Math 212a Lecture 2



Fejer’'s Theorem

For a bounded contimuons tunction f we write C'( f.n.x) tor the
n-th Cesaro sum of 1ts Fourler series. So it
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The Fejer kernel.
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where we have used the periodicity of f and K.
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A closed expression for the Fejer kernel.

We have shown that e 2
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K, (s) = : s
n+1 sin -
for s #= 0 (mod 27) while continuity gives
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K,(0)=n+1.

K,(s) >0 forall s

and from its original definition

since all the exponential terms integrate to zero.
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Figure 1: The graphs of Ks, K7 and Ky over [—7, 7).




Estimating the Fejer kernel.
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We claim that for anv ¢ > 0 and any € > 0 there 1s an NV = N{(d.€)
such that

K,(s) <e if |s —27r| >0 for all mtegers r and n > N.

Indeed, on this range, |sin(s/2)| > |sin(6/2)] > 0 so the denominator
in the expression for K,, 1s bounded from below, while the numerator
1s bounded by 1.



Proof of Fejer’s theorem, |.
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Now suppose that f 18 periodic and continuons, and let M be such

that
| f(s)| < M

for all s. Then f 1s uniformly contimmons, so. for any € > 0 we can
find a 0 > 0 so that

| f(s) — f(t)] <€/2 1f |s =1 <.
We can then find an N such that
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K, (s) < Vi if |s —27r| >0 and n > V.



Proof of Fejer’s theorem, 2.
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We can break this mtegral up mto two parts. The first, over the
interval s € [—4, 4] is at most
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(since K,, 1s non-negative) while the second is at most

20 [ € € . )
/ : ds < 5 ftor n > N

C(f.n.t) — f(t)] < e ifn> N.

Thus we have proved Fejer's theorem which asserts that the Cesaro
sum C'( f.n.t) of a continuous periodic function approaches f(t) uni-
tormly.



Some consequences of
Fejer’s theorem.

The U“i.'—','“ll{ nmetric ])Hl}'llullli;llh are dense 1 the Space ol contin-
uous periodic functions m the uniform topology.

It f and g are continuous and periodic and have the same Fourier
coefficients then they are equal.

The Welerstrass approximation theorem: Any continuous tunc-
tion on a compact mterval can be uniformly approximated by
polynomials. (Smce we can extend the function to be periodic.
then approximate the extended function by trigonometric poly-
nomials, and then use the Tavlor series of each exponential to
approximate by polynomials.)



Lipot Fejér

Born: 9 Feb 1880 in Pécs, Hungary
Died: 15 Oct 1959 in Budapest, Hungary



Dirichlet’s theorem.

Dirichlet’s theorem asserts that the Fourier series of a ]:ru:w: Umw differ-
entiable function f converges at all points o to = (f(z, )+ f(x_)). Consider
the n-th sum s, = s, (f, ) of the Fourier series Whl( h is g_ﬂgu-':.n I:n}-
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where the Dirichlet kernel D, is given by
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Properties of the
Dirichlet kernel.

sin(n + <)t I . |
D, (t) = 3/ — ,_D”[””L — 1

sin £ 27

As n increases, [),, becomes more and more oscillatory outside any fixed
interval about the origin, but its amplitude does not tend to zero there.
in contrast to the Fejer kernels. The issue of convergence of

1 /"
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1s more subtle.



The Riemann-Lebesgue
lemma, |.

We consider functions f defined on R which are integrable and have
the property that tfor any € = 0 there 1s a step function g such that

/ | f — gldx < €.
JR

This definition depends on our definition of “integrable”, and eventually,
when we study the Lebesgue integral, our definition will be such that all
tunctions which are Lebesgue mtegrable will have this property. Clearly,
any f which 1s plecewise continuous and vanishes outside a finite mterval
has this property. Also, if f is only defined on some interval |a, b] and has
this property there., we just extend f by declaring 1t to be zero outside
[a, b] and the extended function belongs to our class. For the present, the
Riemann integral will do. But let us denote this class of functions by

L,(R).



1'he Riemann-Lebesgue
lemma, 2.

A bounded integrable function h is said to satisty the averaging con-

dition if
]_ i
lim —[ hitydt — 0.
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For example, the function A(#) = sin ¢ satisfies this condition.

Theorem 1 Riemann-Lebesgue Lemma. If f = L{(R) and h satisfies
the averaging condition then

b
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Proof. Clearly it is enough to prove this for a = 0,b = oc. If we take
f = 1(ca where 0 < ¢ < d < oc then
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The Riemann-Lebesgue
lemma, 3.

By linearity. the theorem is then true for step functions. Choose C' such
that |h(x)| < C for all x. Let f € Li(R). Choose a step function g such

that _
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The Riemann-Lebesgue
lemma, 4.

