Math 212 Lecture 9.

General measure theory, Hausdorff measures and
Hausdorff dimension.



Review: sigma fields.

Let X be a set.

(Usnally X will be a topological space or even a metric space). A
collection F of subsets of X is called a o field if:

o X c F.
e If ¥ € Fthen EF° =X\ F < F. and
o If {£,,} is a sequence of elements in F then |J, E, € F.

The intersection of any family of o-fields is again a o-field. and hence
given any collection C of subsets of X. there is a smallest o-field F
which contains it. Then F is called the o-field generated by C.

If X is a metric space. the o-field generated by the collection of
open sets is called the Borel o-field, usually denoted by B or B(X)
and a set belonging to B is called a Borel set.



Review: measures on
sigma fields.

"

Given a o-field F a (non-negative) measure 1s a function
m : F — [0, ]
such that

e m({)) =0 and

e Countable additivity: If F), 1s a disjomnt collection of sets in

F then
m (UF”) — Zm[F”_],

T

In the countable additivity condition it 1s understood that both sides
might be mfinite.



Review: Outer measures and Caratheodory's

theorem. ,_ ]
An outer measure on a set X is a map m* to [0, oc| defined on

the collection of all subsets of X which satisfies
e m(l)) =0,
¢ Monotonicity: If A € B then m*(A) < m*(B), and
¢ Countable subadditivity: m* (| J, A,) < >, m*(A,).

G1ven an outer measure. m=. we defined a set £ to be measurable
(relative to m™*) it

m (A)=m" (ANE)+m (AN E")

for all sets A. Then Caratheodory’s theorem that we proved m the
preceding section asserts that the collection of measurable sets 1s a
a-field, and the restriction of m* to the collection of measurable sets
1s a measure which we shall usually denote by m.

An obvious task., given Caratheodory’s theorem. 1s to look for
wayvs of constructing outer measures.



Terminological
disagreement.

There 18 an unfortunate disagreement 1 termimology, i that many
of the professionals. especially 1n geometric measure theory, use the
term “measure” for what we have been calling “outer measure”. How-
ever we will follow the above conventions which used to be the old
fashioned standard.



Constructing outer measures, Method |I.

Let C be a collection of sets which cover X. For any subset 4 of X
let
ceel A)

denote the set of (finite or) countable covers of A by sets belonging
to C. In other words, an element of cce(A) 1s a finite or countable
collection of elements of C whose union contains A.

Suppose we are given a function

{:C— [0, x].



Theorem 4 There exists a unique outer measure m* on X such that
o m*(A) < /((A) forall Ae C and

o [f n* is any outer measure satisfying the preceding condition

then n*(A) < m*(A) for all subsets A of X.
This unique outer measure is given by
m-(A) = mi E (D (14)
Deceo|
' Dep

In other words, for each countable cover of A by elements of C we
compute the sum above, and then minimize over all such covers of A.

If we had two outer measures satisfying both conditions then each
would have to be < the other, so the uniqueness 1s obvious.



This unique outer measure is given by

m-(A) = . int Z (D (14)
. '—E {'E f_;]L— D

To check that the m™ defined by (14) 1s an outer measure, observe
that for the empty set we may take the empty cover, and the conven-
tion about an empty sum is that it is zero, so m*(0)) = 0. If A C B
then any cover of B is a cover of A, so that m*(A) < m* (). To check
countable subadditivity we use the usual /2" trick: If m*(A,,) = >
for any A, the subadditivity condition 1s obviously satisfied. Other-

wise, we can find a D,, € ccc(A,,) with

Then we can collect all the D together mmto a countable cover of A so
A) < E m* (A
n

and since this 18 true for all € > 0 we conclude that m™* 1s countably

subadditive.



m-(A) = '111f[:_H Z D). (14)

Deecee
DD

So we have verified that m* defined by (14) is an outer

measure. We must check that it satisfies the two conditions in the
theorem. If A € C then the single element collection {A} € cce(A).
so m*(A) < [(A), so the first condition is obvious. As to the second
condition, suppose n* is an outer measure with n*(D) < /(D) for
all D € C. Then for any set A and any countable cover D of A by
elements of C we have

