Math 212a Lecture 6

Garding’s inequality and its consequences.



The Sobolev spaces, review.
Recall that T now stands for the n-dimensional torus. Let P = P(T)

denote the space of trigonometric polynomials. These are tunctions

on the torus of the form
w(x) = E apett®

£ = (_"r“]-----"rf:r:j

where

15 an n-tuplet of mtegers and the sum 1s finite. For each mteger ¢
(positive, zero or negative) we introduce the scalar product

(;;_;Jh = Z(l—|—f -l'r’}!'u(-f_)(-. (Q—l}
£

For ¢+ = 0 this 1s the scalar product

(w,v)o = 5= ula)v(x)da.
(2m)™ Jp

This differs by a factor of (27) ™™ from the scalar product that is used

by Bers and Schecter. We will denote the norm corresponding to the

scalar product ( , )s by ||

g



The Laplacian, review.

0 0
A= — — + -
(U(_;ar]jﬁ T A x™) 3)

the operator (1 4+ A) satisfies

It

(L4 A)u= (L4 Oage™

and so
(1 4+ A)Y'u.v)e = (u, (1 + A)'0)e = (0, 0) oy
and
A\ E 1
(1 4+ A)ulls = [leellsoe- (25)
We let H; denote the completion of the space P with respect to
the norm || ||;. Each H, is a Hilbert space, and we have natural
cembeddings

Hi — H_q‘. it s < ¢,
Equation (25) says that

(14+A)": H, o — H,

and 18 an 1sometry.



The generalized Cauchy-Schwarz
inequality, review.

(1 + AVl = ||| 62t (25)

We then get the “generalized Cauchy-Schwarz inequality”

(u, v)s| < - (26)

for any ¢, as a consequence of the usual Cauchy-Schwarz inequality.

Ill{lmt{l.
Y (L+L-0) ad, = Z_(1+r-;]E—:um{lJrr.r)E?E
f f
= (1+A)= u.(1 +iaf-;f ~)-
i a4t
(T 4+ A) 2 ullo]| (1 + A) = s||u
]| p—a

o
| el
+
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From the generalized Schwarz inequality we also have a natural
pairing of H; with H_; given by the extension of ( . )g, s0

[(w, v)a] < ||u|le||e]|-:. (29)

In fact. this pairing allows us to identify H_; with the space of con-
tinuous linear functions on H;. Indeed, if ¢ is a continuous linear
function on H; the Riesz representation theorem tells us that there
is a w € H; such that ¢(u) = (u,w),. Set

0= (1 4+ A)w.

Then

and
(u,v)g = (u, (1 + A w)o = (u, w)y = o(u).

i &

We record this fact as

H .= (H,)" . (30)



Sobolev’s Lemma, review.

The space Hy 1s just Lo(T'), and we can think of the space H;, t >
0 as consisting of those functions having “generalized Lo derivatives
up to order t7. Certainly a function of class C'* belongs to H,. With
a loss of degree of differentiability the converse 1s true:

Lemma 1 [Sobolev.| [IfueH,; and

t = {El + k41
2
then v € C*(T) and
sup |DPu(x)| < const.||u||; for |p| < k. (31)

e T



Multiplication by a
smooth function.

Suppose that ¢ is a O™ function on T. NMultiplication by ¢ is
clearly a bounded operator on Hy = Lo(T'). and so it is also a bounded
operator on H;,. * > 0 since we can expand D¥(¢u) by applications
of Leibnitz’s rule.

For t = —s < 0 we know by the generalized Cauchy Schwarz
inequality that

i
{
1
</ U & -
/ ,
/

o = sup |[(w. ov)|/||v]]« <

|||:’.'JH||; — Sup |(f {_'JH)”|_I,.*"‘| v

So in all cases we have

bt
2
A

|ou||; < (const. depending on ¢ and #)||ul|;. (.



