Math 212a Lecture 4



Review.

¢ Orthogonal projection. If M is a complete subspace of a pre- Hilbert
space H. then for any v € H there is a unique w € M such that (v—w) L
M. This w is characterized as being the unique element of M which
minimizes |[v=z||, x € M. The idea of the proof is to use the parallelogram
law to conclude that if {z,,} is a sequence of elements in M for which |jv —
xm|| approaches the greatest lower bound of |[v—z||, & € M, then {z,, } is
a Cauchy sequence. Then the assumption that M is complete guarantees
that this sequence has a limit w € M which minimizes ||v — z||.z € M.

The map v — w is called orthogonal projection of V' onto M and will be
denoted by mps.



Projection onto a finite
direct sum.

Suppose that the closed subspace M of a pre-Hilbert space is the
orthogonal direct sum of a finite number of subspaces

M = @ﬂuﬁ

meaning that the M; are mutually perpendicular and every element
r of M can be written as

T = Z.‘I?;. r; € M.

(The orthogonality guarantees that such a decomposition is unique.)
Suppose further that each M; is such that the projection ;. exists.
Then m,; exists and

T (v) = Z Tar (V). (13)



Tar(v) = Z T, (V). (13)

Prootf. Clearly the riecht hand side belongs to M. We must show
v — > . mar(v) is orthogonal to every element of M. For this it is
enough to show that it is orthogonal to each M since every element
of M is A sum of elements of the M;. So suppose x; € M;. But
(mar, v, x5) = 01if i #£ j. So

(v — Z AL ( E‘:I. i) = [d — T 7, [-!) .'f.'J-:I =\

by the defining property of myy, .



Review: projection onto a one
dimensional subspace.

For example. if M is the one dimensional subspace consisting of
all (complex) multiples of a non-zero vector y. then M is complete,
since C is complete. So w exists. Since all elements of M are of the
form ay., we can write w = ay for some complex number a. Then
(v —ay,y) =0 or

(v.y) = ally||”

S0 ‘
o, (v, y)
= -
Iy
We call a the Fourier coefficient of v with respect to y. Particularly
useful is the case where ||y|| = 1 and we can write

"
Ll

a=(v,y) (12)



Projection onto a finite
dimensional subspace.

a=(v,y). (12)

]

mar(v) =) g (v), (13)

We now will put the equations (12) and (13) together: Suppose that
M is a finite dimensional subspace with an orthonormal basis ¢;. This
implies that M is an orthogonal direct sum of the one dimensional
spaces spanned by the ¢; and hence my; exists and is given by

mar(v) = Zu.,a{_sb@- where a; = (v, d;). (14)



Bessel’s inequality.

We now look at the infinite dimensional situation and suppose that
we are given an orthonormal sequence {¢;}7°. Any v € V has its
Fourier coefficients

- "

a; = (v, O;)

relative to the members of this sequence. Bessel's inequality asserts

that
D ag? < o], (15)
|

in particular the sum on the left converges.

Proof. Let

T
Uy, = E a;0;.
i=1
so that v, is the projection of v onto the subspace spanned by the
first n of the ¢;. In anv event, (v — v,) L v, 80 by the Pyvthagorean

Theorem | i ) | n )
1012 = o = val? + [[vall> = lo = val? + 3 Jasl*

i



To prove: D al? <

Let on =3 a0,

so that v, is the projection of v onto the subspace spanned by the
first n of the ¢;. In any event, (v —v,) L v, so by the Pythagorean
Theorem

n
ol = v = vall* + llenll* = llv = vall* + 3 _ la: "

=
This implies that
T
> lal? < Jlo)?
=1
and letting n — oc shows that the series on the left of Bessel's in-
equality converges and that Bessel's inequality holds.



Parseval’s equation.

Continuing the above argument. observe that

v — v, || =0 & Z la;]? = |

But ||v — v,]|* — 0 if and only if ||v — v,|| — O which is the same
as saying that v,, — v. But v, is the n-th partial sum of the series
Y a;0;, and in the language of series, we say that a series converges
to a limit v and write > a;¢; = v if and only if the partial sums
approach v. So

2

0|

fo-ff.-’h =U < Z jai]* = ||v]|*. (16)
!_

In general, we will call the series ) . a,;¢; the Fourier series of v
(relative to the given orthonormal sequence) whether or not it con-
verges to v. Thus Parseval’s equality says that the Fourier series of v
converges to v if and only if 3 |a;[* = [|v|]°.



