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Lebesgue outer measure.

We recall some results from the chapter on metric spaces: For any
subset A C R we defined 1ts Lebesgue outer measure by

m*(A) :=inf Y ((I,): I, are intervals with A C | 1. (1)

Here the length #(7) of any interval I = |a,b] is b — a with the same
definition for half open intervals (a,b] or |a,b), or open mmtervals. Of
course 1f a = —oc and b 1s finite or +oc¢, or it a 18 finite and b = +oc¢
the length 1s mfinite. So the mfimum m (1) 1s taken over all covers
of A by mtervals. By the usual /2" trick, 1.e. by replacing each
I; = [a;,bj] by (a; —€/27T1 b; + €/27T1) we may assume that the
infimum 1s taken over open mntervals. (Equally well, we could use half
open intervals of the form |a,b), for example.).

[t 18 clear that it A C B then m*(A) < m*([) since any cover of
B by mtervals 1s a cover of A. Also, 1f Z 1s any set of measure zero,
then m*(AUZ) = m*(A). In particular, m*(Z) = 0 if Z has measure

Zero.



y The outer measure of an interval.

la.b] 1s an mterval, then we can cover 1t by itself, 5o  m*([a.b]) < b — a.

and hence the same is true for (a, b, |a,b), or (a,b). If the nterval is
mfinite, 1t clearlv can not be covered by a set of mtervals whose total
length 1s finite, since 1f we lined them up with end pomts touching
they could not cover an mfinite mterval. We recall the proof that

m* (1) = ((1) (2)

if [ is a finite interval: We may assume that [ = [c,d]| 1s a closed
mterval by what we have already said, and that the mmimization 1n
(1) 18 with respect to a cover by open mmtervals. So what we must

Slu:-w 1s that 1t
le.d] C U(ng.f};)
i

then

d—c < Z[b; —a;).



To show that if

. then
e, d] C U[Hg- bi) d—c< Z[b; —aj).

We first applied Heine-Borel to replace the countable cover by a finite
cover. (1This only decreases the right hand side of preceding mequal-
itv.) So let n be the number of elements in the cover. We needed to
prove that if

e, d] C U(_ff..,-_. b;) then d—¢ < Z[b; —a;),

i=1 =1

and we did this this by mduction on n. It n = 1 then a; < ¢ and
by > d so clearly by —a; > d — c.

Suppose that n = 2 and we know the result for all covers (of all
intervals [c,d] ) with at most n — 1 intervals in the cover. If some
interval (a;,b;) 1s disjoint from |c,d] we may eliminate it from the
cover, and then we are in the case of n — 1 mtervals. So every (a;, b;)
has non-empty intersection with [e, d].



Among the the intervals (a;. D;)

there will be one for which a; takes on the minimum possible value.
By relabeling, we may assume that this 1s (a1, by). Since ¢ 1s covered,
we must have ay < ¢. If by > d then (ay,by) covers |¢,d] and there
1s nothmg further to do. So assume b; < d. We must have by > ¢
since (a1, by) M |e,d] # 0. Since by € [, d], at least one of the intervals
(a;,b;), © > 1 contalns ﬂl(‘r pomnt by. By relabeling, we may assume
that it 18 (a9, b ). But now we have a cover of |, d| by n— 1 intervals:

le,d] C (ay,b2) U U(H.g.f)-,i,),

i=3
So by induction
T
d—c<(by—ay)+ Z(f); — ;).
i=3

But by —ay; < (b —as) + (b —ay) since as < by. QED



We can use small
intervals.

We repeat that the intervals used in (1) could be taken as open,
closed or half open without changing the definition. If we take them
all to be halt open, of the form I; = |a;, b;), we can write each I; as
a disjoint union of finite or countably many mtervals each of length
< €. S0 1t makes no difference to the definition if we also require the

(1) < € (3)

in (1). We will see that when we pass to other types of measures this
will make a difference.



Properties of Lebesgue
outer measure.