Differential operators with
smooth coefficients.

o

|oully < (const. depending on ¢ and #)|ul|,. (:

]
I
L

[et

L= ) ay(x)D"

pl=m

be a differential operator of degree m with C'° coefficients. Then it
follows from the above that

—
G
2

e

| Lae|[¢—m < constant||ul|

where the constant depends on L and f.



Lemma 3 [Rellich’s lemma.| [Ifs <1t the embedding Hy — Hx
1s compact.,

Prooft. We must show that the image of the unit ball B of H, in
H. can be covered by finitelv manv balls of radius €. Choose N so

large that
; | . J '.':
(L +£- f‘J“ 12 < 2

when (- ¢ > N. Let Z; be the subspace of H; consisting of all u such
that ap = 0 when ¢ -/ < N. This is a space of finite codimension.
and hence the unit ball of Z;- € H; which consists of all u such that
ay = 0 when £/ > N can be covered by finitely many balls of radius
5. 1he image of 7+ in Hyg is the orthogonal complement of the image
of Z;. On the other hand. for u € B N Z; we have

- a
*’_ e

2 < 1+ Nl < (5)

|

So the image of B M Z; is contained in a ball of radius 5. Every
clement of the image of B can be written as a sum of an element in
the image of B M Z,_L and an element of B N Z; and so the image of

B is covered bv finitelv manv balls of radius €. OFED



A useful inequality.

Let x. a, and b be positive numbers. Then

4+ >

because 1t # > 1 the first summand 15 > 1 and 1if # < 1 the second

e,

summand i8 > 1. Setting r = €'/? A oives

1 i F_ﬁ]_” _|_F—|!1J_I.-"r.!‘4—|'.'

it € and A are positive. Suppose that | > s > to and we set a =
t1—s. b=s—toand A =1+ 7¢-{. Then we get

(L4060 <e(l40-0) e smR)/hms) 4 g gyt

and therefore

)]s < €l|lu|le, + € 5712 )/ (t1=s) lul|e, Ht >s>12, e>0 (34)

tor all u € H,ﬂ_l,



Elliptic operators.

A differential operator L = Z|P|ﬂ:m o, () DP with real coetlicients
and m even 18 called elliptie if there 1s a constant ¢ > 0 such that

v [ 2 2 — e ymf2 e
(—1)™ E ap(x)&” = e(&- )" 7. (35)
| p|=m
In this mequality, the vector & 1s a “dummy wvariable”™. (Its true

mvariant significance 1s that it 1s a covector. 1.e. an element of the
cotangent space at x.) The expression on the lett of this mequality 1s
called the symbol of the operator L. It 1s a homogeneous polynomial
of degree m 1 the variable & whose coethicients are functions of x. The
symbol ot L 1s sometimes written as o(L) or (L ){x. £). Another way
of expressing condition (35) i1s to say that there 1s a positive constant

¢ such that
g(L)(x. &) = ¢ forall  and £ such that &-& = 1.

We will assume until tnrther notice that the operator L 1s elliptic

and that m 1s a positive even integer.



Garding’s inequality.

Theorem 5 [Garding’s inequality.] For every u € C°(T) we
have

| 2 2 o

(u, Lu)o = er|[ully, 2 — c2flullg (36)

where ¢y and co are constants depending on L.

Remark. Itu e H,, . then both sides of the inequality make sense.,
and we can approximate u in the || ||,,,2 norm by C*° functions. So
once we prove the theorem, we conclude that it is also true for all
elements of H,,, /2.



Strategy of the proof.

We will prove the theorem in stages:

|
2

4

. When L is constant coefficient and homogenecous.
. When L is homogeneous and approximately constant.

. When the L can have lower order terms but the homogeneous
part of L is approximately constant.

. The general case.