Orthonormal bases.

We still suppose that V' is merely a pre-Hilbert space. We say that
an orthonormal sequence {¢;} is a basis of V' if every element of 1/
is the sum of its Fourier series. For example, one of our tasks will be
to show that the exponentials {e*}> _ form a basis of C(T).

If the orthonormal sequence ¢; is a basis. then any v can be ap-
proximated as closely as we like by finite linear combinations of the
¢;, in fact by the partial sums of its Fourier series. We say that the
finite linear combinations of the ¢; are dense in V. Conversely, sup-
pose that the finite linear combinations of the ¢; are dense in V'. This
means that for any v and anv € > 0 we can find an n and a set of n
complex numbers b; such that

||"f1 — Z [IJ'I.'fT:'::'Ii;|| E €.

But we know that v,, is the closest vector to v among all the linear
combinations of the first n of the ¢;. so we must have



||E1 — 'If.:';r;l_|| £ €.

But this says that the Fourier series of v converges to v, i.e. that the
¢; form a basis. For example, we know from Fejer's theorem that the
exponentials ¢’** are dense in C(T). Hence we know that they form
a basis of the pre-Hilbert space C(T'). We will give some alternative
proofs of this fact below.



Orthonormal bases, 2.

In the case that V' is actually a Hilbert space. and not merely a
pre-Hilbert space, there is an alternative and very useful criterion for
an orthonormal sequence to be a basis: Let M be the set of all limits
of finite linear combinations of the ¢;. Any Cauchy sequence in M
converges (in V') since V' is a Hilbert space, and this limit belongs
to M since it is itself a limit of finite linear combinations of the ¢;
(by the diagonal argument for example). Thus V= M & M L and
the ¢; form a basis of M. So the ¢; form a basis of V' if and only if
M-+ = {0}. But this is the same as saying that no non-zero vector is
orthogonal to all the ¢;. So we have proved

Proposition 1 In a Hilbert space, the orthonormal set {o;} is a basis
if and only if no non-zero vector is orthogonal to all the ¢;.



Symmetric transformations.

We continue to let V' denote a pre-Hilbert space. Let 1" be a linear
transformation of V' into itself. This means that for every v € V
the vector T'v € V' is defined and that Tv depends linearly on v :
T(av 4+ bw) = al'v + bl'w for any two vectors v and w and any
two complex numbers a and b. We recall from linear algebra that
a non-zero vector v is called an eigenvector of 1" if Tv is a scalar
times v. in other words if 1'v = Av where the number A is called the
corresponding eigenvalue.

A linear transformation 1" on V' is called symmetric if for any
pair of elements v and w of V" we have

(Tv,w) = (v,Tw).
Notice that if v is an eigenvector of a symmetric transformation
1 with eigenvalue A, then

Mo, v) = (Av,v) = (Tv,v) = (v,Tv) = (v, \v) = Mo, v).

s0 A = A. In other words, all eigenvalues of a symmetric transtorma-
tion are real.



Bounded linear
transformations.

We will let S = S(V') denote the “unit sphere” of V', i.e. S denotes
the set of all @ € V' such that ||¢|| = 1. A linear transformation 7" is
called bounded if ||T'¢|| is bounded as ¢ ranges over all of S. It T is
bounded. we let

1| := max || o|l.
7] = max 7o)
Then

| Tof| < [0

for all # € V. A linear transformation on a finite dimmensional space is
auntomatically bounded. but not so for an infinite dimensional space.



The null space (kernel)
and the range.

Also. for any linear transformation 7', we will let N (1) denote the
kernel of T, so

N(T) = {veVI[Tv=0}

and R(1") denote the range of T,
R(T) := {v|lv =Tw for some w &V},

Both N(71') and R(1") are linear subspaces of V.



“self-adjoint” vs.”symmetric.

