extends to an isomorphism from Ly (V)
to the space of Hilbert-Schmidt operators on H(£). Indeed, write

W, () = /V (v)p(exp v)dV

and decompose
V=tal

v=y+z, scl,yel

SO
exply + ) = exp(y) exp(z) exp(— 5y, 7))
SO
plexp(y +2)) = p(y)p(z)e ™)
and hence

W,(¥) = //d}(g + z)plexpy)p(exp z)e™ W) dxdy.

So far the above would be true for any 7, not necessarily p. Now let us use
the explicit realization of p as o on Ly(R™) in the form given in (11).
We obtain

W, () (F))(E) = / / TR Yy 4 ) PTEED) f(€ — y)dudy.

Making the change of variables y + £ — y this becomes

/ / e~ (E=Y.) 2T (@ Y) g (¢ g+ 1) F(y)dy.

so if we define
Ky(&y) == /e"’“’(z’y“)@b(& —y+x)ds

we have

W () )](E) = / Ky (€,y)f(y)dy.

Here we have identified ¢’ with R™ and V = ¢' + £ where £ is the dual space of
¢ under w. So if we consider the partial Fourier transform

Fe: Lg(el D E) — LQ(KI (&) K’)

(Fat)) (4,€) = / 2Ty | 7)da

15



(which is an isomorphism) we have

Ky(6:9) = (Fat) (€~ 9~ 5 + ).

We thus see that the set of all Ky is the set of all Hilbert-Schmidt operators on
Ly (R™).

Now if a bounded operator C' commutes with all Hilbert-Schmidt operators
on a Hilbert space, then CE;; = E;;C implies that ¢;; = cd;;, i.e. C = cld. So
we have proved that every bounded operator that commutes with all the p,(n)
must be a constant. Thus p(¢) is irreducible.

8 Completion of the proof.

We fix £, ¢' as above, and have the representation p realized as o on Lo (£') which
is identified with Lo (R™) all as above. We want to prove that any representation
T satisfying (10) is isomorphic to a multiple of o.

We consider the “twisted convolution” (13) on the space of Schwartz func-
tions S(V). If ¢ € S(V) then its Weyl kernel Ky (§,y) is a rapidly decreasing
function of (£,y) and we get all operators with rapidly decreasing kernels as
such images of the Weyl transform W, sending v into the kernel giving o(¢).

Consider some function u € S(¢') with

lull ooy = 1-
Let P, be the projection onto the line through u, so P; is given by the kernel
pi(2,y) = uly)u(z).
We know that it is given as
p1 = W,(v) for some 3 € S(V).
We have P2 = P, P} = P, and
Pio(n)P = a(n)Py with  a(n) = (o(n)u,u).

Recall that ¢ — o(¢) takes convolution into multiplication, and that Ky is
the kernel giving the operator W, (¢) = o(¢) where ¢ € ® corresponds to
1 € S(V). Then in terms of our twisted convolution * given by (13) the above
three equations involving P; get translated into

Yry =1, ¢P=1, Prnxp=a), (18)

Now let 7 be any unitary representation of N on a Hilbert space H satisfying
(10). We can form W, (¢).

Lemma 8.1 The set of linear combinations of the elements
T(n)W, )z, z€H, neN

18 dense in H.

16



Proof. Suppose that y € H is orthogonal to all such elements and set
n = expw. Then for any x € H

0= (y, 7()W-(W)7(n) ') = /V (y, T(exp w)7(exp (v) 7 (exp(—w)y (v)dv

:/V(y,T(exp(v+w(w,v)E)x)¢(v)dv:/V(y,T(expv)w)efz’”'“’(w’”)w(v)dv

= Fl(y, T(expv)z)))].
The function is square brackets whose Fourier transform is being taken is con-
tinuous and rapidly vanishing. Indeed, z and y are fixed elements of H and 7 is
unitary, the expression (y,7(expv)z) is bounded by ||y||||z|| and is continuous,
and 9 is a rapidly decreasing functions of v. Since the Fourier transform of the
function
v = (y, 7(exp(v))z)(v)
vanishes, the function itself must vanish. Since ¢ does not vanish everywhere,
there is some value vg with 9(vg) # 0, and hence
(y,7(expuvo)z) =0 V€ H.

Writing z = 7(expwvg) 'z we see that y is orthogonal to all of H and hence
y=0. QED

Now from the first two equations in (18) we see that W, (¢) is an orthogonal
projection onto a subspace, call it H; of H. We are going to show that H is
isomorphic to H({) ® H, as a Hilbert space and as a representation of N.

We wish to define

I:Hl)®H — H, pn)udb~— 7(n)b

where b € H;.
We first check that if

by =W, (¥)zy and by = Wr(¢)z2
then for any ni,n2 € N we have
()W (P)z1, T(n2)Wr (P)z2) i = (p(n1)u, p(n2)w) mey - (b1, b2)m,- (19)

Proof. Since 7(n) is unitary and W, (¢) is self-adjoint, we can write the left
hand side of (19) as

(T(n)Wr ()21, T(n2)Wr () 22) 1t = (Wr ()7 (ng ' )W ()21, 22) 1

and by the last equation in (18) this equals

= a(ny'm) (W, ()1, 22) -
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From the definition of o we have

a(ny'ni) = (p(ny 'n1)u, u) gy = (p(n1)u, p(na)u),

since p(ns) is unitary. This is the first factor on the right hand side of (19).
Since W (1)) is a projection we have

(Wr(W)z1,20)m = (Wr(¥)z1, Wr(¥)22)Er = (b1,b2) 11y,

which is the second factor on the right hand side of (19). We have thus proved
(19).
Now define

I: Zp(ni)u ®b; — ZT(nz)bz

This map is well defined, for if

then
N
Il ZP("z’)U ® bill (g, =0
i=1

and (19) then implies that

N N
| Zp(ni)u ® billa@yom, = |l ZT(”i)bi”H =0.

=1 =1

Equation (19) also implies that the map I is an isometry where defined. Since
p is irreducible, the elements Ei\; p(n;)u are dense in H(¥), and so I extends
to an isometry from H(¢) ® H; to H. By Lemma 8.1 this map is surjective.
Hence I extends to a unitary isomorphism (which clearly is also a morphism of
N modules) between H(£) ® Hy and H. This completes the proof of the Stone
- von Neumann Theorem.
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