Stage |.
_]_:| m. /2 Z ”lj”[__r)&-;; E {.:[&..a)m £

p|=m

Ellipticity says that

_— . .F'] I LY ] i ] . [T L] [ X T k]
L=73 ) =m D" where the o, are constants. Then

(u, Lu)y = Zu.ff?”"'”.z Z ap(il)? | age’”
£ p|=m 0
> (Z ) 2)ay|?* by (35)
= (Z -0 2 ag? — efjull3
> f:c.*nun;;,,f-g—r=||u||m
where

1+ .ﬂ.rn;";&
(' =sup — —.
>0 (L+7)m/3

This takes care of stage 1.



Stage 2.
L = Lo+Ly where Ly isasinstage land Ly =5, F,(2)D”  and

max | 3,(x)| < 1.

.
where 7 sufficiently small. (How small will be determined very soon
in the course of the discussion.) We have

(2, Lou)o = r'.f||'t"£.||il_.,-3 — c||ul|3

from stage 1.

We integrate (u, Liu)g by parts m/2 times. There are no bound-
ary terms since we are on the torus. In integrating by parts some of
the derwvatives will hit the coefficients. Let us collect all the these
terms as [o. The other terms we collect as . so

I = Z / Dyt DV uDP" ud

where |p'| = |p”| = m /2 and b.. = £3... We can estimate this sum by

1] <1 ('(}IIHT.||'H.||?”_;..-2



Stage 2, continued.

(2, Lou)o = r'.f||'t"£.||il_.,-3 — c||ul|3

I] — Z / h.“'f-l-,i')"'“ Dg:"_.H_Dlr,:r!_.s,[.{’ﬂ-'_’.}.' |Il| ,;:_:’_ ” . ('UIIHT, ||.”_||?”.f_2

The remaining terms give a sum of the torm

Iy, = Z /l’};:-’qD”Iu.D‘f-u.fE;r

where p’ < m/2.q¢" < m/2 so we have

15| < const.||u||m ||u]| m

- b



Stage 2, continued.

. {_: r_—'||".i'£.||h + {__—l;.q—f.ng_,,-m—HJH__”.HEQ ifi] = 5 > ijg. £ () [:34)

Ju

15| < const. ||u||m ||u|| =

- b

Now let us take
m m

s=——1 t=—., to =0
5 ! 50 2
in (34) which yields, for any € > 0,

Jullm—1 < ellullz + ™2 ullo

Substitutige this mto the above estunate for /o gives

Is| < e i:-n::rn:-at,||-'u.||?”_;.-2 + F_”*-ﬂ(-(:nll:-a’r,||u.||].”;,-g||-'u.||.;].



Stage 2, concluded.
Io| < € const.||ull?, 5 + e ™ 2const.||ul|n | ullo.

For any positive numbers a, E’J and ¢ the 111(1(1111[1]1’[1 (Ca—C ]b] =)
2 ) m

implies that 2ab < (%a® + (72b%. Taking ¢? = €2 ! we can replace

the second term on the right in the preceding estimate for [Is| by

e ™1 const.|Jul|3

at the cost of enlarging the constant in front of ||u|| m . We have thus
established that

|Il| =1 “nht ]||”||]'i'i' ‘2

where the constant depends only on m. and
[ 12| < e(const. );-||u||m o+ € ™ Leonst.||ul|3

where the constants depend on L4 but e 18 at our disposal. So if
n(const.); < ¢ and we then choose € so that e(const.)y < ¢ — 17 -
(const.); we obtain Garding’s mequality for this case.



Stage 3.

Stage 3. L = Lo+ L{+ Lo where Ly and L are as in stage 2, and
0 l 2 0 l

Lo 1s a lower order operator. Here we integrate by parts and argue

as 1n stage 2.



Stage 4.

Stage 4, the general case. Choose an open covering of 1" such that
the variation of each of the highest order coefficients i each open set
1s less than the n of stage 1. (Recall that this choice of 1 depended
only on m and the ¢ that entered mto the definition ot ellipticity.)
Thus, 1f v 1s a smooth function supported 1n one of the sets of our
cover, the action of L on v 1s the same as the action of an operator as
in case 3) on v, and so we may apply Garding’s inequality. Choose a
finite subcover and a partition of unity {@;} subordinate to this cover.
Write ¢; = :f (where we choose the ¢ so that the ¢ are smooth). So

S 7 =1. Now
(Viu, L(thiu))o = ¢"||¢iul[7, o — const.||¢ull3

rr

where ¢ 1s a positive constant depending only on ¢, n, and on the

lower order terms m L.