We have verified, or can easily verity the following properties:

1.
m™ () = 0.
ACB=m"(A) <m" (D).
3.

m’* Ui Zm' ‘A,

4. If dist (A, B) > 0 then

m (AUB)=m"(A)+m (B).



iy |

m*(A)=mt{m (U): U>DA, U opent.

6. For an mterval

m™(I) = £(1).

The only items that we have not done already are items 4 and 5. But
these are immediate: for 4 we may choose the intervals in (1) all to
have length < e where 2¢ < dist (A, B) so that there is no overlap.
As for item 5, we know from 2 that m*(A) < m™(U) for any set U, in
particular for any open set U which contams A. We must prove the
reverse mmequality: it m*(A) = oc this is trivial. Otherwise, we may
take the intervals in (1) to be open and then the union on the right is
an open set whose Lebesgue outer measure is less than m*(A)+ 4 for
any o > 0 1t we choose a close enough approximation to the mfimum.



Working in n-dimensional space.

I should also add that all the above works for R™ mstead of R 1t
we replace the word “Interval” by “rectangle”. meaning a rectangular
parallelepiped. 1.e a set which 1s a product of one dimensional mter-
als. We also replace length by volume (or area in two dimensions).
What 18 needed 18 the following

Lemma 1 Let C be a finite non-overlapping collection of closed rect-
angles all contained in the closed rectangle J. Then

vol J = Z vol T.
[=C

If C is any finite collection of rectangles such that
Jc |1
[=C

then

vol J <% wol (I).

I=C



Lemma 1 Let C be a finite non-overlapping collection of closed rect-
angles all contained in the closed rectangle J. Then

vol J = Z vol 1.

Icc
If C is any finite collection of rectangles such that

Jc\Jr
1eC

then
vol J < Z vol (I).
I<C
This lemma occurs on page 1 of Strook, A concise introduction to
the theory of integration together with its proot. 1 will take this for
oranted. In the next few paragraphs I will talk as if we are in R., but
everything goes through unchanged 1if R is replaced by R".



Lebesgue inner measure.

[tem 5. In the preceding paragraph says that the Lebesgue outer
measure of any set 18 obtamed by approximating it from the outside
by open sets. The Lebesgue inner measure is defined as

my(A) =sup{m™(K): K C A, K compact }. (4)

Clearly
m,(A) < m*(A)

since m*(K) < m*(A) for any K € A. We also have



The Lebesgue inner
measure of an interval.

Proposition 1 For any interval I we have

m, ()= ¥(I). (D)

Proof. If /(]) = oc the result is obvious. So we may assume that [ is

a finite imterval which we may assume to be open. I = (a.b). I K C [
1s compact, then [ 18 a cover of K and hence from the definition of
outer measure m*(K) < £(I). So m.(I) < {(I). On the other hand.,

"

for any € > 0, € < %[Fl — u.} the interval |a —|—.F. b — €] i1s compact and
m*(la —e;a+¢€]) =b—a—2 < m,([). Letting ¢ — 0 proves the
proposition. QED



Lebesgue’s definition of measurability.
A set A with m*(A) < oo is said to measurable in the sense of
Lebesgue if

my«(A) =m*(A). (6)

If A 1s measurable m the sense of Lebesgue, we write

m(A)=m.(A)=m"(A). (7)

If K 1s a compact set, then m. () = m™ () since K 1s a compact
set contained m 1tself. Hence all compact sets are measurable 1 the
sense of Lebespue. It [ 1s a bounded mterval, then [ 1s measurable 1n
the sense of Lebesgue by Proposition 1.

If m*(A) = oo, we say that A 1s measurable in the sense of
Lebesgue if all of the sets A M |—n.n| are measurable.

Proposition 2 If A =|J A; is a (finite or) countable disjoint union
of sets which are measurable in the sense of Lebesque., then A is mea-
surable in the sense of Lebesgue and

m(A) =)  m(4).