For bounded transformations., the phrase “self-adjoint” is syn-
onyvmonus with “symmetric’. Later on we will need to study non-
bounded (not everywhere defined) symmetric transformations, and
then a rather subtle and important distinction will be made between
self-adjoint transformations and those which are merely symmetric.
But for the rest of this section we will only be considering bounded
linear transformations, and so we will freely use the phrase “self-
adjoint”, and (usually) drop the adjective “bounded” since all our
transformations will be assumed to be bounded.

We denote the set of all (bounded) self-adjoint transformations by
A, or by A(V) if we need to make V explicit.



Non-negative self-adjoint transformations.

It 1" is a self-adjoint transformation. then

(Tv,v) = (v,Tv) = (Tv,v)

so (Tv,v) is always a real number. More generally, for any pair of
clements v and w.

(Tv.w) = (Tw,v).

Since (1'v,w) depends linearly on » for fixed w. we see that the rule
which assigns to every pair of elements v and w the number (1'v.w)
satisfies the first two conditions in our definition of a semi-scalar prod-
uct. Since (1T'v,v) might be negative, condition 3. of the definition
need not be satisfied. This leads to the following definition:

A self-adjoint transformation 1" is called non-negative if

(T'v,v) 20 YoveV



Bounded non-negative self-adjoint operators.

So if 1" is a non-negative self-adjoint transformation. then the rule
which assigns to every pair of elements v and w the number (1'v. w)
s a semi-scalar product to which we may apply the Cauchy-Schwarz
inequality and conclude that

s R !

(T, w)| < (Tv,v)2(Tw,w)z.
Now let us assume in addition that 7" is bounded with norm ||7°||. Let
us take w = T'v in the preceding inequality. We get

% = (10, Tv)| < ('I‘-‘@*.-?fﬁ[l To.Tv “]%

Now apply the Cauchy-Schwarz inequality for the original scalar prod-
uct to the last factor on the right:

(ITv.To)z < |[TTv|2|To|7 < [ T)2 10>

1
)

1
1% =1
where we have used the defining property of ||77]| in the form ||177v|| <
||| Lv||. Substituting this into the previous inequality we get

Tv|,

-

- 1
e E (J{ _,!.,‘_.'!.1}.‘3

T

LYol



| 7o) < (T

If ||T"v]| # 0 we may divide this iIl(‘.lilllz-l]iT}.-‘ by ||Tv]| to obtain

[Tl <

Tv,v)2. (17)

This inequality is clearly true if and so holds in all cases.
We will make much use of this inequality. For example, it follows
from (17) that
(Tv,0)=0 = Twv=0. (18)
[t also follows from (17) that if we have a sequence {v,} of vectors
with (1'v,. v, ) — 0 then |[T'v,|| — 0 and so
[:.I‘:'!-I'“. |!1”]| — [] i' .I‘[”” — []. {]_':_}]I
Notice that if 1" is a bounded self adjoint transformation. not
necessarily non-negative, then v/ — 1" is a non-negative self-adjoint
transformation if » = ||1]|: Indeed,
(rf —T)v,v)=r(v,v)—(Tv,v) = (r—||T||)(v,v) =0
since. by Cauchv-Schwarz.

(Tv.v) < |(Tv.v)] < [ Tollllo]l < 1TN[0ll* = |1 T]|(v. v)

So we may apply the preceding results to I — 1.



Compact self-adjoint transformations.

We say that the self-adjoint transformation 1" is compact if it has
the following property: Given any sequence of elements u,, € S, we
can choose a subsequence w,,; such that the sequence 1'u,,, converges
to a limit in V.

Some remarks about this complicated looking definition: In case
V' is finite dimensional, every linear transformation is bounded. hence
the sequence 1'u,, lies in a bounded region of our finite dimensional
space, and hence by the completeness property of the real (and hence
complex) numbers, we can always find such a convergent subsequence.
So in finite dimensions every 1’ is compact. More generally. the same
argument shows that if R(7") is finite dimensional and 7" is bounded
then 1" is compact. So the definition is of interest essentially in the
case when (1) is infinite dimensional.
we could find a sequence 1w, of elements of S such that ||[1T'u,| = n
and so no subsequence [u,,, can converge.



Eigenvalues of compact
self-adjoint operators.