Stage 4, continued.

t Loyl 2
(i, L(thiu))o = || FM||m,;. — const. || ul[§
where ¢ 1s a positive constant depending only on ¢, 7, and on the

lower order terms m L. We have

(u, Lu)g = / (Z "{,-"I-‘E'EE.)H(E;I? — Z( viu, Lyiu)g + R

where I 1s an expression mvolving derivatives of the ; and hence
lower order derivatives of w. These can be estimated as in case 2)
above, and so we get

(20, L) ’”Z |2/ ?3£||TH,J — const.||ul|2 (37)

since ||[ullg < ||ulo.



Conclusion of proof.

(w, Lu)g = r”"z ||*'s”||;-u — const.||ul|2 (37)

since |:"du|| < ||u||.:; N(m ||u||m 9 18 (‘(lllih“l]( nt, as a norm, to

Z ||DF(_:'E.-":?#'”')||D — Z ||"{.-""3D‘H'H.||L'] -+ R’

where R’ mvolves terms differentiating the ¢ and so lower order
derivatives of u. Hence

Z | ?u||m = pos. const., ||u||m 5 — const. ||ul|3

by the integration by parts argument again. Hence by (37)

(1w, Lu)g = WZH“”H?”' —(-()11H’r,||u.||ﬁ

> pos. const.||u||? ., — const.||ul|3

my

which 1s Garding’s 1nequality. QE-D



A look ahead.

For the time beme we will contimue to studyv the case of the torus.
But a look ahead 1s in order. In this last step of the argument,
where we applied the partition of unity argument., we have really
freed ourselves of the restriction ot being on the torus. Once we make
the appropriate definitions, we will then get Garding’s mmequality for
elliptic operators on manifolds. Furthermore, the consequences we
are about to draw from Garding’s mequality will be equally valid in
the more general setting.



Lars Garding

Bornin 1919



Consequences of Garding’s inequality.

Proposition 3 For every integer t there is a constant ¢(t) = ¢(t, L)
and a positive number A = A(t, L) such that

|l < e(t)||Lu + Aul|—p, (38)

when

A > A

for all smooth w. and hence for all w e H,.

Proof. Let s be some ll()ll—llf&‘_ﬁ'i-‘ltl‘l’(‘- illff.‘f_,}'(‘.l’. We will first prove (38
for t = s ot We have

2 "

|w||e|| L+ Aul|e— e = [|u]|¢]| L + )\u||_q_%

= [Jufle|[(1 4+ A) Lu + A1+ A)ul| - m
> (u, (1 + A Lu+ A1+ A)u)q

by the generalized Cauchy - Schwarz inequality (26).



|| we||¢ || L + Aw||¢— o = ||ue||¢]| L + )m||_ﬁ_%

= [Jufle||(T 4+ A)"Lu 4+ A1+ A)ul| - m
> (u, (1 + A)*Lu+ M1+ A)u)g

by the generalized Cauchy - Schwarz inequality (26).

(1 + ﬁ)IHHH = ||u

s2t- (25)

The operator (1 + A)*L is elliptic of order m + 2s so (25) and
Garding’s inequality gives

2
'l.l

(u, (1 + A Lu+ A1+ A u)g = e |ul|Zim — eallullf + Allu

Since « = |lullo we can combine the two previous inequalities to

oet

¥

lalll Lt + Aalle—n = exffull? + (A — ) ul)?

If A\ > ¢y we can drop the second term and divide by ||u|; to obtain
(38).