]



Proposition 2 If A =] A; is a (finite or) countable disjoint union
of sets which are measurable in the sense of Lebesque. then A is mea-
surable in the sense of Lebesgue and

m(A) = Z m(A;).

Proof. We may assume that m(A) < oc - otherwise apply the result
to AN |[—n,n] and A; N [—n,n| for each n. We have

m (A) < Z m (A,) = Z m(Ay).

i

Let € > 0, and for each n choose compact I,, C A,, with
O S ; € ; €
m () = me(Ay) — on =m(A,) — o
since A,, 15 measurable 1n the sense of Lebesgue. The sets [, are
palrwise disjoint. hence. being compact, at positive distances from
one another. Hence

m (K yU--- UK, )=m"(K{)+ - +m"(K,)



m (KU~ UK,)=m"(K{)+ -+ m"(K,)
and Ky U--- UK, 1s compact and contaimed m A. Hence
me(A) = m" (Kqy) 4+ 4+m"(K,).

and smce this 1s true tor all n we have

my(A) = Z m(A,)—e.
T
Since this i1s true for all € > 0 we get

my(A) =) m(Ay,).

But then m.(A) > m*(A) and so they are equal, so A is measurable

in the sense of Lebesgue, and m(A) = > m(A;). QED



Open sets and closed
sets are measurable.

Proposition 3 Open sets and closed sets are measurable in the sense
of Lebesqgue.

Proof. Any open set O can be written as the countable union of

open intervals [;, and
.
JH- = Irr \ U IJ

i=1
1s a disjoint union of mtervals (some open. some closed, some half
open) and O 18 the disjont union of the .J,,. So every open set 1s a
disjomt union of intervals hence measurable i the sense of Lebesgue.
If F'is closed, and m*(F') = oo, then F N [—n,n| is compact. and
so I 1s measurable 1in the sense of Lebesgue. Suppose that

m(F) < .



Suppose that — m*(F) < ~c.

For any € > 0 consider the sets

G].c
G:’E.c

G:l.c

and set

[1+;1—ﬁﬁF

[—2+§E—Lﬁfju
€ : x

([=3+ 7. —2IN F) U
G = UGH

| F)

1N F)

The GG . are all compact, and hence measurable in the sense of Lebesgue,
and the union 1 the definition of G, 1s disjomnt, so 1s measurable 1n

the sense of Lebesgue.

Furthermore, the sum of the lengths of the

“gaps’ between the mtervals that went mto the definition of the GG,

1S €. SO



m(G.)+e=m"(G.)+e=m"(F)=>m"(G,) =m(G,) = Z m(G; ).

7

In particular. the sum on the right converges, and hence by considering a finite
number of terms, we will have a finite sum whose value 1s at least m(G,) — €.
The corresponding union of sets will be a compact set K, contamed i F' with

m(K,.) = m"(F) — 2e.

Hence all closed sets are measurable in the sense of Lebesgne. QED



Lebesgue’s criterion for
measurability.

Theorem 1 A is measurable in the sense of Lebesqgue if and only if
for every € > 0 there is an open set U D A and a closed set F' C A
such that

m(U \ F) < e.

! \

Proof. Suppose that A 1s measurable m the sense of Lebesgue
with m(A) < oc. Then there 1s an open set U O A with m(U) <
m*(A)+€e/2 =m(A) + ¢/2, and there i1s a compact set F' C A with
m(F') =z my.(A)—e=m(A)—e/2. Since U\ F'is open, it is measurable
in the sense of Lebesgue, and so 1s F' as 1t 1s compact. Also F' and
U\ I are disjoint. Hence by Proposition 2,

%

m(UNF)y=m(U)—m(F) < m(A)+ % — (-m(_fl) — %) =53



If A is measurable in the sense of Lebesgue., and m(A) = oc. we
can apply the above to A M1 where I 1s any compact mterval. So we
can find open sets U,, 5 A l“l [—‘H — 20541, 1+ 20,41] and closed sets
F, c An|—n,n| with m(U,\ F,,) < €/2". Here the 4,, are sutficiently
small positive numbers. We may enlarge each F,, 1if necessary so that
F,n[—=n4+1.n—1] D F,_y. We may also decrease the U, if necessary
so that

U, N(—n+1—-0,.n—14+4,) CU,_;.