We now apply the Riemann-Lebesgue Lemma to conclude that if f €
Li([-m,w]) and O < r < 7 then

—r O

lim / f(t)D, (t)dt = 0.

indeed, on this range. the denominator, sin & of D, (t) is bounded from
below so ;
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and so

/ f(t)D,, (t)dt = / - “3 - s1n(n + é)f dt — 0.
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The Riemann-Lebesgue
lemma, 3.

The Fourier kernel F), is defined as

sin(n + )t

14
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Fo.(t) =

The same arecument shows that

IEu / f(t t)dt = 0.

In the interval [2, 2] the Fourier kernel is very close to the Dirichlet kernel
for large n:
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Plots of the Dirichlet {red) and Fourier (blue) kernels for k=8




The Riemann-Lebesgue
lemma, 6.

Let f € L(|0,7]) and 0 < r < 7. If one or the other of the limits

lim ;‘ D, or lim / f(t)F,(t)dt
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exists then both limits exist and are equal.
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(More formally, apply I'Hopital’s rule twice.) Set g(t) == —— — ;}-3. So
g is continuous at 0 if we set g(0) = 0. The difference between the two

integrals is

Proof.

/ f(t)g(t)sin(n + %}frff

which tends to zero by Riemann-Lebesoue.



Proof of Dirichlet’s theorem.
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In particular. if [ 1s differentiable from the right and left at » we
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Bessel

Although Fejer’s theorem gives one interpretation of
Fourier’s claim that “every” periodic function can be
expanded into a Fourier series, and Dirichlet’s
theorem gives another justification of this claim, an
entirely different approach to Fourier’s claim derives
from the work of the astronomer Bessel, an
approach derived from the method of “least
squares’” of great use in observational astronomy. The
modern (i.e. mid 20th century) setting for this
approach is the concept of a Hilbert space and the
notion of an orthonormal basis.



Friedrich Wilhelm Bessel

Born: 22 July 1784 in Minden, Westphalia (now Germany)
Died: 17 March 1846 in Konigsberg, Prussia (now Kaliningrad, Russia)



Scalar products.

V' is a complex vector space. A rule assigning to every pair of vectors
f.g € V a complex number (f, g) is called a semi-scalar product if

1. (f,g) is linear in f when ¢ is held fixed.

2. (g.f) = (f,g). This implies that (f, g) is anti-linear in g when
[ is held fixed. In other words. (f,ag +bh) =a(f,q)+ b(f, h).
[t also implies that (f, f) is real.

3. (f.f)=0forall feV.
If 3. is replaced by the stronger condition
4. (f, f) > 0 for all non-zero f €V

then we say that ( , ) is a scalar product.



Examples.

e IV = C" so an element z of V is a column vector of complex
numbers:

and (z, w) is given by

n
(2. W) 1= E 203,
1

e V' consists of all continuous (complex valued) functions on the
real line which are periodie of period 27 and

m

(f.q):= 5o fla)g(x)de.

] J—TT

We will denote this space by C(T). Here the letter T stands
for the one dimensional torus, i.e. the cirele. We are identify-
ing functions which are periodic with period 27 with functions
which are defined on the circle R/27Z.



Examples, continued.

e VV consists of all doubly infinite sequences of complex nmunbers
A= ....d_92.0_1.,.0dn, &1, da2....

which satisfv

3]

e

< 0.

E |a;
(a,b) = E aib;.

All three are examples of sealar produets.

Here



The Cauchy-Schwarz inequality.
This says that if ( . ) is a semi-scalar product then
(f.o)| < (f. /)% (g.9)7, (1)

Proof. For any real nmunber ¢ condition 3. above says that (f —
tg. f —tg) = 0. Expanding out gives

0<(f—tg.f—tg)=(f.f)—=t[(f.q)+ (9. )] +1t°(g.9).

Since (g, f) = (f.q), the coetlicient of ¢ in the above expression is
twice the real part of (f.g). So the real quadratic form

Q(t) := (f. f) — 2Re(f. g)t + t2(g.9)

is nowhere negative. So it can not have distinet real roots, and hence
by the b? — 4ac rule we get

A(Re(f,9))* —4(f. f)(g.9) <0

Or
(Re(f.a))% < (f. f)lg.9). (2)



(Re(f.9))% < (f. f)g.q). (2)

This is useful and almost but not guite what we want. But we may

apply this inequality to h = g for any #. Then (h.h) = (g.9).
Choose # so that

(f g)=re”
where r = |(f.g)|. Then

(f.h)y=(f.e"g)=e"(f.q9)=|(f.0)

and the preceding inequality with g replaced by h gives

(f.o)lF < (f.)g.9)

and taking square roots gives (1).



Hermann Amandus Schwarz

Born: 25 Jan 1843 in Hermsdorf, Silesia (now Poland)
Died: 30 Nov 1921 in Berlin, Germany



The triangle inequality
For anv semiscalar product define £l = (f. f}%

so we can write the Cauchy-Schwarz inequality as (£, )| < || FIllg]l.