We now prove the proposition for the case t = &+ — s by the same
sort of argument: We have

lullell L+ Auf—cmm = |[(1 4+ A) " u

tm || Lu+ Auf| e m

> ((T+A) "u, LT+ A) (1 + A) “u+ Au)p.

Now use the fact that L(1 + A)® is elliptic and Garding’s inequality
to continue the above inequalities as

> ]| (1 + A) Full ym —fl(L+A)” “ul|ld 4+ Mul|” .

= ci|Jullf = eollull -2 + MulZ = e flull;
if A > ¢2. Again we may then divide by |u||; to get the result. QED



|l < e(t)||Lu + M|y —p, (38)

The operator L + Al is a bounded operator from H; to H;_,,
(for any ). Suppose we fix ¢ and choose A so large that (38) holds.
Then (38) says that (L + AI') is invertible on its image, and bounded
there with a bound independent of A > A, and this image is a closed

subspace of Hy— .
Let nus show that this image is all of H,_,,, for A large enough.
Suppose not, which means that there is some w € H;_,, with

(w. Lu+ Au);—,, =0
for all v € H,. We can write this last equation as

(14 A) " w, Lu+ Au)g = 0.



(1 4+ A ™w, Lu+ Au)y =0.

Integration by parts gives the adjomt differential operator L™ char-
acterized by

(@, L)y = (L7, 1)

for all stnooth functions ¢ and «». and by passing to the It this
holds for all elements of H,. for » = m. The operator L* has the same
leading term as L and hence 1s elliptic. So let us choose A suthiciently
large that (3%) holds for L* as well as for L. Now

0= ((1+A)""w Lu+Au), = (L (1+A)""w+ A1 +A)"""w. u),

for all w € H; which 1s dense 1n Hy, so
L'+ A)""w4+ M MI+A)"w=0

and hence (by (38)) (1 +A)"™w =0 so w = 0. We have proved

Proposition 4 For every t and for X\ large enough {depending on t)
the operator L + A maps Hy bijectively onto Hy—,,, and (L + VA
ts bounded independently of .



Weyl’s lemma.

As an immediate application we get the important
Theorem 6 [fu is a distribution and Lu € Hy then u € Hg .

Proof. Write f = Lu. By Schwartz’ theorem. we know that v € Hy,
for some k. So f + Au € H iy for any A, Choosing A large
enough, we conclude that u = (L 1 M) 7Hf 42 € Hinin(kesmsem) -
If £+ m < s+ m we can repeat the argument to conclude that w €
H, inkt2m.stm)- We can keep going until we conclude that v € H, ),
QED

Notice as an immediate corollary that anyv solution of the homo-
geneous equation Lu = 0 is C°°,



Consequences of Weyl’s lemma.

We now obtain a second important consequence of Proposition 4.
Choose A so large that the operators

(L + AN)boand (LF+ M)

1] b

exist as operators from Hy; — H,,,. Follow these operators with the
injection ¢, : H,,, — Hp and set

M:=imo(L+A)"", M=ol +\) "

Since ¢, is compact (Rellich’s lemma) and the composite of a compact
operator with a bounded operator is compact. we conclude

Theorem 7 1he operators M and M™ are compact.



Suppose that L = L*. (This is usnally expressed by saying that L
is “formally self-adjoint™. More on this terminology will come later.)
This implies that M = M~. In other words, M is a compact self ad-
joint operator, and we can apply Theorem 3 to conclude that eigenvec-
tors of M form a basis of (M) and that the corresponding eigenval-
ues tend to zero. Prop 4 says that R(M ) is the same as ¢,,, (H,,,) which
is dense in Hy = Lo(T). We conclude that the eigenvectors of M form
a basis of Lo(T). If Mu = ru then u = (L + A )Mu = rLu+ Aru so

i1 is an eigenvector of L with eigenvalue
1 —7A
.Iil. ’

We conclude that the eigenvectors of L are a basis of Hy.



Main theorem.

