Math 212a lecture 5.

We proved that the functions ¢'"* constitute an
orthonormal basis of L,(T) by elementary means.
In this lecture we will give a much more complicated

proof of this fact. But our proof will extend to much
more general situations.



!

Relation to the operator .

Each of the functions e**is an eigenvector of the operator

(
D= —
dx

in that
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So they are also eigenvalues of the operator D= with eigenvalues —n-=-.
Alsgo, on the space of twice differentiable periodic functions the oper-

2 . .
ator [* satisfies

1
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(D*f.9) = f” (x)g(x)dx = f'(: f ' ()d

by integration by parts. Since f’ and ¢ are assumed to be periodic,
the end point terms cancel, and integration by parts once more shows
that

(D*f.9) = (f, D*g) = —(f".9")



Domain of definition.

But of course D and certainly D? is not defined on C(T) since some
of the functions belonging to this space are not differentiable. Fur-
thermore, the eigenvalues of D? are tending to infinity rather than to
zero. So somehow the operator D? must be replaced with something
like its inverse. In fact, we will work with the inverse of D* — 1, but
first some preliminaries.

We will let C?([—m, 7]) denote the functions defined on [—m.7] and
twice differentiable there. with continuous second derivatives up to
the boundary. We denote by C([—m, |) the space of functions defined
on |—m, ] which are continnous up to the boundary. We can regard
C(T) as the subspace of C([—m, 7|) consisting of those functions which
satisty the boundary conditions f(7m) = f(—m) (and then extended to
the whole line by periodicity).



We regard C(|—m, m]) as a pre-Hilbert space with the same scalar
product that we h::wn:"r been using:

(f.q) = 2H/ F)g@)de

[f we can show that every element of C(|—m, 7]) is a sum of its Fourier
series (in the pre-Hilbert space sense) then the same will be true for
C(T). So we will work with C(|—m, 7).

We can consider the operator D’E — 1 as a linear map
2 4. 2 , ~
D= —1:C(|-m,7w]) — C(|—m, 7).

This map 1s surjective, meaning that given any continuous function g
we can find a twice differentiable function f satistying the differential
equation

f"=f=g



D? —1:C*([-m, w]) — C([—=. 7).

This map 1s surjective, meaning that given any contimuous function g
we can find a twice differentiable function f satistying the differential
equation

ff=r=ugu

In fact we can find a whole two dimensional family of solutions because
we can add any solution of the homogeneous equation

W' —h =0

to f and still obtam a solution. We could write down an explicit
solution for the equation f” — f = ¢. but we will not need to. It is
enough for us to know that the solution exists, which follows from the
general theory of ordinary differential equations.

The general solution of the homogeneous equation 1s given by

hiz) =ae® 4+ be "



The space M .

M c C?*([-m. 7))

[et

be the subspace consisting of those functions which satisty the “peri-
odic boundarv conditions”

f(m) = f(=m), [fim)=f(-m).

Given any f we can always find a solution of the homogeneous equa-
tion such that f —h € M. Indeed. we need to choose the complex
numbers a and b such that 1t / 15 as given above, then

him)—h(—n)= f(m)— f(—m), and h'(m)—"h'(—7)= f'(7)— f'(—m).

Collecting coefficients and denoting the right hand side of these equa-
tions by ¢ and d we get the linear equations

(e™ —e Y a—b)=c (e"—e ") a+b)=d

which has a unigue solution.



The operator T .

So there exists a unique operator
with the property that

We will prove that

1" 1s selt adjoint and compact.



The eigenvectors of T.

Once we will have proved this fact, then we know every element of
M can be expanded In terms of a series consisting of eigenvectors of
1" with non-zero eigenvalues. But if

Tw = Ao
then
1

. . | P
Dzu*:(_D‘E—I)u*—l—u*:;[(D"}—Ijof]w—l—u*: ;+1 w.

So w must be an eigenvector of D?: it must satisfy

w' = paw.



The eigenvectors of T,
continued.

|f Tw = A\w

then

i

wo= .

. e . . . a9
So 1f = 0 then w = a constant 1s a solution. If 4 = r* > 0 then
w18 a limear combmation of ¢ and e ™" and as we showed above.

no non-zero such combination can belong to M. If 4 = —r® then

T e

the solution 1s a hinear combmation of e and e ' and the above

argument shows that 7 must be such that e ™ = ¢ """ so r = n is an
mteger.