Y D)z n'(D)yza'| | D

DeD DeD DeD

A\

>nt(A),

A\

where in the second inequality we used the countable subadditivity
of n* and in the last inequality we used the monotonicity of n*. Min-
imizing over all D € cce(A) shows that m*™(A) = n*(A). QED

This argument is basically a repeat performance of the construc-
tion of Lebesgue measure we did above. However there is some trou-
ble:



A pathological example.
Suppose we take X = R, and let C consist of all half open intervals of
the form |a.b). However, instead of taking { to be the length of the
interval., we take it to be the square root of the length:

(([a. b)) := (b —a)=.

[ claim that any half open interval (say [0,1)) of length one has
m*(la,b)) = 1. (Since / is translation invariant, it does not mat-
ter which interval we choose.) Indeed, m*([0,1)) < 1 by the first
condition in the theorem, since (][0, 1)) = 1. On the other hand, if

"

0,1) < { J[ai. b))

;

then we know from the Heine-Borel argument that E (b; —a;) = 1,

SO squaring gives

So m*(]0,1)) = 1.



The closed unit interval is not
measurable in this pathological
example.

On the other hand, consider an interval [a,b) of length 2. Since it
covers itself, m*(|a, b)) < V2.
Consider the closed interval I = [0, 1]. Then

In[-1,1)=10.1) and I°N[-1,1) =[-1,0)

=0

IJI

m-(INn[—L1)+m (I"Nn[-1,1)=2>V2=m"(|-1,1)).



In other words., the closed unit interval is not measurable relative
to the outer measure m* determined by the theorem. We would
like Borel sets to be measurable, and the above computation shows
that the measure produced by Method I as above does not have this
desirable property. In fact, if we consider two half open intervals [,
and I, of length one separated by a small distance of size €, say. then
their union 1, U I, is covered by an interval of length 2 + ¢, and hence

m (L UL)<V2+e<m (I1)+m"(I2).

In other words, m* is not additive even on intervals separated by a
finite distance. It turns out that this is the crucial property that is
INissing:



Metric outer measures.

Let X be a metric space. An outer measure on X is called a metric
outer measure if

m (AUB)=m"(A)+m"(B) whenver d(A, B) > 0. (15)

The condition d(A, B) > 0 means that there is an € > 0 (depending
on A and B) so that d(z.y) > e for all x € A, y € B. The main result
here is due to Caratheodory:

Theorem 5 If m™ is a metric outer measure on a metric space X,
then all Borel sets of X are m*™ measurable.

Proof. Since the o-field of Borel sets is generated by the closed sets.
it is enough to prove that every closed set F' is measurable in the
sense of Caratheodory, i.e. that for anv set A

m(A)=Zm (ANF)4+m " (A\F).



Let

Aj={r e Ald(x, F) = =}.

We have d(A;, AN F) = 1/j so, since m* is a metric outer measure,
we have

|

m(ANF)+m (A;))=m (ANF)UA,;) <m"(A) (16)
since (ANF)UA; C A Now

ANF =4,

since F'is closed. and hence every point of A not belonging to £ must
be at a positive distance from £'. We would like to be able to pass to
the limit in (16). If the limit on the left is infinite, there is nothing
to prove. So we may assume it is finite.
Now if # € A\ (FUA, ;) thereisa 2z € Fwith d(z,2) < 1/(j+1)
while if y € A; we have d(y,2) = 1/j so
1 1

W y) = dly. z)—dlre.z) > — — —— = (),
d(z,y) = d(y. 2) (I.z}_j P



Let By := Ay and By := A, \ Ay, By = A3\ A, ete. Thusifi = j+42.
then B; C A; and

BiCA\(FUA;_)CA\(FUA, )

and so d(B;, Bj) > 0. So m” is additive on finite unions of even or

odd B's:

m* UB;g_l Zm (Bop_1)., 1 UBM :im*(Bﬂ.].

b= fe—=1 =1 le—1
Both of these are < m*(A-,,) since the union of the sets involved are
contained in A,,, . Slm em”(As, ) is increasing, and assumed bounded.
both of the above series converge. 1Thus

H*(}l;’:_tt‘:l — m? (U _‘4?) — m” }1; I _LJ B_j
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< lim m*(A4,) + E m*(B;).
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m* (A/F) = m' (U'L)

k=j41
«
< m7(A4;)+ Z m”(Bj)
k=7j+1
-
< lim -,rn.*[A”:H— Z '”F'#[:B__."]'