Indeed, it we set €, = [-n+1—0,,n — 1404, NU;,_; then (',
is a closed set with C',, M A = ). Then U,, N C¢ is still an open set
containing |[—n — 20,41, n + 20, 41| M A and

(U, nC ) —n4+1-6, ., n—149,,) C C:n(—n+1-4,,.,n—144,,) C U,, ;.

Take U := |J U, so U is open. Take

F = UR‘F” A ([=n,—n+1]Un—1.n])).



Take U := |JU,, so U is open. Take
Fo=|JF. 0 ([=n.—n+1Uln—1.n]).
Then F'is closed, U D A D F and
U\F cC U(_{_..-’_”_; n) N ([—n,—n+1Un—1.n]) C U(_ Uy \ Fr)

som(U\F) < e



In the other direction, suppose that for each e, thereexist U > A D
F with m(U \ F') < €. Suppose that m*(A) < oc. Then m(F') < o
and m(U) <m(U\ F)+m(F) < e+ m(F) < o. Then

m(A)<mU)<m(F)+e=m.(F)4+e<m.(A)+e

Since this is true for every € > () we conclude that m.(A) = m*(A)
so they are equal and A 1s measurable in the sense of Lebesgue.

It m*"(A) = oo, we have UN(—n —en+€) D AN|[—n,n| D
F|—n,n] and

m((UN(—n—en+e)/(FN[-n,n]) < 2e+e=3¢

so we can proceed as before to conclude that m., (AN[—n.n]) = m* (AN

[—n,n]). QED



Proposition 4 If A is measurable in the sense of Lebesque, so is its
complement A =R\ A.

Indeed., it F' € A C U with F' closed and U open, then F'©“ D A° D U*
with F'“ open and U* closed. Furthermore, F°\ U= U\ F so if A
satisfies the condition of the theorem so does A“.

Proposition 5 If A and B are measurable in the sense of Lebesque
S0 '.!EH .;"1 ﬁ B.

Fore > 0 choose Us D AD FaandUp D B D Fy with m(Ua\ Fa) <
e/2and m(Up \ F) <¢€/2. Then (UsaNUp) D (ANDB) D (FanFg)
and (UsNUg) \(FANFp)C(Us\ Fa)U(Ug\ Fg).QED

Putting the previous two propositions together gives

Proposition 6 If A and B are measurable in the sense of Lebesque
then so is AU D.

Indeed, AU B = (AN B)°.
Since A\ B = AN B° we also get

Proposition 7 If A and B are measurable in the sense of Lebesqgue
then so is A\ B.



Measurability according to Caratheodory.

A set ' C R 1ssaid to be measurable according to Caratheodory
if for any set A C R we have

m (A)=m (AN E)+m (AN E") (8)

where we recall that £ denotes the complement of £. In other words.
ANFE®= A\ E. This definition has many advantages, as we shall
see. Our first task 1s to show that it 1s equivalent to Lebesgue’s:

Theorem 2 A set E is measurable in the sense of Caratheodory if
and only if it is measurable in the sense of Lebesque.

Proof. We alwavs have
m (A) <m " (ANE)+m (A\ FE)
so condition (8) 18 equivalent to

m (ANE)+m A\ E) <m™(A) (9)

for all A.



Lebesgue implies
Caratheodory.

m (ANE)+m™ (A\E) <m™(A) (9)

Suppose E 1s measurable in the sense of Lebesgue. Let € > 0.
Choose U D E O F with U open, F closed and m(U/F) < ¢ which
we can do by Theorem 1. Let V' be an open set containing A. Then

A\VEFCV NFand ANEC(VNU)so

m (A\VE)+m " (ANE) < m(V\F)+m(VNU)
< mVA\NU)+m(U\F)+m(VNU)
< m(V)+e

(We can pass from the second line to the third since both V \ U
and V MU are measurable in the sense of Lebesgue and we can apply
Proposition 2.) Taking the infimum over all open V' containing A, the
last term becomes m*(A), and as € is arbitrary, we have established
(9) showing that £ 1s measurable in the sense of Caratheodory.