We will prove that

1" 1s selt adjoint and compact. (20)

Thus (20) will show that the ¢ are a basis of M, and a little
more work that we will do at the end will show that they are m fact
also a basis of C([—m, m]). But first let us work on (20).

It 1s easy to see that 1" is selt adjomt. Indeed. let f = 1w and
g = 1'v so that f and g are in M and

(u,Tv) = ([D* =1]f.9) = —(f".9") = (f.9) = (f. [D* = 1]g) = (Tu.v)

where we have used mtegration by parts and the boundary conditions
defining M tor the two middle equalities.



Garding’s inequality, special case.

We now turn to the compactness. We have already verified that for
any [ € M we have

([D* = 1]f. ) =—=(f".f") = (f. f):
Taking absolute values we get
LA+ 1A < (D2 =101, (21)

(We actually get equality here, the more general version of this that
we will develop later will be an inequality.)
3 3 1
Let u = |D” —1]f and use the Cauchy-Schwarz inequality

([D° = 11f. )l = [(w. /)] < [lull]l F]
on the right hand side of (21) to conclude that

I < A

or

|1 = el



1112+ 11F117 < [([D7 = 10 1. f)]. (21)

LA < [lull.
Use (21) again to conclude that

2 - 2
LA < Ml < ]

by the preceding imequality. We have f = T'u, and let us now suppose
that u lies on the unit sphere i.e. that ||u|| = 1. Then we have proved
that

Ifll <1 and [If7] < 1. (22)

We wish to show that from any sequence of functions satistying these
two conditions we can extract a subsequence which converges. Here
convergence means, of course, with respect to the norm given by

9 | Y .
|f]]7 = / £ (2)|*da.

2m -




|f]l <1, and ||f'] < 1. (22)

In fact. we will prove something stronger: that given any sequence of
functions satisfving (22) we can find a subsequence which converges
in the uniform norm

Notice that

LT N /1 2
1= (55 [ 1@Pds)” < (5 [ (flw?de) " = 1l

so convergence in the uniform norm implies convergence in the norm
we have been using.

P



To prove our result. notice that for any m# < a < b < 7w we have

h b
() = fa)| = / P (x)dz| < / (@) |d = 27 ( ] L)

where 1, 4 1s the function which is one on [a, b] and zero elsewhere.

Apply Cauchy-Schwarz to conclude that

[ L) < AT N |-
But

. 1
||]-[u.fJ]||3 — g”j o “‘|

and
1A =11 <1

We conclude that

t-\.ll'_

£(b) = fla)| < (2m)Z|b— al=

(23)



£(b) — fa)| < (27)2|b — a2 (23)

[n this inequality, let us take b to be a point where |f| takes on its
maximum value, so that |f(b)| = || f||~. Let a be a point where |f|
takes on 1ts minimum value. (If necessary mterchange the role of a
and b to arrange that a < b or observe that the condition a < b was
not needed 1n the above proof.) Then (23) 1mplies that

|.\_.||—-

[flloc —min | f| < (27) |[’:r—n.|%.

But

3 ™ 2
L= ||fll = ZL/ |f|~ .:’h) > (%/ [111111|f|}i3(3;fr) = min | |

and |b—a| < 2w so

[l =1+ 27
Thus the values of all the f € T'[S] are all uniformly bounded - (they
take values m a circle of radius 1 + 27) and they are equicontimuous
in that (23) holds. This 18 enough to guarantee that out of every
sequence of such f we can choose a uniformly convergent subsequence.



(We recall how the proof of this goes: Since all the values of all the
f are bounded, at any point we can choose a subsequence so that the
alues of the f at that point converge, and. by passing to a succession
of subsequences (and passing to a diagonal), we can arrange that this
holds at any countable set of points. In particular, we may choose say
the rational points in |—m,w]. Suppose that f, is this subsequence.
We claim that (23) then implies that the f,, form a Cauchy sequence
in the uniform norm and hence converge in the uniform norm to some
continuous function. Indeed. for any € choose d such that
1

<34

choose a finite number of rational points which are within o distance of
any point of [—m, 7] and choose N sufficiently large that |f; — f;] < %F
at each of these points. r. when ¢ and j are = N. Then at any
re |-

filz) — fil2)] < |filx) = filr)| 4+ |fi(x) — fi(x)| + |filr) — fi(r)] <€

since we can choose r such that that the first two and hence all of the

three terms is < Le.)

b =

(2m)70% <



The purpose of the next few sections 1s to provide a vast gen-
eralization of the results we obtained for the operator D?. We will
prove the corresponding results for any “elliptic” differential operator
(definitions below).