We now come to the kev result which we will use over and over
agal:

Theorem 3 Let 1" be a compact self-adjoint operator. Then R(T)
has an orthonormal basis {@;} consisting of eigenvectors of 1" and if
R(T") is infinite dimensional then the corresponding sequence {r,} of
eigenvalues converges to ().



Proof. We know that 1" is bounded. If 1" = 0 there is nothing to
prove. So assume that 1" = 0 and let

my = ||T]] > 0.

By the definition of ||T’|| we can find a sequence of vectors u,, € S such
that ||[T'u,| — ||7||. By the definition of compactness we can find a
subsequence of this sequence so that 1T'u,, — w for some w € V. On
the other hand., the transformation 77 is self-adjoint and bounded by
|T||?. Hence ||T'||*1 — 1% is non-negative, and

((||T|FT = T*)up.uy) = [|T|* = || 1w, |]* — 0.
So we know from (19) that
1T ||? 1y, — 1?10, — 0.
Passing to the subsequence we have 17 p, = 1T (Tuy,) — Tw and so
1T]|% 2, — Tw
or .

Up, — —51w.
my



| -
Uy, — —= 1 w.

my
Applying 1T to this we get
- | R
Tu, — —1*w
mi
or
f— 2
Iw = m3w.
- : . : - —
Also ||w|| = ||[T]| = m1 # 0. So w # 0. So w is an eigenvector of 1™~

with eigenvalue m?. We have

0= (1% =m{)w = (T 4+m) (T —m)w.



0= (1% —=m{)w = (T 4+m) (T —m)w.

If ((I" —my)w = 0, then w is an eigenvector of 1" with eigenvalue m
and we normalize by setting

| |
0 .= (.
|lw]|
Then |[¢]| =1 and
.I‘If_f}] = Tr ll’l_:"f.'l.
If (17" —my)w #£ 0 then y := (1" — my)w is an eigenvector of 1" with

cigenvalue —m and again we normalize by setting

| 1
O = —1.
ly||

So we have found a unit vector ¢, € R(1') which is an eigenvector of
1 with eigenvalue | = £m,.



Now let
Vo = or.

If (w, o) =0, then
(Tw, ) = (w,Tody) =ri(w, ) =0.

In other words,.
T(Vy) C Vs

and we can consider the linear transformation I restricted to Vo which
is again compact. If we let m- denote the norm of the linear trans-
formation 1" when restricted to Vy then ms < my and we can apply
the preceding procedure to find a unit eigenvector ¢o with eigenvalue
+1115.



We proceed inductively, letting

and find an eigenvector ¢, of 1 restricted to V), with eigenvalue
+m, # 0 if the restriction of 1" to V,, is not zero. So there are
two alternatives:

e after some finite stage the restriction of 1" to V), is zero. In
this case [(1") is finite dimensional with orthonormal basis
l!"_;'_',:'l .o oo 'f'_l;'_i::'-”_l . (:)].‘

e The process continues indefinitely so that at each stage the re-
striction of 1" to V), is not zero and we get an infinite sequence
of eigenvectors and eigenvalues r; with |r;| = |r;].

The first case is one of the alternatives in the theorem. so we need to
look at the second alternative.



We first prove that |r,| — 0. If not, there is some ¢ > 0 such that
7| = ¢ for all n (since the |r, | are decreasing). If ¢ # j,then by the
Pvthagorean theorem we have

1T~ 6,1 = llrids — 165 = rZ0ull> + 71611
Since ||¢i]| = ||@;| = 1 this gives
||_.'J.r-!’_3'3 — I‘{_J;Hg — Ff —|— .i'f E 21"!2.

Hence no subsequence of the 1'¢; can converge. since all these vectors
are at least a distance ¢y/2 apart. This contradicts the compactness

of T,



To complete the proof of the theorem we must show that the ¢,
form a basis of R(1"). So if w = Tv we must show that the Fourier
series of w with respect to the ¢; converges to w. We begin with the
Fourier coefficients of v relative to the ¢; which are given by

(PP — ('E.:'._ {;-;L” ) .
Then the Fourier coefficients of w are given by

by = (w,0;) = (Tv,0;) = (v, T0;) = (v,10;) = 1;0a;.