The triangle inequality savs that
1f =+ all < [ 71+ 1lgl- (3)
Proof.

7

1f+al” (f+g9.f+9g)

= (f.f)+2Re(f.9)+ (9.9)

() 20 gl + (g.9) by (2)
LF1Z =+ 20 £l + gl

A L0
= ([[F]l + gl

| f’x

Taking square roots gives the triangle inequality (3). Notice that
lef{l = lelll £l (4)

since (cf. cf) = c@(f. f) = ||| f||*.



Pre-Hilbert spaces.

Suppose we trv to define the distance between two elements of V'
by

d(f.g) = |If — gl

Notice that then d(f.f) = 0. d(f.g) = d(g. f) and for any three
elements
d(f.h) < d(f.q) +d(g.h)

by virtue of the triangle inequality. The only trouble with this defi-
nition is that we might have two distinet elements at zero distance,
i.e. 0=d(f.g)=|f—g|. But this can not happen it ( . ) is a scalar
product. i.e. satisfies condition 4.

A complex vector space V' endowed with a scalar product is called
a pre-Hilbert space.



Normed spaces.
The triangle inequality says that
LF 4+ gl = 171+ lgll (3)

lef It = el F] (4)

Let V' be a complex vector space and let ||-|| be a map which assigns
to any f € V' a non-negative real || f|| number such that ||f|| > O for
all non-zero f. If || || satisfies the triangle inequality (3) and equation
(4) it is called a norm. A vector space endowed with a norm is called
a normed space. The pre-Hilbert spaces can be characterized among
all normed spaces by the parallelogram law as we will discuss below.

Later on, we will have to weaken condition (4) in our general
study. But it is too complicated to give the general definition right
NOW.



Hilbert and pre-Hilbert spaces.

The reason for the prefix “pre” is the following: The distance d defined
above has all the desired properties we might expect of a distance.
In particular, we ean define the notions of “limit” and of a “Cauchy
sequence’ as is done for the real numbers: If f,, is a sequence of
elemments of V', and f € V we say that f is the limit of the f,, and
write

lim f” = f Or fn, — }(

L — O

if, for any positive number € there is an N = N (¢) such that
d( frn.f) <€ foralln>N.

If a sequence converges to some limit f. then this limit is unique,
since any limits must be at zero distance and hence equal.

We say that a sequence of elements is Cauchy if for any 6 > 0
there is an K = K (d) such that

A fo- fr) <0 Y.m.n=>K.

It the sequence f,, has a limit. then it is Cauchy - just choose K(d) =
f\-"[%ri} and use the triangle inequality.



But it is quite possible that a Cauchy sequence has no limit. As
an example of this type of phenomenon, think of the rational numbers
with |r — s| as the distance. The whole point of introducing the real
numbers is to guarantee that every Cauchy sequence has a limit.

So we say that a pre-Hilbert space is a Hilbert space if it is
“complete” in the above sense - if every Cauchy sequence has a limit.

Since the complex numbers are complete (because the real num-
bers are), it follows that C" is complete, i.e. is a Hilbert space.
Indeed. we can say that any finite dimensional pre-Hilbert space is a
Hilbert space because it is isomorphic (as a pre-Hilbert space) to C"
for some n. (See below when we discuss orthonormal bases.)

1} &




The trouble is in the infinite dimensional case, such as the space
of continuous periodic functions. This space is not ('()Ill])l(‘f!ﬁ‘ For

example, let f,, be the function which is equal to one on (—m +—. —;]
equal to zero on (F—l?. m— I—lejl and extended linearly —F—l? to Jlé {-un:l from

T — Tla to ™ + Tle so as to be continuous and then extended so as
to be periodic. [Tlma on the interval (7 — Tl; T+ %) the function is

riven by fn(x) = 2n(x — (7 — LYY If m < n. the functions f,, and
2 . ) n -

fn e‘ug'ruﬂ outside two lllt(‘rl‘&-le of length f% and on these intervals
|fon(2) — fu(2)] < 1. So || fin — full? < 2/m showing that the

HL‘*(]H( nce {f,+ is Cauchy. But the limit mm](l have to equal one on
(—m.0) and equal zero on (0, 7) and so be discontinuous at the origin
and at m. Thus the space of continuous periodic functions is not a
Hilbert space, only a pre-Hilbert space.



Completing a pre-
Hilbert space.

But just as we complete the rational numbers (by throwing in
“ideal” elements) to get the real numbers, we may similarly complete
any pre-Hilbert space to get a unique Hilbert space. See the section
Completion in the chapter on metric spaces for a general discussion
of how to complete any metric space. In particular, the completion
of any normed vector space is a complete normed vector space. A
complete normed space is called a Banach space. The general con-
struction implies that any normed vector space can be completed to
a Banach space. From the parallelogram law discussed below, it will
follow that the completion of a pre-Hilbert space is a Hilbert space.

The completion of the space of continuous periodic functions will
be denoted by L*(T).