I plan to study differential operators acting on vector bundles over
manifolds. But 1t requires some effort to set things up, and I want to
get to the key analytic 1deas which are essentially repeated applica-
tions of imtegration by parts. So I will start with elliptic operators L
acting on functions on the torus T = T". where there are no bound-
ary terms when we integrate by parts. Then an immediate extension
ogives the result for elliptic operators on functions on manifolds, and
also for boundary value problems such as the Dirichlet problem.

The treatment here rather slavishly follows the treatment by Bers
and Schechter in Partial Differential Equations by Bers, John and

Schechter AMS (1964).



What are currently known as Sobolev spaces were
first introduced by Hans Lewy in his work on the
initial value problem for the wave equation. This work
was described by . Hadamard in an appendix devoted
to Lewy’s work in Hadamard’s well known book on
the Cauchy problem published in 1932.




Hans Lewy
1904 - 1988




Sergei Sobolev

4

4

Born: 6 Oct 1908 in St Petersburg, Russia
Died: 3 Jan 1989 in Leningrad (now St Petersburg), Russia



The Sobolev spaces.
Recall that T now stands for the n-dimensional torus. Let P = P(T)

denote the space of trigonometric polynomials. These are tunctions

on the torus of the form
w(r) = E apett®

L= (_"r*]-----"rf.'r:j

where

1s an n-tuplet of mtegers and the sum 1s finite. For each mteger ¢
(positive. zero or negative) we introduce the scalar product

(_”-“}-!'- r— Zlf1—|—f -F:J!'HH_};. (g—l}
¢

For t = 0 this 1s the scalar product

(V) = —— ulax)o(x)dr.
(2m)™ Jp

This differs by a factor of (27) ™™ from the scalar product that is used

by Bers and Schecter. We will denote the norm corresponding to the

scalar product ( , ) by ||

N5



The Laplacian.

It

- ()2

i i

A=—| ———4++ 4+ ——
A(x1)? ()2

the operator (1 + A) satishies

and so

(14 A)ou,v)s = (u, (1 4+ A)0)s = (w0, v)srs

and

(1 + A)u

o= [lullasor. (25)



The generalized Cauchy-Schwarz

inequality.
(1 4+ A) ul.

— ||“ s+2t - (25)

We then get the “generalized Cauchy-Schwarz inequality”

(21, v)

< ||u

stl|v]]s— (26)

for any . as a consequence of the usual Cauchy-Schwarz inequality.
Indeed.

SN+ 0%ab, = D (1400 Fal4+0-0)F D,
/ £
= (L4+A) T u (1+A)F v),
N Latt N La—t
< N+ 2)7= ulflof[(1 4+ A) 7= vl
= [lullstellofls—r.

The veneralized Cauchv-Schwarz inequalitv reduces to the usual
) . .
Cauchy-Schwarz inequality when ¢ = 0.



Clearly we have

el < ||ufl, 1f s <.
It D? denotes a partial derivative.

alrl

- {:)(‘;Ef]jpl . U[J*”}Pin

DP
then
DPu = E (i0)Pagett ™.
In these equations we are using the tollowing notations:
|

o Ifp=1(p..... Pr) 18 a vector with non-negative integer entries
we set
Pl i=p1+ -+ pa.

o It '{’ — (i,] 3y 'ff-n:! Is a {Hﬂ‘fj Vvector we set

oL Pl -P2 -p
. -_‘E,] 'ﬁg "'a-.r;'ﬂ



It 1s then clear that

||DF”||i < ||'!‘[||-!'.—|—|p|

and similarly

|||y < (constant depending on t) Z | DP ||
lp| <t

In particular.
Proposition 2 1he norms

=l

t =0 and

i Y 1Dl

p[=t

are equivalent.

it £ = 0.

(27)

(28)



We let H; denote the completion of the space P with respect to
the norm || ||;. Each H, is a Hilbert space, and we have natural
embeddings

H, — H, it s <t

[(1+2)

5 — ||H s+2¢- (25:’

Equation (25) says that
(1 + —"\J! : Ho o — H,

and 1s an 1sometry.