— OC

k=j+1

But the sum on the right can be made as small as possible by choosing
7 large, since the series converges. Hence

m (A/F) < lim m™(A,)

Fl—r

QED.



Constructing outer measures, Method 11.
Let C C & be two covers, and suppose that / is defined on £. and
hence, by restriction, on C. In the definition (14) of the outer measure
my o assoclated to £ and C, we are minimizing over a smaller collection
of covers than in computing the metric outer measure m; o using all
the sets of £. Hence

my o(A) = my; o(A) for any set A.

We want to apply this remark to the case where X is a metric
space, and we have a cover C with the property that for every r € X
and every € > 0 there is a € € C with # € C and diam(C') < €. In
other words, we are assuming that the

Cc :={C € C| diam (') < €}
are covers of X for every € > 0. Then for every set A the
mec, (A)
are increasing. so we can consider the function on sets given by

mi(A) :=supmec, (A).

e



for every set A the
mec, (A)
are increasing. so we can consider the function on sets given by

my(A) :=supmec, (A).
e—1]
The axioms for an outer measure are preserved by this limit operation.
so mj; is an outer measure. If A and B are such that d(A, B) > 2e.
then any set of C. which intersects A does not intersect B and vice
versa, so throwing away extraneous sets in a cover of A U B which
does not intersect either, we see that mj, (AUB) =mj, (A)+m5,(B).
The method II construction always vields a metric outer measure.



Example: Binary
sequence space.

Let X be the set of all (one sided) infinite sequences of 0’s and 1's.
So a point of X is an expression of the form

(1 og -+

where each a; is 0 or 1. For any finite sequence « of 0's or 1’s, let |«
denote the set of all sequences which begin with . We also let |«
denote the length of a. that is. the number of bits in «. For each

O<r<1
we define a metric d,. on X by: If
! !
r = ox'. y =y
where the first bit in &' is different from the first bit in y" then

dp(x,y) = el



It r = ar'. y = o)
where the first bit in 2" is different from the first bit in y* then
de(x,y) = rlel,

In other words. the distance between two sequence is " where k is
the length of the longest initial H(‘gjmmt where they agree. Clearly
dr(:l-'._y} > 0 and = 0 if and only if @ = gy, and d.(y.x) = d.(2,y).
Also, for three x,y. and 2 we claim that

dp(r,2) < max{d,(xr.y),d.(y.2)}.

Indeed. if two of the three points are equal this is obvious. Otherwise.
let 7 denote the length of the longest common prefix of x and y. and
let & denote the length of the longest common prefix of y and 2. Let
m = min(j, k). Then the first m bits n::nf r agree with the first m bits
of z and so d,.(x,z) < r"™ = max(r’, ). QED
A metric with this property (wluc.h is much stronger than the
triangle inequality) is called an ultrametric.
Notice that
diam || = ™. (17)



Different values of r.

The metrics tor different r are different. and we will malke use of
this fact shortly. But

Proposition 11 The spaces (X, d,) are all homeomorphic under the
identity map.

[t is enough to show that the identity map is a continuous map from
(X.d,) to (X,d) since it is one to one and we can interchange the
role of » and s. So, given € > 0, we must find a 6 > 0 such that if
dr(2,y) < 6 then de(x,y) < e. So choose k so that s < e. Then
letting ¥ = § will do.

So although the metrics are different, the topologies they define
are the same.



r — &

2
There is something special about the value r = é Let C be the
collection of all sets of the form [a]| and let 7 be defined on C by
, 1
(([a]) = (=)
la)) = (3)

We can construet the method II outer measure associated with this
function, which will satistv

mi(la]) = my([a])

where mj; denotes the method I outer measure associated with f.
What is special about the value 2 is that if & = |a| then

, A RNAES R o
({[a]) = (—}) = (5) + (5) = [([a0]) 4 £([a1]).