So
T . T
w — E b;o; =1Tv — E a;r;0; = 1'(v — E a;0;)
= i= =
T
Now v — ) . | a;¢; is orthogonal to ¢4,.... ¢, and hence belongs to

Vi1, So

TL
1T (2 ZME < | (0 Za.if;:.ﬁ)

=1 =1



Completion of the proof.
w —Zh o; = 1v —Zn‘ghmg = 1(v —Z_rr,--:’_,],-).

i— i—1 i— |
i T
170 =Y aid)|| < [raslll(v = aidy)|l.
=1 i—=1

Bv the Pvthagorean theorem.

n

[(v =D @) <[]l

Rl

Putting the two previous inequalities together we get

T T

lw = bits|| = |T(0 = aipi)|| < |rusi|v]| — 0.

=1 =1

This proves that the Fourier series of w converges to w concluding
the proof of the theorem.



A converse to the key theorem.

The “converse” of the above result is easy. Here is a version:
Suppose that H is a Hilbert space with an orthonormal basis {@;}
consisting of eigenvectors of an operator 1, so T'¢; = A\, and sup-
pose that A; — 0 as i — oc. Then 1 is compact. Indeed. for each j
we can find an N = N(j) such that

1 o
A < 7 v r > N(j).

We can then let H; denote the closed subspace spanned by all the
eigenvectors ¢,, 7 > N(j), so that

H=H, < H,

is an orthogonal decomposition and HJl is finite dimensional. in fact
is spanned the first N(j) eigenvectors of 1.



Now let {u;} be a sequence of vectors with ||u;|| < 1 say. We

decompose each element as
wg =uh bull,  u, e HY, v € H.

We can choose a subsequence so that u; converges, because they all
belong to a finite dimensional space, and hence so does 1'u;, since
1" is bounded. We can decompose every element of this subsequence
into its Hy and H; components, and choose a subsequence so that
the first component converges. Proceeding in this way, and then
using the Cantor diagonal trick of choosing the E-th term of the k-th
selected subsequence, we have found a subsequence such that for any
fixed j, the (now relabeled) subsequence, the HJL component of 7'u,;
converges. But the H; component of Twu; has norm less than 1/j,
and so the sequence converges by the triangle inequality.



Fourier’s Fourier series.

We want to apply the theorem about compact self-adjoint operators
that we proved in the preceding section to conclude that the functions
" form an orthonormal basis of the space C(T). In fact, a direct
proof of this fact is elementary, using integration by parts. So we will

pause to given this direct proof. Then we will go back and give a (more
complicated) proof of the same fact using our theorem on compact
operators. The reason for giving the more complicated proof is that
it extends to far more general situations.



We have let C(T) denote the space of continuous functions on the real
line which are periodic with period 27. We will let C'(T) denote the
space of periodic functions which have a continuous first derivative
(necessarily periodic) and by C?(T) the space of periodic functions
with two continuous derivatives. If f and ¢ both belong to C'(T)
then integration by parts gives

1 T
"Gdr = —— T dr

since the boundary terms. which normally arise in the integration
by parts formula, cancel. due to the periodicity of f and ¢g. If we
take g = """ /(in).n # 0 the integral on the right hand side of this
equation is the Fourier coefficient:

—f!' Fi'T
“H- f I
2!1 /



1 i
= / f{;ff:_—T f{;ffr

.|'|.

Cy, = — flax)ye """da
2m J_ 7
We thus obtain -
- !
o L1 —HH
cn=—-—1/[ [ L
in 2w f_
so. for n # 0.
A
lcn] < —  where A 1= — )|da
n

is a constant independent of n (but depending on f).
i , \ s ¢ ) .
= C*(T) we can take g(x) = —e™ /n? and integrate by parts
If fec gl ; g .
twice. We conclude that (for n # 0)

B 1 [ .
len| £ — where B := / ()]

n< 2T



If f € C*T) we can take g(x) = —e'" /n* and integrate by parts
twice. We conclude that (for n # 0)

B J. " . )
where B = — L ()]

n?2 27

E

-
£l =
|(,”| B

o —IT

is again independent of n. But this proves that the Fourier series of

f.
c illl:,_,.?'.ri'.i-*
E ' E

converges uniformly and absolutely for and f € C*(T). The limit of
this series is therefore some continuous periodic function. We must
prove that this limit equals f. So we must prove that at each point f

Z cpe'™ — f(y).