Caratheodory implies Lebesgue.

In the other direction, suppose that E 1s measurable in the sense
of Caratheodory. First suppose that

m(E) < .

-
§
i)

Then for any € > 0 there exists an open set U O E with m(U) <
m*(E) + e. We may apply condition (8) to A =U to get
m(U)=m"(UNE)+m (U\NE)=m" (E)+m"(U\ FE)

1 ; \ , %

=0

m* (U \ E) < e.

-
i
i

This means that there is an open set VO (U \ F) with m(V) < e
But we know that U/ \ V' is measurable in the sense of Lebesgue, since
U and V' are, and

m(U) <m(V)+m(U\ V)

%



This means that there is an open set V' O (U \ E) with m(V) < e.
But we know that U\ V' is measurable in the sense of Lebesgue, since
U and V' are, and

m(U) <m(V)+m(U\ V)

SO
m(U\V) > m(U) —

So there is a closed set F' C U \'V with m(F') > m(U) — e. But since
VOU\VE wehave U\V C E. So FCFE. So FCFE CU and

m(UN\NF)y=m(U)—m(F) <e.

Hence E 1s measurable m the sense of Lebesgue.



If m(E) = oo, we must show that E' N [—n,n| is measurable in
the sense of Caratheodory. for then it is measurable in the sense of
Lebesgue from what we already know. We know that the interval
[—n, n] itself, being measurable in the sense of Lebesgue, is measurable
in the sense of Caratheodory. So we will have completed the proof
of the theorem if we show that the intersection of E with [—n,n] is
measurable in the sense of Caratheodory.

More generally, we will show that the union or intersection of
two sets which are measurable in the sense of Caratheodory is again
measurable in the sense of Caratheodory. Notice that the definition
(8) is symmetric in E and E° so if E is measurable in the sense of
Caratheodory so is E°. So it suffices to prove the next lemma to
complete the proof.

Lemma 2 [f E| and E5 are measurable in the sense of Caratheodory
sois Ey\JFEs.



m Ay =m" (AN E)+m (AN E") (8)

Lemma 2 [f E| and E5 are measurable in the sense of Caratheodory
sois By U ES.

For any set A we have
mY(A)=m"(ANE))+m (ANEY])
by (8) applied to E. Applving (3) to A Ef and E, gives
m (ANEY)=m"(ANE]NE;)+m (AN E] M ES).

Substituting this back into the preceding equation gives

m(A)=m " (ANE)+m (ANE{NEy)+m (AN E{NES). (10)
Since E¢ M ES = (E, U E;)¢ we can write this as

m (A)=m"(ANE)+m (AN E] T Ey)+m* (AN (Ey U E3)%),
Now AN (Ey UEy) = (AN E ) U(AN(EFM Ey) so

mYAANE))+m " (ANE{NEy) Zm (AN (Ey UE3)).



m (ANE)+m™(A\E)<m"(A) (9)

m (A)=m " (ANEy)+m " (ANE;NEy)+m (AN (E) UE)").
Now AN(EyUE))=(ANE ) U (AN (E]NEy) so
m Y (ANE ) +m (ANE{NEy) Zm (AN (FE, UFE;)).

Substituting this for the two terms on the right of the previous dis-
played equation gives

m (A) zm (AN (Ey UEy)) +m (An (£ UEY)Y)

which is just (9) for the set E| U E5. This proves the lemma and the
theorem.

We let M denote the class of measurable subsets of R - “measur-
ability” in the sense of Lebesgue or Caratheodory these being equiv-
alent. Notice by induction starting with two terms as in the lemma.
that any finite union of sets in M is again in M



Countable additivity.