We have proved the “generalized Cauchy-Schwarz inequality”

[(u, v) o] < [ st ||0]) e (26)
From the generalized Schwarz inequality we also have a natural
pairing of H; with H_; given by the extension of ( . );. s0

[ ! .'I

[(u, v)o] < [lull]

Ul . (29)
In fact, this pairing allows us to identity H_, with the space of con-
tinuous linear functions on H;. Indeed, if ¢ is a continuous linear
function on H; the Riesz representation theorem tells us that there
is a w € H; such that ¢(u) = (u,w),. Set

0= (1+ A,

Then

and
(u,v)g = (u. (1 4+ A)'w)y = (v, w), = é(u).

5 E

We record this fact as

H ,=(H,)" . (30)



H_, = (H;)". (30)
As an illustration of (30), observe that the series

Y (1410t

£
convercges for
n
5 < ——.
2

This means that if define » by taking

EJ;_:-‘El

then v € He for s < —5. If w is given by u(r) = Zeﬂff'?’f'm

triconometric polynomial. then

(u.v)g = an = u(l)).

So the natural pairing (29) allows us to extend the linear function
sending w — w(0) to all of H, it £ > 5. We can now give v its “true
name’ : it is the Dirac “delta function”™ o {on the torus) where

IS any

(1, 0)p = u(0).



This means that if define v by taking

then v € H, for s < — 2. If u 1s given by u(x) = ape’t T i any
2 o o g 3
Tl‘igmlml‘mtricf [)D]}-’l’l()ll’li-‘:l]. then

(u,v)p = Z ar = u(0).

So the natural pairing (29) allows us to extend the linear function
sending v — u(0) to all of Hy if £ > 5. We can now give v its “true
name”: it is the Dirac “delta function” § (on the torus) where

(1,0)5 = u(0).

So o € H ; for t > 5, and the preceding equation is usually written
symbolically as

1

W/ -u(:;:)ﬁ(:f:)d:if: — '35(0)3
l T

but the true mathematical mterpretation 1s as given above.



Sobolev’s Lemma.

The space Hy 1s just Lo(T'), and we can think of the space H;, t >
0 as consisting of those functions having “generalized Lo derivatives
up to order t7. Certainly a function of class C'* belongs to H,. With
a loss of degree of differentiability the converse 1s true:

Lemma 1 [Sobolev.| [IfueH,; and

t = {El + k41
2
then v € C*(T) and
sup |DPu(x)| < const.||u||; for |p| < k. (31)

e T



Proof of Sobolev’s Lemma.

By applyimg the lemma to DPu 1t 1s enough to prove the lemma for
k=10. So we assume that u € H; with ¢t > [n/2] + 1. Then

(> Jad))? < (Z[l Iy -f‘)f'|u.,;|2) ST+ 07" < .

since the series > (1 +¢-£)~" converges for t > [n/2] + 1. So for this
range of f, the Fourler series tor u converges absolutely and uniformly.
The right hand side of the above mmequality gives the desired bound.

QED



Distributions aka
generalized functions.

A distribution on T" is a linear function 7" on C'**(T") with the
contmuity condition that

le ; {-'}.ff : — ()

whenever
D’”i’.}?;{ — ”

uniformly for each fixed p. It u € H_; we may define

-

(u, ) == (o, 1)g

"

and smce C'°°(T) 1s dense in H; we may conclude



Schwartz’s theorem.

Lemma 2 H_,; is the space of those distributions 1" which are con-
tinuous in the || || norm, i.e. which satisfy

||{.;'I:JIEL- f [] —> {I 1. {.."I:JIEL-::'-' — []

Theorem 4 [Laurent Schwartz.] H_ . is the space of all distri-
butions. In other words. any distribution belongs to H_; for some
t.

Proof. Suppose that 1" 1s a distribution that does not belong to any
H_ ;. This means that for any £ > 0 we can find a ¢ function ¢,
with
; 1
lOnlle < -
and
(1, 60| > 1.

But by Lemma 1 we know that ||¢g||r < Ll immplies that DP¢, — 0
uniformly for any fixed p contradicting the contmuity property of 1.

QED



Laurent Schwartz

Born: 5 March 1915 in Paris, France
Died: 4 July 2002