Replacing f(x) by f(x —y) it is enough to prove this formula for the
case y = 0. So we must prove that for any f € C*(T) we have

M
lim ._Z{:_” — f(0).

N.M—oc
—N

Write f(x) = (f(x) — f(0)) + f(0). The Fourier coefficients of any
constant function ¢ all vanish except for the ¢y term which equals c.
So the above limit is trivially true when f is a constant. Hence, in
proving the above formula. it is enough to prove it under the addi-
tional assumption that f(0) = 0, and we need to prove that in this
case

lim ({’E_N + C_N+1 + -+ {“iﬂjr) — 0,

N.M—occ



S0 the above limit is trivially true when f is a constant. Hence, in
proving the above formula, it is enough to prove it under the addi-
tional assumption that f(0) = 0, and we need to prove that in this
case

. hlll ({r—J""l'- —l_ I:"—Jﬂ"l'-—l—]. —l_ Bt —l_ CM :I — {I
N.M—nc

The expression in parenthesis is

2“/} Jgn (@ )dx

where
_-J- _-IrJ -_.lll -J"' — il -|rJ-" J-.il
E#I-J"'ll'_rﬂfli:) — € iwm+[—f o N J.,:I.‘_|__ . ._I_(_-?’ Mz = iNx (1 _I_ f‘ll‘ _I_ ... —I_ t...‘l. 1}'_|_"'I|,' 1‘) —

| _ (M+N+1)z —iNz _ _i(M+1)z

_—iJ"I'II-:T ’ . ’ - P
& T — T . x#+0




(C-N +CNy1+- o+ o)
The expression in parenthesis is

| —iNw _ i(M+1)z

— gy ar(x)de— N
o | (E}ﬂh.ﬂ(lj r_— — _. .I-#U

where we have used the formula for a geometric sum. By I'Hopital's
rule, this extends continuously to the value M 4+ N +1 for » = 0. Now
f(0) = 0, and since f has two continuous derivatives, the function

f(x)

] — i

hix)

defined for x # 0 (or any multiple of 27) extends, by I'Hopital’s
rule, to a function defined at all values. and which is continuously
differentiable and periodic. Hence the limit we are computing is

| 1/

— hayeNTdr — — h(z)e HM+1L)z 4.,
2T _T() 2??___()

i

and we know that each of these terms tends to zero.



We have thus proved that the Fourier series of any twice differ-
entiable periodic function converges uniformly and absolutely to that
function. If we consider the space C?(T) with our usual scalar product

. b

: | "
(f.g9) = o / fgdx

AT

then the functions ¢ are dense in this space. since uniform conver-
gence implies convergence in the || || norm associated to (, ). So, on
general principles, Bessel's inequality and Parseval's equation hold.
[t is not true in general that the Fourier series of a continuous
function converges uniformly to that function (or converges at all in
the sense of uniform convergence). However it is true that we do have
convergence in the Lo norm, i.e. the Hilbert space || || norm on C(T).
To prove this. we need only prove that the exponential functions e'*
are dense, and since they are dense in C*(T). it is enough to prove that
C%(T) is dense in C(T). For this. let @ be a function defined on the line
with at least two continuous bounded derivatives with #(0) = 1 and

2] Es

of total integral equal to one and which vanishes rapidly at infinity.




A favorite is the Gauss normal function
1 .

=T /2
V2T

Equally well, we could take ¢ to be a function which actually vanishes
outside of some neighborhood of the origin. Let

1 T
ou(x) =20 (7).

Ast — 0 the function ¢; becomes more and more concentrated about
the origin. but still has total integral one. Hence, for any bounded
continuous function f. the function ¢; = f defined by

o(x) =

(O > )(: / fle—y)o(y)dy = / flu)d(x — u)du.

satisfies ¢y » f — [ uniformly on any finite interval.



(o * (. / fle—y)o(y)dy = / flu)o(x — u)du.

satisfies ¢y = f — [ uniformly on any finite interval. From the right-
most expression for ¢; » f above we see that ¢; » f has two continuous
derivatives. From the first expression we see that ¢, » f is periodic if
f is. This proves that C?(T) is dense in C(T). We have thus proved
convergence in the Lo norm.