1 —7rA

We conclude that the eigenvectors of L are a basis of H,. We claim
that only finitely many of these eigenvalues of L can be negative.
Indeed. since we know that the eigenvalues r, of M approach zero.
the numerator in the above expression is positive, for large enough .
and hence if there were infinitely many negative eigenvalues y;.. they
would have to correspond to negative r, and so these p, — —oc. But
taking sp. = —pp as the A in (38) in Prop. 3 we conclude that u = 0,
it Lu = ppu if k is large enough, contradicting the definition of an
eigenvector. So all but a finite number of the r, are positive, and
these tend to zero. To summarize:

Theorem 8 The cigenvectors of L are C° functions which form a
basis of Hy. Only finitely many of the eigenvalues g, of L are negative
and [L, — OC as 1 — O,



Extensions.

Theorem 8 1he ecigenvectors of L are C°° functions which form a
basis of Hy. Only finitely many of the eigenvalues j1, of L are negative
and L, — oC as n — oC.

[t is easy to extend the results obtained above for the torus in
two directions. One is to consider functions defined in a2 domain
= bounded open set G of R" and the other is to consider functions
defined on a compact manifold. In both cases a few elementary tricks
allow us to reduce to the torus case. We sketeh what is involved for
the manitold case.



Let E— M be a vector bundle over a manifold. We assume that M
is equipped with a density which we shall denote by |dz| and that FE is
equipped with a positive definite (smoothly varying) scalar product,
so that we can define the L, norm of a smooth section s of E of

compact support:
Islf = [ Js (@)l
J M

Suppose for the rest of this section that M is compact. Let {U;} be
a finite cover of M by coordinate neighborhoods over which £ has
a given trivialization. and p; a partition of unity subordinate to this
cover. Let ¢; be a diffeomorphism or U; with an open subset of T"
where n is the dimension of M. Then if s is a smooth section of E.
we can think of (p;s) o {_.-'b:l as an R™ or C" valued function on T".
and consider the sum of the || - ||; norms applied to each component.
We shall continue to denote this sum by ||pi f o ¢; ' |x and then define

1l =D llpaf o d;

Z

where the norms on the right are in the norms on the torus.



1l =D llpif o o Ik
i

where the norms on the right are in the norms on the torus. These
norms depend on the trivializations and on the partitions of unity.
But any two norms are equivalent, and the || ||o norm is equivalent to
the “intrinsic” L, norm defined above. We define the Sobolev spaces
W, to be the completion of the space of smooth sections of £ relative
to the norm || || for & = 0, and these spaces are well defined as topo-
logical vector spaces independently of the choices. Since Sobolev's
lemma holds locally, it goes through unchanged. Similarly Rellich’'s
lemma: if s, is a sequence of elements of W, which is bounded in
the || ||, norm for £ > k. then each of the elements p;s, o ¢; ' belong
to Hy on the torus, and are bounded in the || ||, norm, hence we can

select a subsequence of py s, -::J.:j_.-'bl_l which converges in H,., then a sub-
subsequence such that p;s,, o r;.-iaf._] for i = 1.2 converge etc. arriving
at a subsequence of s, which converges in Wy,.



Under changes of coordinates and trivializations the change in the
coefficients are rather complicated, but the symbol of the differential
operator

c(L)E) = Y apx)? e T M,

is well defined.

If we put a Riemann metric on the manifold. we can talk about
the length [¢| of any cotangent vector.

If L is a differential operator from E to itself (i.e. F=FE') we shall
call L even elliptic if m is even and there exists some constant C
such that

(v.o(L)(&)v) = fG‘|£|’”|e?|"’3

forallz e M, ve E,, £ € T"M, and (., ) denotes the scalar product
on E,. Garding’s inequality holds. Indeed, locally, this is just a
restatement of the (vector valued version) of Garding’s inequality that
we have already proved for the torus. But Stage 4 in the proof extends
unchanged (other than the replacement of scalar valued functions by
vector valued functions) to the more general case.