So 1if we also use the metric d

, we see, by repeating the above.

L
that every [a] can be written as the disjoint union €', U-.- U C', of
sets in C, with £(|a])) = > £(C;). Thus mj. (la]) < f(a) and so

1] b

'm.}'_“ﬁe([n-]] (A) < mj(A) ormy;, =m;. Also m*([a]) = £([a]).



The Cantor set.

There is also something special about the value s = 5: Recall
that one of the definitions of the Cantor set C is that it consists of
all points x € [0, 1] which have a base 3 expansion involving only the
symbols 0 and 2. Let

h: X — C
where h sends the bit 1 into the symbol 2, e.g.
h(011001...) = .022002....
In other words, for any sequence 2

(2 (z)+2
h(02) = hg ) sy = M2 2 (18)

[ claim that:
%(f%(: j‘,l’:] < |h[i) — f;(y” < {’E%(.‘E?. ;).r:] (19)



h{0z) = hilz) = —— . . (18)

I claim that:

1 ﬂ ; 5
Ed-]—a(”"‘”*] < |h(x) — h(y)] < {’E%(.‘f.'_ y) (19)

Proof. If x and y start with different bits. say x = 02" and y = 1y’
then d. ( ,y) = 1 while ii(x) lies in the interval [0, L;] and h(y) lies

in the 111t( rval [ 1] on the real line. So h(x) and h(y) are at least a
distance l} and ;-1t most a distance 1 apart, which is what (19) says.
So we proceed by induction. Suppose we know that (19) is true when
r = ar and y = ay’ with z',y" starting with different digits. and
|| < n. (The above case was where |a| = 0.) So if || =n + 1 then
either and o = 03 or a = 1 and the argument for either case is

similar: We know that (19) holds for 32" and 5y’ and

|

{f% [3 ) = Edla (j!f Lfg}f]

while |h(x) = h(y)| = ;|h (Bx") —h(3y")| by (18). Hence (19) holds by
induction. QED



Hausdorff measure.

Let X be a metric space. Recall that if A is any subset of X, the
diameter of A is defined as

diam(A) = sup d(x,y).

r.yeA

Take C to be the collection of all subsets of X, and for any positive
real number s define

((A) = diam(A)"
(with 0% = 0). Take C to consist of all subsets of X. The method II
outer measure is called the s-dimensional Hausdorff outer mea-
sure, and its restriction to the associated o-field of (Caratheodory)
measurable sets is called the s-dimensional Hausdorff measure.



Felix Hausdorff

Born: 8 Nov 1868 in Breslau, Germany (now Wroclaw, Poland)
Died: 26 Jan 1942 in Bonn, Germany



Hausdorff measure and Lebesgue measure.

let m7 _ denote the method I outer measure associated to
/., and €, and let H? denote the Hausdorff outer measure
of dimension s, so that

HI(A) = [lil_l'l} m: (A).

For example, we claim that for X = R, H' is exactly
Lebesgue outer measure, which we will denote here by
L*. Indeed. if A has diameter r. then A is contained in a
closed interval of length . Hence L*(A) < r. The Method
| construction theorem says that m7j _is the largest outer
measure satistying m*(A) < diam A for sets of diameter
less than e. Hence mj (A) > L*(A) for all sets A and all
€. and so |

H = L".



Hy = L".

On the other hand, any bounded half open interval [a, b) can be bro-
ken up mto a finite union of halt open mmtervals of length < e, whose
sum of diameters is b —a. So mj (la,b) < b — a. But the method I
construction theorem says that L™ 1s the largest outer measure satis-
tying

o

m' ([a, b)) <b—a.

Hence ‘H} < L™ So they are equal.

In two or more dimensions. the Hausdorff measure ‘H;. on R* dif-
ters from Lebesgue measure by a constant. This 1s essentially because
theyv assign different values to the ball of diammeter one. In two dimen-
sions for example, the Hausdortt measure ‘'Ho assigns the value one to
the disk of diameter one, while its Lebesgue measure is w/4. For this
reason, some authors prefer to put this “correction factor” mto the
definition of the Hausdorff measure, which wounld mvolve the Gammea
tunction tor non-mtegral s. I am following the convention that finds
1t simpler to drop this factor.