The first main theorem in the subject is the following description of
M and the function m on it:

Theorem 3 M and the function m : M — R have the following
properties:

e Rc M.
e e M= E“e M.
e I[fE, eM forn=1,23,... thenJ, E, € M.

o [fF, € M and the F,, are pairwise disjoint, then F := ), F, €
M and

Proof. We already know the first two items on the list, and we know
that a finite union of sets in M is again in M. We also know the last
assertion which is Proposition 2. But it will be instructive and useful
for us to have a proof starting directly from Caratheodory’s definition.



m(A)=m (ANE)+m (ANnE N E)+m (AnE{ N ES). (10)

It Fye M, F, € M and Fy N F, =) then taking

F=]

A=F UF,. Ei=F. E.=F;

=

in (10) gives

m(Fy U EFy) =m(F,) +m(Es).

Induction then shows that if F.. ... F,, are pairwise disjoint elements
of M then their union belongs to M and

m(Fy U U UF)) =m(EF)) +m(Fy) 4+ +m(F,).

More generally, if we let A be arbitrary and take Ey = F,. Eo = F5
in (10) we get

m(A)=m"(ANF)+m (ANEy) +m (AN (F, UF;)").



m(A)=m " (ANF)+m (ANFy) +m (AN (F), UFy)%).

If Iy € M is disjoint from F; and F; we may apply (8) with A
replaced by A N (F, U F5)° and E by Fj to get

m (AN (FL UF))) =m (AN EFy) +m*(An (F) UF, U Fy)°).

since
(F\ULE) ' NFy=F NnF NF; = (F UF,JF;)".
Substituting this back into the preceding equation gives

m (A) =m (ANF ) +m™ (ANFy ) +m™ (ANF3 ) +m™ (AN(FLUF,UEFS)).

Proceeding inductively. we conclude that if £y, .. .. F, are pairwise
disjoint elements of M then

m” Zm (ANF)+m (An(FiuU.---UF,)"). (11)



m’ Zm ANF)4+m " (An(FyU---UF,)"). (11)

Now suppose that we have a countable family { F; } of pairwise disjoint
sets belonging to M. Since

I.-"h ]
" ~ i

L”JE- > | JF

=1 i—1

we conclude from (11) that

m’ Zm (ANE)+m" [ AN UF

i— 1

and hence passing to the limit

m’* Zm (ANE;)+m”™ [ AN UE-



S

m(A) = Zm.*[ﬂr"lﬂ) +m* | AN UE-
!

t=1

Now given any collection of sets B we can find intervals {[j, ;} with

By, C UI#._-;'
r
and €
m\By,) < Z ((Ik,5) + or
i B
S0

U B C U I;}:LJ
k fe.q

and hence
m’ (U B,;.) < Zm*(B#).

the inequality being trivially true if the sum on the right is infinite.



m (ANE)+m*(A\E)<m*(A) (9)

So | |
Z m (ANFL) =m’ (A M (U Fﬁ.)) .
=1 =

Thus

m (A) = Zm*(ﬂ NE;) +m’ (Aﬁ (U F,-:) ) =
!

i—=1

>m” (A M ( F,)) +m” (Aﬁ (U FJ) ) .
i=1 i=1

The extreme right of this inequality is the left hand side of (9) applied

to
E=|]F.



~

.
m’* EZ m (ANE;)+m” [ AN UF,-; =
I i=1
>m* | AN UP,- +m" [ AN UE—
(| i—1

The extreme right of this inequality is the left hand side of (9) applied

to
E=|]JF.

and so £ € M and the preceding string of inequalities must be equal-
ities since the middle is trapped between both sides which must be
equal. Hence we have proved that if F,, is a disjoint countable family
of sets belonging to M then their union belongs to M and

S

m’* Zm (ANF)+m" [ AN UE- . (12)

i=1



If we take A = JF; we conclude that

m(F) = ZH@(F”] (13)

n—|

if the I are disjoint and

F=|]JF;

So we have reproved the last assertion of the theorem using Caratheodory’s
definition. For the third assertion. we need only observe that a count-
able union of sets in M can be always written as a countable disjoint
union of sets in M. Indeed. set

_F] ::E]. _F-_g ::EEE‘EE[ :EJ ﬁEE

Fs:=FE3\ (EW UE:)
ete. The right hand sides all belong to M since M is closed under
taking complements and finite unions and hence intersections, and

JF =JE;



A number of easy consequences follow: The symmetric difference
between two sets is the set of points belonging to one or the other
but not both:

AAB :=(A\ B)U (B\ A).

Proposition 8 If A € M and m(AAB) = 0 then B € M and
m(A) =m(B).

Proof. By assumption A\ B has measure zero (and hence is mea-
surable) since it is contained in the set AAB which is assumed to

e

have measure zero. Similarly for B\ A. Also (AN B) € M since
ANB=A\(A\B).

Thus
B=(AnB)J(B\A)&e M.

Since B\ A and A N B are disjoint, we have

m(B) =m(ANB)+m(B\A) = m(ANB) = m(ANB)+m(A\B) = m(A).

QED



Proposition 9 Suppose that A, € M and A, C A, for n =

1.2..... Then
m (U A”) = lim m(A,).
1— O '

Indeed, setting B, := A, \ A,—1 (with By = Ay) the B; are pairwise
disjoint and have the same union as the A; so

m (| JA,) = S m(B;) = lim ” m(By)
(Udn) =3 mB) = lim 3=

1= =

(i
= lim m UB; = lim m(A,).

J1— O _ 17— %0
1— |

QED



Proposition 10 [f C,, D C,, . is a decreasing family of sets in M
and m(C'y) < oc then

m C ) = lim m(C},).
(N Cn) = Tim m(C)
Indeed, set Ay =10, Ay :=C \ Cy, A3 ;=\ Cq ete. The A's are

increasing so

m (U(C’l \ C;-}) = lim m(Cy \ C,) =m(Cy) — lim m(C))

TL— O Ta— O
by the preceding proposition. Since m(C4) < oc we have

m(Cy \C,) = m(C) —m(C,).

J@\c)=a\ [y
S(} I T

m U[C] VO | =m(Cy) —m (ﬂ C”) =m(Cy) — lim m(C,,).

Subtracting m(C,) from both sides of the last equation gives the
equality in the proposition. QED
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o-fields, measures, and outer measures.

We will now take the items in Theorem 3 as axioms: Let X be a set.
(Usunally X will be a topological space or even a metric space). A
collection F of subsets of X 18 called a o field if:

o X c F,
o If £ ¢ Fthen =X\ F € F, and
e If {£,,} is a sequence of elements in F then |J,, E,, € F,

The intersection of any family of o-fields is again a o-field, and hence
riven any collection C of subsets of X. there is a smallest o-field F
which contains it. Then JF is called the o-field generated by C.

If X is a metric space. the o-field generated by the collection of
open sets is called the Borel o-field, usnally denoted by B or B(X)
and a set belonging to B is called a Borel set.



Given a o-field F a (non-negative) measure is a function:
m: F — |0, 00]
stich that

e m()) =0 and

e Countable additivity: If F,, is a disjoint collection of sets in

F then
m UF” :Z-m.[F”).

In the countable additivity condition it is understood that both sides
might be infinite.



Outer measures and
measures.

An outer measure on a set X is a map m* to [0, oc| defined on
the collection of all subsets of X' which satisfies

o m(l)) =0,
e Monotonicity: If A € B then m*(A) < m*(B), and
e Countable subadditivity: m* (|J,, A,) <>, m*(A,).

(Given an outer measure. m=. we defined a set £ to be measurable
(relative to m™) if

5 e

m(A)=m" (ANnE)+m (ANE")

for all sets A. Then Caratheodory’s theorem that we proved in the
preceding section asserts that the collection of measurable sets is a
o-field. and the restriction of m* to the collection of measurable sets
is a measure which we shall usually denote by m.