A main theorem.

Theorem 9.1 Let FF' < X be a Borel set. Let 0 < s < t.
Then
H(F) <oc = H (F)=0

and
H(F) >0 = HJ(F)= .

Indeed. if diam A < e, then
my (A) < (diam A)" < e (diam A)
so by the method 1 construction theorem we have

mi (B) < m’

Pl

(B)

for all B. 1If we take B = F' in this equality. then the
assumption H,(F') < oc implies that the limit of the right
hand side tends to 0 as € — 0. so H;(F') = 0. The second
assertion in the theorem is the contrapositive of the first.



Hausdorff dimension.

T'his last theorem unplies that for any Borel set F', there 13 a unique
value sp (which might be 0 or oc) such that ‘H;(F') = 0 for all £ < sg
and H (F) = oo for all for all s > sy. This value is called the
Hausdorff dimension of F'. It is one of many competing (and
non-equivalent) definitions of dimension. Notice that 1t 1s a metric
imvariant, and i fact 1s the same for two spaces different by a Lipschitz
homeomorphism with Lipschitz mverse. But 1t 1s not a topological
mmvariant. In tact, we shall show that the space X of all sequences ot
zeros and one studied above has Hausdorff dimension 1 relative to the
metric HT% while it has Hausdorff dimension log 2/ log 3 if we use the

metric di. Since we have shown that (X, {f%j 1s Lipschitz equivalent to
the Cantor set C. this will also prove that C has Hausdortt dimension

log 2/ log 3.



We first discuss the (f% case and use the tollowine lemma

Lemma 3 If diam(A) > 0, then there is an « such that A C o] and
diam([a]) = diam A.

Proof. Given any set A. it has a “longest common prefix”. Indeed.
consider the set of lengths of common prefixes of elements of A. This
15 finite set of non-negative mtegers since A has at least two distinct
elements. Let n be the largest of these, and let o be a common prefix
of this length. Then 1t 1s clearly the longest common prefix of A.
Hence A C [a] and diam([a] = diam A.QED

Let C denote the collection of all sets of the form [a] and let £ be
the function on C given by

| 1
{'r | p —1|n|_
(o) (QJ

and let 7 be the associated method I outer measure. and m the
assoclated measure: all these as we mtroduced above. We have

("(A) < 7 (|la]) = diam(|a]) = diam(A).



("(A) < 07(|la]) = diam(|a]) = diam(A).

By the method I construction theorem, mj . 18 the largest outer mea-
sure with the property that n*(A4) < diam A for sets of diameter < e.

| .. and since this 18 true tor all € > 0, we conclude that

Hence €7 <m0
ir__:-i-: E -'H:]-i-:.

On the other hand, tfor anv e and anv € > 0, there 1s an n such that
27" < e and n = |a|. The set [a] is the disgjoint union of all sets
(3] C [a] with |3] = n, and there are 2712l of these subsets. each
having diameter 27", So

m* ([a]) < 27l
et /

However % 1s the largest outer measure satistying this mequality for
all [a]. Hence mj < ¢F for all € so H] < ¢*. In other words

‘H] — Tri.

But since we computed that m(X) = 1. we conclude that

The Hausdorff dimension of (X.d1) is 1.

E s



Now let us turn to (X, dy). Then the diameter diam,
relative to the metric d 1 and the diameter diam L relative
to the metric d L are given by

1" 1"
di::uu%[[nc]) — (E) i dimn%[[nc]) — (E) .k =al.

If we choose s so that 27% = (3~ ‘E‘) then
diam  ([o]) = (diamy ([a]))*

T'his says that relative to the metric ff 1. the previous com-
putation vields

fH..;(-}i) —
Hence s = log2/log 3 is the Hausdorft dimension of X.

T'he material above (with some slight changes in no-
tation) was taken from the book Measure, Topology, and
Fractal Geometry by Gerald Edgar, where a thorough and
delightfully clear discussion can be found of the subjects
listed in the title.



